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On holomorphic mappings with relatively p-compact range
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Abstract. Related to the concept of p-compact operators with p € [1, o] introduced by Sinha and Karn
[20], this paper deals with the space ﬂ;’p(u, F) of all Banach-valued holomorphic mappings on an open
subset U of a complex Banach space E whose ranges are relatively p-compact subsets of F. We characterize
such holomorphic mappings as those whose Mujica’s linearisations on the canonical predual of H>(U)
are p-compact operators. This fact allows us to make a complete study of them. We show that HZ is a
surjective Banach ideal of bounded holomorphic mappings which is generated by composition w1th the
ideal of p-compact operators and contains the Banach ideal of all right p-nuclear holomorphic mappings. We

also characterize holomorphic mappings with relatively p-compact ranges as those bounded holomorphic
mappings which factorize through a quotient space of £,- or as those whose transposes are quasi p-nuclear
operators (respectively, factor through a closed subspace of ¢,).

1. Introduction

Inspired by classical Grothendieck’s characterization of a relatively compact subset of a Banach space

as a subset of the convex hull of a norm null sequence of vectors [12], Sinha and Karn [20] introduced and
studied p-compact sets and p-compact operators with p € [1, oo].

Let E be a complex Banach space with closed unit ball Bg. Let p € (1, o) and let p* denote the conjugate

index of p given by p* = p/(p —1). Given p € [1,), {,(E) denotes the Banach space of all absolutely
p-summable sequences (x,) in E, equipped with the norm

0 1p
el = [Z ||xn||"] :
n=1

and ¢o(E) stands for the Banach space of all norm null sequences (x,) in E, endowed with the norm

I(xlleo = sup {llxall - m € N}

In the case E = C, we will simply write ¢, and c.
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For p € (1, o), the p-convex hull of a sequence (x,) € {,(E) is defined by

p-conv(x,) = {Z apxy,: (a,) € ng*}.

n=1
Similarly, we set

1-conv(x,) = {Z ApXy: (ay) € BCQ} ’ (x4) € t1(E),
n=1

co-conv(x,) = {Z ann: (1) € Ba}, (x2) € co(E).

n=1

Note that co-conv(x,) coincides with abco({x,: n € IN}), the norm-closed absolutely convex hull of the set
{x,: neN}in E.

Following [20], given p € [1,00], a set K C E is said to be relatively p-compact if there is a sequence
(xn) € €y(E) ((x4) € co(E) if p = 00) such that K C p-conv(x,). Such a sequence is not unique but a measure of
the size of the p-compact set K is introduced in [10, p. 297] (see also [14]) defining

w1 (K E) = Inf{||(xa)ll, : (xn) € Ep(E), K € p-conv(x,)} if1<p <oo,
e inf{[|Ce)ll, + (¥n) € co(E), K S p-conv(x,)} if p = oo,
and my(K, E) = oo if K is not p-compact. We frequently will write 1,(K) instead of m,(K, E).

A linear operator between Banach spaces T: E — F is said to be p-compact if T(Bg) is a relatively p-
compact subset of F. The space of all p-compact linear operators from E to F is denoted by K, (E, F), and
K, is a Banach operator ideal endowed with the norm k,(T) = m,(T(Bg)) (see [20, Theorem 4.2] and [10,
Proposition 3.15]).

From the cited Grothendieck’s result [12], a set K C E is relatively compact if and only if for every ¢ > 0,
there is a sequence (x,) € co(E) with [|(x,)llo, < sup, g llxll + € such that K C co-conv(x,). Hence we can
consider compact sets as co-compact sets and, in this way, compact operators can be viewed as co-compact
operators with k., being the usual operator norm.

The work of Sinha and Karn [20] motivated many papers on p-compactness in operator spaces (see
[3, 8-11, 14, 19], among others) and also in Lipschitz spaces [1, 2].

The extension of this theory to the polynomial and holomorphic settings was addressed in [5, 6]. In
these environments, the property of p-compactness was studied from the following local point of view: a
mapping f: U — Fis said to be locally p-compact if every point x € U has a neighborhood U, C U such that
f(Uy) is relatively p-compact in F.

The aim of this note is to study a subclass of locally p-compact holomorphic mappings, namely, holo-
morphic mappings with relatively p-compact range. Notice that every such mapping is locally p-compact but
the converse is not true. For instance, if ID denotes the open complex unit disc, the holomorphic mapping
f: D — ¢ defined by f(z) = X, z"e,, where (e,) is the canonical basis of ¢;, is locally 1-compact but it has
not relatively compact range (see [15, Example 3.2]) and, consequently, neither relatively p-compact range
forany p > 1.

Our motivation to deal with this class of mappings also arises from the study (initiated in [15] and
continued in [7, 13]) on the Banach space H2 (U, F) formed by all holomorphic mappings from U to F with
relatively compact range, equipped with the supremum norm.

We now briefly describe the content of this paper. Let E and F be complex Banach spaces, U an open
subset of E and p € [1,00]. Let H*(U, F) denote the Banach space of all bounded holomorphic mappings
from U into F, endowed with the supremum norm. In particular, H*(U) stands for H*(U, C).

In [15], Mujica provided a linearisation method of the members of H* (U, F), which will be an essential
toolin our analysis of the subject. If G*(U) is the canonical predual of H*(U) obtained by Mujica [15] via an
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identification denoted gy;, we will establish that a bounded holomorphic mapping f: U — F has relatively
p-compact range if and only if Mujica’s linearisation Ty: G*(U) — F is a p-compact operator. This fact has
some interesting applications.

If %Z(U, F) denotes the space of all holomorphic mappings with relatively p-compact range f: U — F

with the natural norm k;Hm (f) = my(f(U)), we will prove that HZ is a surjective Banach ideal of bounded
P

holomorphic mappings which is generated by composition with the ideal K, of p-compact operators. This
means that each mapping f € HZ (U, F) admits a factorization f = T o g, where G is a complex Banach
P

space, g € H*(U,G) and T € K,(G, F). Moreover, k;gHw (f) coincides with inf{k,(T) ”9”00}' where the infimum
is extended over all such factorizations of f and, curiously, this infimum is attained at the factorization
f =T o gu due to Mujica [15].

In parallelism with the linear case, we introduce the notion of right p-nuclear holomorphic mapping
from U to F, study its linearisation on G*(U), analyse its ideal property and show that every right p-nuclear
holomorphic mapping has relatively p-compact range.

Moreover, we characterize the members of 7{;;;(11, F) as those bounded holomorphic mappings from U

to F which factorize through a quotient space of ¢+, and also as those whose transposes are quasi p-nuclear
operators (respectively, factor through a closed subspace of ¢,).

2. The results

From now on, unless otherwise stated, E and F will denote complex Banach spaces, U will be an open
subset of E and p € [1, oo].

As usual, L(E, F) denotes the Banach space of all bounded linear operators from E to F endowed with
the operator canonical norm and E* stands for the dual space of E. The subspaces of L(E, F) consisting of all
compact operators and finite-rank bounded operators from E to F will be denoted by K(E, F) and ¥ (E, F),
respectively.

In this section, we will study holomorphic mappings f: U — F so that f(U) is a relatively p-compact
subset of F. We denote by ‘]-(,}’%(U, F) the set formed by such mappings and, for each f € ?{;’?p(ll, F), we

define kZ{w(f) = my(f(U)).

The space of all holomorphic mappings with relatively compact range from U to F, denoted H2 (U, F), is
a Banach space equipped with the supremum norm (see [13, Corollary 2.11]). On account of the following
result, we will only study in this paper the case 1 < p < co.

Proposition 2.1. H (U, F) = Hyo(U,F) and K™ (f) = |||, for all Hzg (U F).

Proof. Let f € 7—(,;’2%(11, F) and let (y,) € co(F) be such that f(U) € co-conv(y,). Since co-conv(y,) is relatively
compact in F, it follows that f € HZ(U, F) with Hf”oo < ||(yn)|

(yn), we have ||f|| < K% (f).
Conversely, let f € HZ (U, F). By classical Grothendieck’s result, for every ¢ > 0, there exists (yx) € co(F)

with ”(yn)”w < ”f“o0 + ¢ such that f(U) C co-conv(y,). Hence f € 7‘(,;’("00(11,13) and k2 (f) < ”f“00 O

.- and taking infimum over all such sequences

2.1. Linearisation

Our first aim is to characterize holomorphic mappings with relatively p-compact range in terms of the
p-compactness of their linearisations on the canonical predual of H*(U).

Towards this end, we first recall the following result due to Mujica [15] concerning linearisation of
holomorphic mappings on Banach spaces.

Theorem 2.2. [15] Let E be a complex Banach space and U be an open set in E. Let G*(U) denote the norm-closed
linear subspace of H* (U)* generated by the functionals 6(x) € H*(U)* with x € U, defined by 5(x)(f) = f(x) for all
feH=U).
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(i). The mapping gu: U — G (U) defined by gy(x) = 0(x) is holomorphic with ||6(x)|| = 1 for all x € U.

(ii). For every complex Banach space F and every mapping f € H*(U,F), there exists a unique operator T €
L(G=(U), F) such that Ty o gy = f. Furthermore, Tf” = ||f“Oo

(iii). For every complex Banach space F, the mapping f + Ty is an isometric isomorphism from H(U, F) onto
LG=U), F).

(iv). H=(U)is isometrically isomorphic to G®(U)*, via the mapping J : H*(U) — G (U)’ given by Ju(f)(gu(x)) =
f(x) forall f e H*(U)andx e U.

(V). Bgey coincides with %(gu(ll)). O

We are now ready to state the aforementioned characterization.

Theorem 2.3. Let p € [1, 00) and f € H®(U, F). The following conditions are equivalent:

(i). f has relatively p-compact range.

@(i). Tr: G*(U) — F is a p-compact linear operator.
In this case, kZ{m( f) = ky(T¢). Furthermore, f v Ty is an isometric isomorphism from (7—(;?})([1, F), kZ{m) onto
(Kp(G=(U), F), kp).

Proof. Using Theorem 2.2, we have the following inclusions:

f(U) =Ty o gu(U) € Tr(abeo(gu(U)) = T¢(Bg=u))
€ abco(T o gu(U)) = abco(f(U1)).

(i) = (i): T Ty € Ky(G™(U), F), then f € Hi (U, F) with

K (f) = my(F(U)) < my(Tr(Bgmwy)) = kp(T§),

by the first inclusion above.
(i) = (@i): I f € HE (U F), then Ty € K,(G~(U), F) with
P

kp(Tf) = my(T¢(Bg=(uy)) < my(@bco(f(U)) = my(f(L) = K (f),

by the second inclusion above and the known fact that a set K C F is p-compact if and only if abco(K) is
p-compact, in whose case m,(K) = m,,(%(l()).

The last assertion of the statement follows immediately from part (iii) of Theorem 2.2 and from the
above proof. [

2.2. Banach ideal property
Our next goal is to study the Banach ideal structure of (H3y ,kZ"w). Inspired by the notion of Banach
P

operator ideal [18], the following type of ideals was considered in [7].

An ideal of bounded holomorphic mappings (or simply, a bounded-holomorphic ideal) is a subclass 77" of the
class of bounded holomorphic mappings H* such that for each complex Banach space E, each open subset
U of E and each complex Banach space F, the components

I W) .= I nH®(U,F)
satisfy the following three conditions:

(I1) I"7(U,F) is a linear subspace of H* (U, F),
(12) For any g € H*(U) and y € F, the mapping g - y: x = g(x)y from U to F is in 77" (U, F),
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(I3) The ideal property: if H, G are complex Banach spaces, V is an open subset of H, h € H(V,U), f €
TH(U,F)and S € L(F,G), thenSo foh e I (V,G).

Suppose that a function ||-|| s : 777 — R} satisfies the following three properties:

(N1) (IM(U,F),|I'll7#~) is a normed (Banach) space with ||me < Hf“ﬂ,m forall f € 7" (U, F),

(N2) ”g . y”]ﬂw = ||g||oo “y” forallge H*(U)and y € F,

(N3) IfH, G are complex Banach spaces, V is an opensubsetof H, h € HWV,U), f e I HW(U, F)and S € L(F, G),
then [|S o £ o | e < ISIH[| ] e

Then (7, ||||7#=~) is called a normed (Banach) bounded-holomorphic ideal.
A normed bounded-holomorphic ideal 77 is said to be:

(R) regular if for any f € H*(U,F), we have that f € I"(U,F) with ”f”I,Hw = ||1<p OfH],Hm whenever
Kpo f € ITM™ (U F*), where «r denotes the isometric linear embedding from F into F*.

(S) surjective if for any mapping f € H*(U, F), any open subset V of a complex Banach space G and any
surjective mapping 1 € H(V,U), we have that f € 7" (U,F) with || f || e = H fo n” #~ Whenever
fomeI"(V,F).

Bearing in mind Theorem 2.3, Theorem 3.2 in [4] (see also Theorem 2.4 in [7]) shows that H2 is generated
P
by composition with the operator ideal K, (see [7, Definition 2.3]).

Corollary 2.4. Let p € [1, 00) and f € H®(U, F). The following conditions are equivalent:

(). f: U — F has relatively p-compact range.
(i). f =T o g for some complex Banach space G, g € H*(U,G) and T € K,(G, F).

In this case, we have

K6 = | Alyg g = inftko (D) [l

where the infimum runs over all factorizations of f as in (ii), and this infimum is attained at T o gy (Mujica’s
factorization of f [15]).
Furthermore, f + Ty is an isometric isomorphism from (K, o H (U, F), ||-llgc, o) onto (Kp(G™(U), F), kp). O

The following result gathers some Banach ideal properties of H, .
P

Theorem 2.5. For each p € [1, ), (Hy, kH*Y is a surjective Banach bounded-holomorphic ideal. Furthermore, the
P

ideal (Hy (U, F), kZ"w) is reqular whenever F is reflexive.
P

Proof. In view of Corollary 2.4, Corollary 2.5 in [7] yields that (H , kz{m
P
ideal. Then we only have to study its surjectivity and its regularity.
(S) Let f € H*(U, F) and assume that f o = € H2 (V, F), where V is an open subset of a complex Banach
P
space G and t € H(V,U) is surjective. Since f(U) = (f o n)(V), it is immediate that f € H (U, F) with
4

K (f) = K2 (f o m). Hence (Hig k') is surjective.
P
(R) Suppose now that F is reflexive. Let f € H*(U, F) and assume that ko f € 7—(;;’ (U, F). We can take a
P
sequence (y,) in {,(F) (inco(F) if p = 1) such that (xpo f)(U) C p-conv(kr(y,)), thatis, xp(f(U)) C xp(p-conv(yy))

which yields f(U) C p-conv(y,) by the injectivity of x¢. Hence f € H (U, F) with k" (f) < ”(]/”)”p =
:

) is a Banach bounded-holomorphic

“(Kp(yn))”p and so kZ{m (f) < kZ{m (xr o f) by extending this infimum over all such sequences (xz(y,)). The

converse inequality follows from the condition (N3) satisfied by (H3 KH™
P

%k, )and this completes the proof. [J
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2.3. Factorization

We now present a factorization result for holomorphic mappings with relatively p-compact range which
should be compared with [11, Proposition 2.9].

Corollary 2.6. Let p € [1, 00) and f € H®(U, F). The following conditions are equivalent:

(i). f: U — F has relatively p-compact range.

(ii). There exist a closed subspace M in €, (cq instead of €, if p = 1), a separable Banach space G, an operator T in
Kol IM, G), a mapping g in HZ (U, £, /M) and an operator S in K(G, F) such that f =SoTog.

In this case, k;Hm (f) = inf{|[S]| k,(T) “g”m}, where the infimum is extended over all factorizations of f as in (ii).

Proof. We will only prove it for p € (1, 00). The case p = 1 is similarly obtained.

(i) = (ii): Suppose that f € ‘]-(,}’gp(U,F). By Theorem 2.3, Ty € K,(G™(U), F) with k,(Ty) = klf{w(f).
Applying [11, Proposition 2.9], for each ¢ > 0, there exist a closed subspace M C ¢, a separable Banach
space G, an operator T € K,({,-/M, G), an operator S € K(G,F) and an operator R € K(G(U), {,» /M)
such that Ty = So T o R with [IS|[k,(T) IRI| < ky(T) + e. Moreover, R = T, with ||g||_, = [IRI| for some
g€ 7’{;? (U, £, /M) by [13, Corollary 2.11]. Thus we obtain

f:Tfogu=SoToRogU=SoTngogu:SoTog,

with
ISI,(T) 9]l = ISIK(DIRII < kp(T) + & = K27 (f) + .
Since ¢ was arbitrary, we deduce that ||S|[ k,(T) ||gHDO < k;,HW (f)-

(if) = (i): Assume that f = 5o T o g is a factorization as in (ii). Since S o T € K, ({,-/M, F) by the ideal
property of K, Corollary 2.4 yields that f € Hg (U, F) with
P

K () < k(S o D |lgll., < IS Jg]l. .
and taking infimum over all such factorizations of f, we have kZ{w (f) < inf{||S|| k,(T) H g”w}. O

2.4. Transposition
Let us recall that the transpose of a mapping f € H*(U, F) is the bounded linear operator f': F* — H>*(U)

defined by
f@)=yeof ek

Moreover, ||f!]l = “f”oo and f' = J;! o (Ty)", where Jy: H®(U) — G®(U)" is the isometric isomorphism
defined in Theorem 2.2.

The Banach ideal K, is associated by duality with the ideal of quasi-p-nuclear operators. According to
[17], for every p € [1, ), an operator T € L(E, F) is said to be quasi p-nuclear if there is a sequence (x},) € £,(E")
such that

00

ITG)I < [Z

n=1

1/p
()| ] (x € E).

If QN,(E, F) denotes the set formed by such operators, then QN is a Banach operator ideal equipped with

the norm
00 1/P
. IT(x)] < {Z x;(x)|p] , Vxe E}.

n=1

v(T) = inf { ||(x;)

By [10, Proposition 3.8], an operator T € K,(E, F) if and only if its adjoint T* € QN ,(F*, E*). Moreover,
ky(T) = vf}(T*) by [11, Corollary 2.7]. A holomorphic version of this result can be stated as follows.
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Theorem 2.7. Let p € [1, 00) and f € H®(U, F). The following conditions are equivalent:

(i). f: U — F has relatively p-compact range.
(i). f': F* — H>(U) is a quasi p-nuclear operator.

In this case, K} (f) = V().
Proof. Applying Theorem 2.3, [11, Corollary 2.7] and [17, p. 32], respectively, we have

feHy (UF) & Tr e Ky(G (U), F)
& (Ty) € QN (F,G=(U))
& fl =T o (Ty) € QN (F, HX(U)).

In this case, kZ'{m (f) =ky(Ty) = V?((Tf)*) = V;?(ft)~ U

Givenp € [1,00), let us recall (see [18]) that an operator T € L(E, F) is p-summing if there exists a constant
C > 0 such that, regardless of the natural number n and regardless of the choice of vectors x1,...,x, in E,

we have
1

[Z ||T<xz)||”] < Csup [Z b x )I”]

X*€Bp+

The infimum of such constants C is denoted by 71,(T) and the linear space of all p-summing operators from
E into F by IT,(E, F).
The following result could be compared with [10, Proposition 3.13] stated in the linear setting.

Proposition 2.8. Let f € H*(U,F) and g € HZ(U,F"). Assume that Ty € I1,(G*(U), F) with p € [1,00). Then
f'og € H (U, H(U) with k) (f'
P

Proof. By Theorem 2.3 and Proposition 2.1, T, € K(G™(U), F*) with ||T,|| = ” ” . Consequently, by [10,
Proposition 3.13], the linear operator (Tf) o Ty € Kpy(G™(U), G>(U) )w1th ky((Tf) o Ty) < mp(TH)IITyll. From
the equality f'o T, = J ! o (Ty)* o T,, we infer that ftOT € (G (U), H*(U)) with kp(fto 5) =k (Tf) oT,)
by the ideal property of K. Applying Theorem 2.3, there exists i € Hg (U, H*(U)) with kZ{w (h) = ky(Tn)
P
such that f* o T; = T),. Hence f' o g = h and thus f' o g € HZ (U, H>(U)) with kZ{w(ft 0g) = ky(Ty) =
P

kp(Tp) o Ty) < () || Tyl| = 7p(Tp) ] ..

p-Compact operators were characterized as those operators whose adjoints factor through a subspace
of £, [20, Theorem 3.2]. We now obtain a similar factorization for the transpose of a holomorphic mapping
with relatively p-compact range (compare also to [10, Proposition 3.10]).

Corollary 2.9. Let p € [1, 00) and f € H®(U, F). The following conditions are equivalent:

(i). f: U — F has relatively p-compact range.
(ii). There exist a closed subspace M C €, and R € QN,(F', M), S € LM, H>(U)) such that f' = SoR.

Proof. (i) = (ii): If f € ‘]-(,;’%(U, F), then T € K,(G™(U), F) by Theorem 2.3. By [10, Proposition 3.10], there
exist a closed subspace M C ¢, and operators R € QN (F*, M) and Sy € L(M, G*(U)") such that (Tf)* = SpoR.
Taking S = ;! 0 Sg € LM, H*(U)), we have f* = SoR.

(ii) = (i): Assumethat f' = SoRbeing Sand R as in the statement. It follows that (Tf)* = Jyof' = JyoSoR,
and thus T € K,(G*(U), F) by [10, Proposition 3.10]. Hence f € 7—(°°p(u F) by Theorem 2.3 [J
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2.5. Inclusions

We will study the inclusion relations of holomorphic mappings with relatively p-compact range between
them and with other classes of bounded holomorphic mappings.

Our first result follows immediately by applying Theorem 2.3 and the fact stated in [20, Proposition 4.3]
that K, € K; whenever 1 <p < q < co.

Corollary 2.10. If 1 < p < g < coand f € HZ (U,E), then f € HZ (U, F) and K2 (f) < k2 (f). O
P q

Let us recall that a mapping f € H*(U, F) has finite dimensional rank if the linear hull of its range is a
finite dimensional subspace of F. We denote by H2 (U F) the set of all finite-rank bounded holomorphic
mappings from U to F. In the light of Theorem 2.5, it is clear that H2 (U, F) is a linear subspace of Hz (U, F).

P

In similarity with the linear case, it seems natural to introduce the following class of holomorphic
mappings.

Definition 2.11. Let p € [1,00). A mapping f € H*(U,F) is said to be p-approximable if there exists a sequence
(fu) in HZ(U, F) such that kZ{w(fn —f) = 0asn — co. We denote by 7-{%’ (U, F) the space of all p-approximable
holomorphic mappings from U to F. '

Proposition 2.12. For p € [1, 00), every p-approximable holomorphic mapping from U to F has relatively p-compact
range.

Proof. Let f € 7‘("" U, F). Hence there is a sequence (f,) in HZ(U, F) such that k “(fu—f) > 0asn — co.

Since Ty, € ?(Q‘X’(U) F) by [15, Proposition 3.1], #(G=(U),F) € K,(G*(U),F) by [20, Theorem 4.2] and
ky(Tr,=Tf) = kp(Tf,—5) = kwm(fn —f) foralln € N by Theorems 2.2 and 2.3, we deduce that T € K,(G*(U), F)
by [20, Theorem 4.2], and so f € HZ (U, F) by Theorem 2.3. [

P

Given p € [1,00), £*(E) denotes the Banach space of all weakly p-summable sequences (x,) in E,
endowed with the norm

o0 1p
Gl = sup [Z |f(xn>|”] : f€Bpy.
n=1

Let us recall (see [16]) that an operator T € L(E,F) is said to be right p-nuclear if there are sequences
(x) € {’;ﬁ’eak(E*) and (y,) € {,(F) such that

(e8]

T =) 5@y, (k)

n=1

and the series converges in L(E, F). The set of such operators, denoted N¥(E, F), is a Banach space with the
norm

w(m) = inf el ol -

where the infimum is taken over all representations of T as above.
A holomorphic variant of this class of operators can be introduced as follows.

Definition 2.13. Given p € [1, o), a holomorphic mapping f: U — F is said to be right p-nuclear if there exist
sequences (gy,) in f;Yeak(W""(U)) and (yn) in €,(F) such that f = Y721 gu - Y in (H*(U, F), ||||e). We set

v () = inf{ @l Nl )

with the infimum taken over all right p-nuclear holomorphic representations of f as above. Let H;, (U, F) denote the
set of all right p-nuclear holomorphic mappings from U into F.
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We now establish the relationships of a right p-nuclear holomorphic mapping f: U — F with its
linearisation Ty: G*(U) — F.

Theorem 2.14. Let p € [1, 00) and f € H®(U, F). The following conditions are equivalent:

(i). f: U — Fis right p-nuclear.
(i). Tr: G*(U) — F is a right p-nuclear operator.

In this case, VW7 (f) = VP(Ty). Furthermore, f v Ty is an isometric isomorphism from (Hy, (U, E), vw"7) onto
NP(G=(U), F),vP).

Proof. (i) = (ii): Assume that f € 7-(;"1,(1,[, F) and let },-1 gx - y» be a right p-nuclear holomorphic represen-
tation of f. By Theorem 2.2, there is a unique operator Ty € L(G*(U, F) such that Tf o g;; = f. Similarly,
for each n € N, there is a functional T,, € G*(U)" with [T, || = ”g”Hoo such that T, o gy = g,. Notice that

Yo Ty, - yu € LIG™(U), F) since

YT vl = 3l sl = 3 el Dl < gl o)
k=1 k=1 k=1

for all m € IN. We can write

fzign'yn=i(T” OgU)']/n z[iTn 'yn]o_’]Ur
n=1 n=1 n=1
weak

) € GG (UY) with (7, <

p/

in (H*(U, F), |Ill)- Hence Ty = Yoq Ty, - yn by Theorem 2.2, where (T,

weak w

“(gH)HV . Therefore Ty € NP(G™(U), F) with v/(Ty) < H(gn)np,

p-nuclear holomorphic representation of f, we deduce that v*(Ty) < vW/7(f).
(ii) = (i): Suppose that Tf € N¥(G(U), F) and let },,5; ¢» - ¥, be a right p-nuclear representation of T.
By Theorem 2.2, for each n € IN, there is a g, € H*(U) such that Ji;(g,) = ¢, with Hgn”oo = ||pull. We have

H[f - Z gk * yk) (%)
=1

n

ek H(yn)”p. Taking infimum over all right

£ =Y g0y
k=1
= (Tf - Z Or - yk] (gu(x))
k=1
=\[Tr - Z Pr - Y
k=1
for all x € U and n € N. Taking supremum over all x € U, we obtain
f- Z 9k - Yk
k=1
weak

for all n € N. Hence f = Y30y gu - Y in (HV(UF), [Hle), where (g,) € £y (H™(U)) with ”(gn)”V <

“(gbn)”:;eak. So f € Hy, (U, F) with wWHE(f) < ||(qbn)||p, H(y,,)) » and this implies that v*7"(f) < vP(Ty).
The last assertion in the statement follows easily from what was proved above and from Theorem
22. O

TH(gu(@) = Y Ju(@)(Gu()ye
k=1

<

lutoll

Tf—;ﬁbk']/k

7

<

7

Tf_;¢k‘yk

o)

weak

Combining Theorem 2.14, firstly with [4, Theorem 3.2] and secondly with [7, Corollary 2.5], we derive
the following two results.
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Corollary 2.15. Let p € [1,00) and f € H®(U, F). The following conditions are equivalent:

(i). f: U — Fis right p-nuclear.
(ii). f =T o g for some complex Banach space G, g € H*(U,G) and T € N¥(G,F).

In this case, we have N
V() = Al g 1= fV (@) [l

where the infimum is taken over all factorizations of f as in (ii) and this infimum is attained at Tr o gy.
As a consequence, the correspondence f + T is an isometric isomorphism from (NV o H® (U, F), ||| xwogs=) 0nto
(NP(G=(U), F),vP). O

Corollary 2.16. For eachp € [1, ), (Wﬁp,v’mm) is a Banach bounded-holomorphic ideal. |
The following relation is readily obtained.

Corollary 2.17. Let p € [1,00) and f € H, (U, F). Then f € Hy (U, F) with kX" (f) < v (f).
P

Proof. By Proposition 2.14, we have Ty € NP(G*(U),F) with v/(Ty) = vWHE(f). Tt follows that T; €

K, (G™(U), F) with k,(Tf) < v/(Ty) (see [10, p. 295]). Hence f € Hy (U F) with k" (f) < vw""(f) by
/

Theorem 2.3. [

Given Banach spaces E, F, G, let us recall that a normed operator ideal 7 is sutjective if for every surjection
Q € L(G,E) and every T € L(E,F), it follows from T o Q € I(G,F) that T € I(E,F) with [Tl = lIT o Qll;.
The smallest surjective ideal which contains 7, denoted by 7*, is called the surjective hull of 1.

We now introduce the analogue concept in the holomorphic setting.

Definition 2.18. The surjective hull of a bounded-holomorphic ideal I is the smallest surjective ideal which
contains T and it is denoted by (IM")>.

We have seen that Hy is a surjective bounded-holomorphic ideal which contains H(y;,, and therefore
P

(HR, " € Hy , but we donot know if both sets are equal as it happens in the linear case (see [10, Proposition
p

3.11]).
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