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Bounded version of approximate module character amenability of
Banach algebras

Mina Ettefagh?

“Department of Mathematics, Tabriz Branch, Islamic Azad University, Tabriz, Iran

Abstract. The bounded version of approximate module character amenability of Banach algebras is in-
troduced and studied. This new concept is characterized by several different concepts such as bounded

approximate module character means. Moreover, this new concept is investigated for second dual, uniti-
zation, tensor product and I’-direct sums of Banach algebras.

1. Introduction and preliminaries

Througout this paper, A and U are Banach algebras. For a Banach A-bimodule X, a derivation is a
bounded linear map D : A — X such that

D(@b)=a-D(b)+D(@)-b (a,be A).

For each x € X, the derivation D, : A — X given by Dy(a) = a-x — x - a is called an inner derivation. A
derivation D : A — X is called approximately inner, if there exists a net (x;) C X such that
D(a) = lign Dy(a) (a€A),
if also there is L > 0 such that
sup |y, @)|| < Lilall (2 € 4),
then D is called boundedly approximately inner.

Let ¢ € 0(A) be a character on A, and let Mlg [resp. ¢ MA] denotes the class of Banach A-bimodules X

such that x - a = ¢(a)x [resp. a-x = ¢(a)x] for alla € A and x € X, [10]. Obviously, X € qr,MA iff X* € Mg,
where X* denotes the dual space of X.

Definition 1.1. Let A be a Banach algebra and ¢ € o(A). Then
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(i) A is called (approximately) (boundedly approximately) amenable if for each A-bimodule X, every derivation
D : A — X" is (approximately) (boundedly approximately) inner.

(i) Ais called right [left] (approximately) (boundedly approximately) ¢-amenable if for each X € 4 M* [resp.
M‘q?], every derivation D : A — X* is (approximately) (boundedly approximately) inner.

(iii) A is called right [left] (approximately) (boundedly approximately) character amenable if it is right [left] (ap-
proximately) (boundedly approximately) ¢p-amenable for each ¢ € a(A).

(iv) A is called (approximately) (boundedly approximately) character amenable if it is both left and right (approxi-
mately) (boundedly approximately) character amenable.

Throughout this paper, A is a Banach A-bimodule with compatible actions, that is
a-(@b)y=(a-a)b , (@a)-a=alb-a) @beA, ac).

Let X be a Banach A-bimodule and Banach U-bimodule with compatible actions, that is
a-@a-x)=(@-a)-x , a-(a-x)=@-a)-x , (@a-x)-a=a-(x-a) @A, ael, xeX),

and similarly for the right and two-sided actions, in this case we say that X is a Banach A-A-module. If
moreover, & - x = x - @ for all « € Aand x € X, then X is called a commutative A-W-module.
A bounded map D : A — X is called an A-module derivation if it is A-bimodule homomorphism and

D(a+b)=D(@)+D(®) , D(ab)=D(@)-b+a-D(b) (a,beA).

The boundedness of D means that there is L > 0 such that ||D(a)|| < Llja||, for all a € A. When X is a
commutative A-A-module, then for each x € X the map D, : A — X given by Dy(a) = a-x — x - a is called
inner -module derivation [1].

Definition 1.2. The Banach algebra A is called (approximately) W-module (or module) amenable if for any commu-
tative Banach A-U-module X, each N-module derivation D : A — X" is (approximately) inner [1, 14].

Ghahramani and Loy generalized the theory of classical amenable Banach algebras in [6, 7], introduced
by Johnson in 1972 [11], to approximate amenability. The concepts of ¢p-amenable and character amenable
Banach algebras were introduced by Kaniuth, Lau and Pym in [12] and by Monfared et.al. in [10, 13].
Pourmahmood, Shi and Wu introduced the concept of approximate character amenability and characterized
this notion in several ways [16]. On the other hand, Amini [1] introduced the notion of module amenability
for a class of Banach algebras which could be considered as a generalization of the Johnson’s amenability.
He showed that for an inverse semigroup S with the set of idempotents E, the semigroup algebra I1(S) is
module amenable, as a Banach module over ['(E), if and only if S is amenable. After that, Bodaghi and Amini
[2, 4] introduced the concept of module (¢, p)-amenability for Banach algebras and investigated a module
character amenable Banach algebra. They showed that such Banach algebras posses module character
virtual (approximate) diagonals. On the other hand, Bodaghi in [3] studied the module amenability of the
projective module tensor product. In [14], Pourmahmood and Bodaghi introduced the concept of module
approximate amenability (and contractibility) for Banach algebras. Finally, the concept of (approximate)
module character amenability was introduced by Bodaghi et.al. in [5]. The bounded versions of above
concepts were introduced by several authors. For instance, Ghahramani and Read introduced the class of
boundedly approximately amenable Banach algebras [8]. In addition, the bounded versions of approximate
character amenability and approximate module amenability were studied by authors in [9, 15].

In this paper, we introduce the bounded version of approximate module character amenability and
some of its characterizations and heredity properties. In addition, we have some results for second dual,
unitization, tensor products and P-direct sums of Banach algebras. The bounded version of approximate
module amenability can be one of the consequences of this paper.
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2. Bounded approximate module character amenability

Throughout this paper A and U are Banach algebras and A is Banach U-bimodule with compatible
actions and ¢ € (%) is a character on 2. Consider the multiplicative linear map ¢ : A — U such that

$a-a) = pla-0) = p@P) @eA, acW,
we denote the set of all such maps by Q4 or Qy(A).

Definition 2.1. [5] Let ¢ € o(¥) and ¢ € Q. We say that the Banach space X is a ((qb, @), A-W)-module or
X € (oMY, if left module action of A on X is given by

a-x=¢@-x @ecA, xeX),
and the actions of W on X is given by
a-x=x-a=@p@)x (U, xeX).

Note that in this case we can write a - x = ¢(a) - x = @ o p(a)x, for all a € A and x € X. Similarly, we say that X is

(A—?I, (o, (p))—module orX € Mf};;i[o)’ if right module action of A on X is given by

x-a=¢@-x @ecA, xeX),
and the actions of A on X is given by

a-x=x-a=@¢@)x (U, xeX).

The authors in [5] defined the concept (approximate) module character amenability for A, and now we
introduce the bounded version of this concept. Then we present some characterizations for this concept.

Definition 2.2. Let A be a Banach A-bimodule, ¢ € Q4 and ¢ € o(A). Then

(i) A'is called right (boundedly) approximately module (¢, p)-amenable, if every U-module derivation D : A — X*
is (boundedly) approximately inner, for all X € (4o MA¥. There is a similar definition for left (boundedly)
approximately module (¢, @)-amenable Banach A-bimodule.

(ii) A is called (boundedly) approximately module (¢, @)-amenable, if it is left and right (boundedly) approximately
module (¢, @)-amenable.

(iii) A is called (boundedly) approximately module character amenable, if it is (boundedly) approximately module
(¢, p)-amenable for all ¢ € Q4 and all ¢ € o(N).

Notation. We will use the abbreviated symbol (b - app - m - (¢, ¢)-am.) for bounded approximate module
(¢, p)-amenability, and (b - app - m - char - am) for bounded approximate module character amenability.

We remind that, if A = C and ¢ is the identity map, then all of the above definitions coincide with
their classical case.

Proposition 2.3. If A has a right [left] multiplier bounded approximate identity, then A is right [left] b-app-m-(0, )-
am. for all ¢ € o(N).

Proof. If (e;) is a right multiplier bounded approximate identity for A, then there exists a K > 0 such that for
alla € A, ae; — a and |laejl| < Kllal|. Let X € @umM** and D : A — X* be an U-module derivation, so for
a,beA aeWand f € X*

a-x=0 - f-a=0, a-x=x-a=¢p)mx.
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Therefore D(ab) = a - D(b) and we have
D(a) = D(lima - ¢;) lima - D(e;)

= lilrrl [a - D(e;) — D(e;) - a]

11{1’1 DD(E,‘) (ﬂ),
also
IDpey @Il = [ID(a - e;)l| < ID|llla - eill < [IDIIK]lall.

This shows that D is boundedly approximately inner, thus A is right b - app - m - (0, p)-am. O

Definition 2.4. A net (m;) C A™ is called a right bounded approximate module (¢, p)-mean. (b-app-m-(¢p, @)-mean)
if mi(p o §) = 1and
a-mi—¢@-m — 0 (ae€l),
a-mi—plam — 0 (xe),
and also there exist L,L’ > 0 such that
lla-m;—¢a)-mill < Llall (a€A),
llw - mi — p()ymill < Lllall  (a € ).
We have a similar definition for left b - app - m - (¢, p)-mean.

Proposition 2.5. The following statements are equivalent:
(i) Aisrightb-app-m- (¢, p)-am;

(ii) Every W-module derivation D : A — K™ is boundedly approximately inner, in which K = ker(p o ¢), and the
right A-module action on K™ = ker(qp o ¢)™ is given by m - a = ¢(a) - m, for a € A and m € K™, and with the
natural left A-module action on K**. Also, with W-module actions on K* given by a - m = m - a = @(a)m, for
a € Wand m € K**;

(iii) There exists a right b - app - m - (¢, p)-mean;

(iv) There exists a net (m;) C A™ such that my(p o ¢) — 1, and

a-m—¢@-m — 0 (ae€A),
a-m—eam — 0 (xed),
and there are L, L’ > 0 such that
lla-mi—¢a)-mill < Llall (a€A),
llev - m; = p(ymill < Lllall (@ €N).
Proof. (i) = (ii) and (iii) = (iv) are obvious.
(ii) = (iii) Take b € A with @ op(b) = 1, and define the A-module derivation D : A — K™ by D(a) = ab—ba,
where b is the canonical image of b in A™, and with following actions on K**
m-a=¢@-m, a-m=m-a=¢playm @ecA, acU, meK").

So we have D(a) = ab — ba = ab — ¢(a) - b. By hypothesis, there is a net (1) ¢ K* and L > 0 such that for all
aeA

ab - o(a) - b = lim (g -1 — P(a) - ”i)/
la-ni = ¢(@a)-nill < Lilall.
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Then mi(p o) =1 and forallae A

lla - m; — (a) - mill = llab — a - n; — d(a) - b+ P(a) - mill — 0

and

lla - m; — P(a) - myl

Also foralla € U, a - m; = m; - @ = @(a)m;. This shows that (m;) is a right b - app - m - (¢, ¢)-mean.
(iv) = (i) Consider the net (m;) C A™ satisfies in (iv). Therefore, for all 2 € A we have

lla - m; — ¢ o p(a)yml|

ID@)| + 1Dy, (@)l
2{[blllall + Lilal]
lbll + L)llall.

INIA

lla - m; — p(a) - mil| + [|Pp(a) - m;i — @ o p(aymil|
Lllall + Lllp@)ll
(L + LplDall.

IAN A

8083

In addition, we conclude that [l - m; — ¢ o ¢p(a)mi|| = 0. Now, suppose that X € ()M*¥, D: A - X*isan

A-module derivation and there is M > 0 such that for all a € A, ||D(a)|| < M]|a||. We can write

a-x=a¢(

) x=pod@x (xeX ,6 acA).

Since each f € X* is a linear map, then for alla € A we have f-a = @ o ¢p(a)f. Put D' = D*|x : X —> A* and
gi = (D')'(m;), so g; € X* and for all a,b,x € A

(D' (xa), by

we conclude th

= (D’(xa),b)

= (D(b), xa)

= (a-D(b),x)

= (D(ab) — D(a) - b, x)

= (D(ab) — ¢ o ¢(b)D(a), x)

= (D(ab), x) — ¢ o p(b)D(a), x)

= (D'(8),ab) — ¢ o $(b)XD(a), x)

= (D'(x)-a,b) — ¢ o p(b){D(a), x),

at

D'(xa) = D'(x) - a — {D(a), x)p o ¢.

Hence

(a-gi,x)

and

[a -
[a -
[<a -
<a -
[a -

lla -

I mIA

IN

= {gi,x-a)

= (D) (m),x-a)

= (m;, D' (xa))

= (m;, D' (x) - a) — (D(a), x)(m;, ¢ o )
= (a-m;, D (x)) —(D(a), x){m;, @ o ¢),

gi, %) — @ o P(a){gi, x) + (D(a), x)|

m;, D' (x)) = (D(a), x){m;, o ) — ¢ o p(a)(gi, x) + (D(a), x)|
m;, D' (x)) — @ o p(a)(gi, x)| + KD(a), x)mi, @ o Py — 1]
m;, D' (x)) — @ o ¢p(a)(m;, D (x))] + KD(a), x)|[{mi, ¢ o ¢y — 1]
m; — @ o Pp(aym;, D' (x))| + D(a), x)|mi, ¢ o ¢y — 1]

m; — @ o p@mlllID )l + ID@)llxllllmi(e © @) — 1Il,
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we conclude that ||z - g; — ¢ o ¢(a)g; + D(a)|| — 0 or D(a) = lim D_,,(a). This shows that D is approximately

inner. On the other hand, since m;(p o ¢p) — 1, then we can assume that |m;(¢ o ¢)| < 1 and we have

KD_g(a), ) = Ka-gi,x) =@ o p@)ig, x|
(- m;, D' (x)) = (D(a), x){m;, @ o ¢p) — ¢ o p{m;, D' (x))|
Ka - m; — ¢ o paym;, D' (x)) = KD(a), )lmi, @ o P

lla - m; — @ © p@)milllID" ()| + ID@)ll|x]

(L + L'llpIlallMlxl| + Milallllx]|

[+ L'llpl)M + M]llalll]

INCIAN CIA

we conclude that
1D, @ < [(L + L IlgI)M + M]jal,
and this shows that D is boundedly approximately inner. Hence, A is right b - app - m - (¢, p)-am. [

Proposition 2.6. Let A and B be A-bimodules, and 6 : A — B be [norm-preserving] continuous A-module epimor-
phism. Then right [left] [bounded] app - m - (p o 0, )-am. of A implies right [left] [bounded] app - m - (¢, p)-am. of
B.

Proof. Let A be right app - m - (¢ o 6, p)-am, then by Proposition 2.5 there exist a net (m;) ¢ A* and L,L’ >0
such that mj(pogpo0)=1andforallac Aanda € A
lla-mi—¢o6@-mll—-0 , lla-m—q¢o6a)-mil < Llal,
llac-mi — p(@)mill >0, - m; = p(a)ymil| < Lla]l.

Set n; = 0" (m;) € B*, we have (n;, g) = (m;, g o 0) for g € B*, so (n;, ¢ o ¢) = (m;,p o ¢ o ) = 1. Since O is
surjective, then for each b € B there is a € A such that 6(a) = b, and for g € B* we have

b-ni—¢O)-m,9) = (m,g-0@-¢(0@)-g)
= (m;,(g-0(@) 00— o0 g00)
= (my(go0)-a—¢o0B@)-go0)
= (a-mi—¢dob(a) mjgo0)

- 0,
and forall« € Wand g € B

(a-nj—plan;, gy = (nj,g-a—ep@)g)
= (mj,(g-a)o0—¢(a)go0)
= (mj,(go0)-a—qpa)go0)
= (a-m;—q@(a)ym;go0)

- 0.

Hence the net (n;) C B™ is a right app - m - (¢, ¢)-mean for B and B is right app - m - (¢, ¢)-am. by Proposition
2.5. Now assume that 0 is norm preserving and (m;) is a right b-app - m - (¢p 0 9, p)-mean for A, then ||b|| = ||al|
and there exist L, L’ > 0 such that foralla € A and a € A
lla-mj—¢o6a) mill < Llall
llao - m; — p(a)ymyl| < Llal|.
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Therefore, foralla € A, b = 6(a) € Band g € B

Kb - ni = P(b) - ni, gl [Ka-m;—¢ o 0(a)-mj,go06)
lla - m; — ¢ o 6(a) - millllg o O
LlallllgllllOl]
Liipllligliel,

INIA

and we concluded that
b - n; — p(b)nill < (LIIOINIIBI,

similarly, we conclude that

lla - m; = p(a)mi{ll| O]
Lol

(L 116D,

this shows that (n;) is a right b - app - m - (¢, p)-mean for B. O

llaw - 11; — p()n]]

INIA

3. The second dual of Banach algebras

In this section, we assume that A*, the second dual of A is equipped with the first Arens product, and we
denote it by O. The canonical image of a € A in A* is denoted by 4, and A = {4 : a € A}. Let F = w* - lim 4,
1

and G = w* — lim Ej are members of A” and A = w* — liin & € A, where (a;) and (b)) are nets in A and (ay)

is a net in A. We consider the module A actions on A™ by

A-F=w" - li]£n w* — lim(ay - ai)A , F-A=w -limw" - liin(ai o),
1 1
and also for the first Arens product O on A™ we have
FOG =w" —limw" - lim(aibj)A.
i i

Let ¢ € o(¥) and ¢ € Q4. If ™ and ¢™ are the double conjugates of ¢ and ¢, respectively, then
@™ € o(UA™) and ™ € Qp-.

Proposition 3.1. Let A™ be right [left] b - app - m - (™, @™)-am., as an W*-bimodule, then A is right [left] b - app -
m - (¢p, p)-am. as an U-bimodule.

Proof. By Proposition 2.5, there is a right b - app - m - (¢, ¢™*)-mean (m;) C A™, satisfying ¢™ o ¢™"(m;) = 1,
IE - m; — ¢ (F) - mj|| = 0, |F - m; — *(F)myl| = 0, for all F € A* and F € A, and also for L,L" > 0 we have

IF - mi = o™ (F) - mill < LIFIl , |IF - m; — @™ (F)mil| < L'|FI.
Now, we define m’ € A* by m'(f) =: mil4(f), and we have

mi(g o ¢) = mila-(p 0 P)" = mi(@™ 0 ¢™) = 1.
Moreover, forF=4€ A™ ,F =a €U and f € A

Ka-m;, — @) -m, /Hl = Ki-m—¢™@) - m,f)
< a-mi—¢™@) - milllAl
O/

3
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Therefore
;= ¢ -ml =0,
la - 0, — (@) - ;)| < Lilall < Lllal,

1

[la-m

and also

Ka - m; — ™ (Q)my, F)|
< a-mi— ™ @mill il
0,

Kav - m; = playmy, )

8

hence

’

llev - 11 = p(@ym;]| = 0,
llev - ;= p(aymy]| < LlIall < L.

The above relations show that () C A* isaright b-app-m-(¢, ¢)-mean. Hence A is right b-app-m- (¢, ¢)-am.
by Proposition 2.5. [
4. Unitizations of Banach algebras

In this section, A* = A® C and A" = A & C are unitizations of A and U, respectively. According to
notations in [5], let B = A @ A* with following multiplication

(a,u)(b,v) =:@b+a-v+u-buv) (@abeA, uvedH),
in which 2¥-module actions on A defined by

a-(aN)=a-a+Aa , (@A)-a=a-a+da (@eA, (aA)eA?).
Moreover, we can define A*-module actions on B by

u-@,0) = -a,uv) , (@v)-u= (@ wou) @cA; uvedh.

Then, B is a unital Banach algebra and Banach *-bimodule with compatible actions and with identity
e = (0, eq) , where eqr = (0,1) is the identity of A*.
Now, suppose that ¢ € Qy(A) and ¢ € o(U). We can define the extensions of ¢ and ¢ by
(ﬁ:?I#—HE , Pla, A) = p(a) + A
G AU, ¢e(a) =: (9(a),0).
G:B=A0W > A, §a,u) = (), pu)).
It is easy to check that ¢, € Qu#(A), @ € o(U*), d € Qy#(B) and for a € A, a € A and u € A* we have
P, 0) = @),
¢@0) = ¢cla),
ip °P. = @oo,
Podlau) = @ode(a)+Pu) =g od@+pu).

In addition, we can identify the dul space B* with A* @ Chy, where hy € B* and hols = 0. Also,
B* = A™ ® Cmy, in which my € B~ and myo|s- = 0. Moreover, we can extend the U*-bimodule actions on A
and B to A*-bimodule actions on A*, A*, B* and B*.
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Proposition 4.1. The following statements are equivalent

(i) Aisright [left] b-app - m - (¢, @)-am. as an U-bimodule,
(i) Aisright [left] b-app - m - (¢, §)-am. as an W-bimodule,
(iii) Bis right [left] b-app - m - (, §)-am. as an W-bimodule.

Proof. (i) = (ii) By Proposition 2.5, there exist a net (m;) C A* and L,L" > 0 such that m;(¢ o ¢) = 1 and for
allae Aand a € U

a-mi—¢@a)-m—0 , lla-m;i—¢(a)-ml < Llall,
a-mi—paym—0 , |la-m—e@ml <Ll

Therefore, m;(¢ o ¢,) = mi(p o p) =1, and for alla € A and u = (a, A) € A* we have

lla - m; = ¢ea) -mill = lla-m;—¢a)-mil| =0,
lla - mi — de(a) - mill lla - m; — p(a) - mil| < Lllall,

and

llev - mi + Am; — p(a)ym; — Am|

[t - m; — @(u)yml|

llaw - m; — p(aymyl| — 0,
Il - m; — pQuymill < L'llall < L (llel] + [IAI) = L [Jull.

Thus, (m;) C A™ isarightb-app - m - (¢p., §)-mean and A is right b - app - m - (¢., §)-am. by Proposition 2.5.
(i) = @{) If (m;) ¢ A™ is a right b - app - m - (¢, §)-mean, then it is easy to check that it is a right
b-app - m - (¢, p)-mean. Thus the assertion is hold by Proposition 2.5.
(ii) = (iii) By Proposition 2.5, there exist a net (m;) ¢ A* and L, L’ > 0 such that m;(¢) o ¢,) = 1 and for all
a€Aandu = (a,A) € A

a-mi—.a)-m—0 , |la-mi—@c(a)-mll < Llall,
wemi—@uym; —» 0, lu-my — @uymgl| < Lljull.

We define n; € B* by n;(h + uho) = m;(h), where h + uhg € B* = A* @ Chy. Since @ o ¢(a, u) = @ o ¢.(a) + ¢(u),

then n;(¢ o ¢) = m;j(¢ o P.) = 1. On the other hand, for all (a,u), (b,v) € B and h + uhy € B* we have
[+ ho) - (@,0)|(b,0) = (- 2 + It - u)(B) + h(av) + pho(0, uv).
Therefore, ni[(h + phy) - (a, u)] =mih-a+h-u),and

K(@,u) - n; = dla,u) - i, b+ ho)

i, (h + pho) - (a,u)y — P(a, u)(ni, h + pho)|
(i, b+ - ) = (p(a), @u))omi, 1)

K@ - ;10 mi, by = (Del@) - s + Pluuymi, 1)
[lla - 1 = pe(@) - mill + Il - m; = @yl 1l

IA

so [|(a,u) - n; — P(a, u) - nil|l — 0, and also

a, ) - ni — b, u) - mll - < Lllall + L[l
L(llall + ltell) + L' (llall + lue)
(L + L)@, wll.

INIA

In addition, by using A*-bimodule actions on B*, for u = (o, A) € ¥, (b,v) € Band h + uhy € B* we have

[+ ho) - u] (B, 0) = It - u(b) + ho(0, ou).
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Therefore, ni[(h + phy) - u] =m;(h-u)and

[y, (h + pho) - uy — @(u)(n;, h + uho)|
= [mi, h-u) — G(u)(m;, byl

[Ku - m; — p(uym;, byl

Il - m; — @Qymilllhll,

(- i — @(u)ni, b+ piho)

IA

so |lu - n; — p(u)n;|| — 0, and also
e - 1 = @Gyl < L flull
These show that (1) C B* is a right b - app - m - (¢, §)-mean and so B is right b - app - m - (¢, §)-am. by
Proposition 2.5. ~
(iii)=> (ii) By Proposition 2.5, there exist a net (1;) C B* and L,L" > 0 such that m;(¢ o ) = 1 and for all
b=(a,u)eBandv=(a,A)eA*

b-mi =) -m—0 , |lb-m;—db)-mll < Lall,
v-mi—@@m =0, lo-mi—@@)ml < Lol

We know thatm; = ni—ung € B~ = A" +Cny, wheren;, ng € A* and ngla- = 0. Since (pO(f)(a, u) = gop.(a)+P(u),
then n;(¢ o ) = mi(@ o ¢) = 1. Now for b = (2,0) € Band h + puhy € B* = A* ® Chy we have

(b mi)(h + pho)

mi[ (1 + pho) - (a,0)]
= mj(h-a)
= ni(h-a)
a- ni(h)/

soforallae A,heA*

Ka - n; — ¢e(a) - n, h)| {(a,0) - m; — ¢(a,0) - mj, h + Ohp)|

< |Ia,0) - m; — p(a, 0) - mlllinll,

A

so |la - n; — ¢e(a) - nill — 0, and also
lla - ni — ¢e(a) - nill < LIl(a, 0)Il = Lllall.

In addition, for v = (a, A) € A* and I € B* we have
(mij, (h + Oho) - (a, A)) = (ni, h - (a, A)),

and then

(e, A) - i = @lar, Mni, b)) i, - (, A) = Plax, M)

= [(mi, (h + Oho) - (a, A) — @(a, A)(h + Ohg))|
(e, A) - m: = (e, Mymilllih + Oholl,

IN

so |l(a, A) - n; = @(a, A)nyl| — 0, and also
lI(er, A) - i = (e, Yynill < Lll(a, M.

These show that (n;) C A™ is a right b - app - m - (¢, §)-mean, thus A is right b - app - m - (¢, §)-am. by
Proposition 2.5. OO
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5. Ideals and quotients of Banach algebras

Throughout this section, I is a closed ideal and U-submodule of A such that I C ker ¢ (¢ € Q4), so we
can define ¢; : A/I — Uby ¢i(a+1) = ¢(a). Furthermore, we consider the closed ideal | = 4 of A generated

by {(a ca)b—a(a-b) : a,be A, ac ‘ZI}, then | and A/] are A-bimodules. Since ] C ker ¢, then ¢ lifts to
¢y : A/] = U, and clearly @ o ¢y € 6(A/]) in which ¢ € o(2).

Proposition 5.1. The Banach U-bimodule A is right [left] app - m - (¢, p)-am. if and only if A/] is right [left]
app - m - (¢py, p)-am. Moreover, if A/] is right [left] b-app - m - (¢y, p)-am. then A is right [left] b-app -m - (@, p)-am.

Proof. Suppose that A is right app - m - (¢, p)-am. then A/] is right app - m - (¢}, ¢)-am. by Proposition 2.6, in
which 0 : A — A/] is the canonical mapping.

For the converse, let A/] be right b -app - m - (¢), p)-am. and let X € M * and D : A - X* be an
A-module derivation. Since X = JX =0, then X is an A/J-bimodule by well defined actions

(@a+))-x = a-x=¢@)-x=¢;a+])-x,
x-(a+]) = x-a

In addition, we can extend D to an A-module derivation D : A/] — X* defined by D(a + J) = D(a). By
hypothesis, there is a net (f;) € X* and L > 0 such that for all (a + J) € A/]

D@+])=lim[@+])- fi~ fi-@+])],

l@+])- fi— fi- @+ DIl < Lla+]ll
Thus for all 4 € A we have

D@ = lim(a- f; - f; - a),

lla - xi = x; - all < Llla + JI| < Lllall.

This shows that D is boundedly approximately inner, so A is right b - app - m - (¢, p)-am. [

Proposition 5.2. If A is right [left] app - m - (¢, @)-am. then A/l is right [left] app - m - (¢p1, @)-am. The boundedness
holds only if I = {0}.

Proof. This is a consequence of Proposition 2.6. [J

Proposition 5.3. Let A/l is right [left] b - app - m - (¢p1, @)-am. and I is module (|1, p)-amenable, then A is right
[left] b - app - m - (P, @)-am.

Proof. Let X € (M ¥ and let D : A — X" be an A-module derivation. Then DJ; : I — X" is an A-module
derivation and by hypothesis, there is f € X* such that D|; = Dy. Now, we can extend D = D — Dy to a well

defined %-module derivation D : A/l — X* by l:)(a +I) = D(a). By hypothesis, there is a net (f;) C X* and
L > OsuchthatD = lim D¢ and ||Dg(a+1D)|| < Llla+1||, foralla+1I € A/I. Therefore, D= lim D¢, D = lim Dy ¢
and for all 2 € A we have

IDf+s@Il < [IDg@ll + IDs@)ll
(L +2111)lall

This shows that D is boundedly approximately inner, hence A is right b - app - m - (¢, )-am. O

A

IA
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Proposition 5.4. Let I be a closed weakly complemented ideal, and -submodule of A such that I C ker¢. If A is
right [leftl b - app - m - (¢, p)-am., then I is right [left] b - app - m - (Pl;, @)-am.

Proof. By the hypothesis and Proposition 2.5, there exist a net (1;) C A* and L,L" > 0 such that m;(p o ¢) = 1
and forallae Aanda € A
a-mi—p@-m—0 , |la-m—d(a)-ml < Llal|,
a-mi—p@m; =0 ,  |la-m;—p@)mill <Ll
Since I is weakly complemented in A, there exists a closed subspace X of A* such that A* = [* @ X, and there
exists K > 0 such that for any F € A*, F = gr + hr, where gr € I and hr € X, and ||ggll < KI|F|l, |l#¢|| < K||F]|.
Now foralla € I, gr -a = 0, thus |((p o qb)(a)mi(gp)l — 0. Choose a € I with ¢ o ¢(a) = 1, then |m;(gr)| — 0.
We set n; : I' — C defined by n;(f) = m;(hr), where f € I and F is any Hahn-Banach extension of f. Since
P 0P = Gpop + hpop = Jpop + (@ © P)1 = Gyop + ¢ © Pl1, we have
1ni(@ o ¢l) = mi(@ o Plp) = mi(@ o ¢) — Mi(gpog) — 1.
In addition, forallael, fel*anda € W, hry =hr-a=f-a,hro =hr-a = f-aand
Ka-ni = Q@) mi, Y = I, £ -a) = §l@) - (s, f
= [mi, hpa) — @(a) - (mi, he)l
= Komi,hr - @) = (@) - (mi, )|
= Ka-mj—¢(a) - mj, he)l
< lla- ;= (@) - millliel,
so |la - ni — ¢li(a) - nill — 0, and
lla - ni — ¢li(a) - nill < Lllal[KI[F]]
< LKIlifllllall,

also we have

Ka-ni —p(a)n;, I = Kni, f-a) — @pla)n, )l
= Kmi, hr.o) — @(@)(mi, hr)|
= Kmy, hr - a) — p(a)(m;, hr)l
< la-m; — p(@)milll|kell,

so |la - n; — p(a)ny]| — 0, and

llev- i = p(@ymill - < LllalIKIF|
< LKiIfllllell-

These show that (1;) C ' is a right b - app - m - (¢l;, @)-mean, thus I is right b - app - m - (¢l;, p)-am. O

6. Projective tensor product and /”-direct sum of Banach algebras

In this section, A and B are Banach UA-bimodules. The projective tensor product A&B of A and B is a
Banach A&A-bimodule with following actions

@®p) - @®b) = (a-0)®(@F-b),
@®b)-(a®p)=(@@-a)®b-p) (@c€A, beB; apec.

For ¢1 € Q4, ¢ € Qp and @1, 2 € o(A), consider

b1 ® 1 ABB — USY (1 ® (@ ® b) =: P1(a) ® Pa(D)),
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and
P1® @ ASA — C ((Pl @ pa(a®p) =: (Pl(a)(Pz(ﬁ))-
Clearly, ¢1 ® ¢2 € Qugp and @1 @ @, € a(ASA).
Proposition 6.1. If A®B is right [left] b-app - m - (p1® P2, @1 @ p2)-am. then A is right [left] b-app-m- (1, p1)-am.
and B is right [left] b - app - m - (¢, @2)-am.

Proof. By Proposition 2.5, there exist a net (m;) C (A®B)* and L, L’ > 0such that mi(((pl ®2)o(P1® (Pz)) =1,
and forallw = (a®b) € A®B and w = (@ ® B) € AKA

w-mi = (1O P2)(w) -mi >0, lw-m; = (P1 ® p2)(w) - myl| < Llwll,
w-mi = (1@ P)(@ym; =0, lw-m;i = (@1 ® p2)(@)m; < Ll|ll.

We choose ap € A, by € B and ay, fo € U such that ((p1 ) ¢1)(a0) = ((pz o ¢2)(b0) =1, and @1(ao) = @2(fo) = 1.
Define (i7)) C A™ by (f) =t mi(f ® (@2 0 2)) (f € A”). We have
mi((p1 0 ¢1) ® (92 © $2)

mi((1 ® p2) © (1 ® )
= 1

mi(p1 o P1)

Similar to the proof of Proposition 5.10 in [5] for eacha € A, @ € Wand f € A*, we have
li¥n(a -1 — p1(a)m, )

= lim@m;, (f - @) ® (P2 © $2)) — p1(@) im(rmy, f @ (2 © p2))

= lim{(ao ® Bo) - i, (f - @) ® (P2 © §2)) — p1(@) im(rm, f & (@2 © ¢2))

= pi@Lim(m;, @ (p2 © $2) = pr(@) lim{m;, f @ (p2 0 $2)) = 0.
On the other hand,

lim((a ® Bo) - mi,(f - & = p1(@)f) ® (92 0 ¢2)) =0,

hence there exists a K > 0 such that

(o ®po) - mi, (f - = pr(@)f) @ (P20 92l < KI(f - = 91(a)f) ® (20 o)l
K(1+ llpalDlipz © ool f1

K'lIfll

I IA A

in which K’ = K(1 + [lpalDllz © gllllall, therefore

[{m; — (o ® Bo)mi, (f - @) ® (p2 © P2)) 1
+((ao ® Po)mi, (f - a) ® (p2 © P2))

—(m; = (ao ® Po)mi, p1(@) f & (2 © P2))

—((ao ® Bo)mi, p1(a) f ® (@2 © P2))]

Ka - m; — o1 (a)m, f)

< limi = (0 ® Bo)milll(f - @ = pr(@)f) ® (P2 0 P
+{(ao ® Poym, (f - & = p1(a) f) ® (2 © $2))]
< Lllao @ Boll(1 + lipa Dlladliflllps o ol

+K (1 + llgrDlilll flllgz © ol
= L'llallfll,
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where, L = (L’Ilao ® Boll + K/)(l + llgalDllp2 © ¢all, we conclude that |l - 71, — gy (a)il| < L”||lall. Moreover,
by similar calculation, lim ||a - 771; — ¢1(a) - 7]| = 0, the proof of the boundedness of this part is similar to
1

calculations in (1). Thus (17;) is a right b - app - m - (1, ¢1)-mean for A, so A is right b - app - m - (1, p1)-am.
by Proposition 2.5. Similarly, B is right b - app - m - (¢2, p2)-am. [J

Now let ¢ € Q4 , Y € Qp, ¢ € 6(A) and 1 < p < +o0. The IP-direct sums A ® B and A ®, B are Banach
algebras with respect to multiplication defined by

(a,b)(c,d) =: (ac,bd) (a,ce A, b,deB),
and norms
1/p
@, b)lleo =: maxdllall, by, 1I(a, b)ll, = (llall” + 161") (@€A, beB).
Furthermore, A ® B and A &, B are Banach A-bimodules under the following 2-module actions
a-@b)=(-aa-b , @b -a=@-ab-a) @A, beB, ac.
We define

(0 :A®,B—>A ,  ($,0)ab) = ¢@),
O¢):Ag,B->A ,  (0,¢)(aDb) = ¢(b),

for (a,b) e A®, Band 1 < p < +o0. Then (0,¢),(¢,0) € Qae,B for1 <p <400, and (¢,0) [a= ¢, 0,¢) = Y.

Proposition 6.2. Let A and B be Banach algebras and W-bimodules, p € Qu, P € Qp, @ € o) and 1 < p < +o0.
Then

(i) A®, Bisright [left] b-app - m - ((d), 0), <p)—am. if and only if A is right [left] b - app - m - (¢, p)-am.

(i) A @y Bisright [left] b-app -m - ((0, tp),(p)—um. if and only if B is right [left] b - app - m - (¢, @)-am.

Proof. These are consequences of Propositions 5.3 and 5.4. [

7. Examples

We start this section with following definitions.

Definition 7.1. [1] A discrete semigroup S is called an inverse semigroup if for each s € S there is a unique element
s* € S such that ss's = s and s*ss* = s*. An element e € S is called an idempotent if e = ¢* = ¢>. The set of all
idempotents of S is denoted by E. It is easy to see that E is a commutative subsemigroup of S and I*(E) is a subalgebra
of IY(S). Suppose that I'(S) is a I'(E)-bimodule by following actions, that is multiplication from right and trivially
from left

S 05 =185 65-632:6%(:65*68) (s€S,eck).

We denote Jp ) by | that is the closed ideal of IN(s) generated by {6set -0y : s,t€S,e€ E}.
Next, we consider the congruence relation —~ on S by

st o deeE : se=te (s, t€S).
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The quotient semigroup Gs := S/ — is a group. Furthermore, I'(Gs) is a quotient of I'(S) by Lemma 3.2 in [1]. Indeed
IN(Gs) = I(S)/], and by lifting the I'(E)-module actions on I*(S) to I'(Gs) it becomes a Banach I'(E)-bimodule. But,
the right and left I'(E)-module actions on I'(Gs) are trivial, so we have

1(Gs)&n )" (Gs) = I'(Gs)&I'(Gs),

see Lemma 3.3 in [1].

Now we are ready to show the main results of this section.

Proposition 7.2. Let S be an inverse semigroup with idempotents E. Consider I'(S) as a Banach I'(E)-bimodule with
multiplication right action and the trivial left action. Then

(i) 1M(S) is app - m - char - am. if and only if S is amenable.
(ii) 1Y(S)* is b - app - m - char - am if and only if Gs is finit.

Proof. Part (i) and part (i) without boundedness are true by Theorem 5.6 in [5]. For proving the boundedness
in part (ii), since G is finit, then L'(Gs)™ = I'(Gs)* is b - app - char-am. by Example 4.4 in [15]. Thus, I'(S)*
is b - app - char-am. by Proposition 5.1. On the other hand, I*(S)* is app - m - char-am by Theorem 5.6 in [5].
Finally, we conclude that I'(S)* is b - app - m - char-am. [
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