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Abstract. New method of obtaining invariants for torsion-preserving mappings is the main subject of this
research. This research is consisted of introduction and main part of research. After introduction, where we

remind to some of obtained invariants, we will develop general formula (Vesi¢, 2020) for obtaining invariants
for mappings. As special cases, we will remind to some invariants for symmetric affine connection spaces
which are not obtained yet.

1. Introduction

An N-dimensional manifold My equipped with a non-symmetric affine connection V whose coefficients
are L}k, L;.k # L, . for at least one pair (j, k), j,k =1,...,N, is the non-symmetric affine connection space in
sense of Eisenhart’s definition.

The symmetric and anti-symmetric parts of affine connection coefficients L;k are
, 1,.. , ) 1., .
i — 7 i i Zfri _7i
Ly = 5L+ 1) and Ly = 5(Li - 1)

(1)

0 .
The manifold My equipped with torsion-free affine connection V, whose coefficients are Lljk, is the
(symmetric) associated (affine connection) space of space GAy.

v

The doubled anti-symmetric parts L;.k of coefficients L;.k are components of torsion tensor of the space
GAn.

0
With respect to the symmetric affine connection V, one kind of covariant derivative is defined [2, 11]
a?lk = a;.,k + L;la? - L?‘kaiy,

)
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where a; is tensor of the type (1,1) and partial derivative of aj. by x* is denoted by comma.

With respect to alternation of double covariant derivative of a? by x™ and x", one curvature tensor is

obtained (for details, see [2, 11])

Ri =L —Li o+ LjLan = Ly Lans 3)

jmn jmn jnm

S. M. Min¢i¢ defined four kinds of covariant derivatives with respect to non-symmetric affine connection
\% (see [3—8]). Four curvature tensors, eight derived curvature tensors and fifteen curvature pseudotensors
of the space GAy are obtained with respect to these four kinds of covariant derivative. Many years later,
it was proved [9, 15] that curvature pseudotensors are not coefficients of alternation of double covariant
derivatives. Hence, the family of curvature tensors of space GAy is

. 0.
K. =R ull

jmn ]mn ]mln

+u'll  +ol% L +o'L% L, +wLe, L 4)

]nlm ]m an ]n arm mn a]
for real scalar invariants u, u’, v, v/, w.

1.1. Mappings of non-symmetric affine connection spaces

Infinitely many affine connections may be defined on the manifold My. If affine connections V and V
are defined on My, the difference of corresponding affine connection coefficients, L’ and i’ is deformation

tensor Pi.k = ii.k - L;k. The difference of symmetric parts LZ and L]k, P L’ L 1s tensor as well.

The deformation tensors Pj.k and Pik uniquely determine mappings f : GAN — GAyand f : Ay — Ay,

respectively. ‘ .
Different forms of deformation tensors P;k and P;k are corresponding to different kinds of mappings

between affine connection spaces. Invariants of these mappings have been a research subject of different
authors.

N. S. Sinyukov [11], J. Mike$ and his research group [1, 2], V. Berezovski [1] and many other authors
have obtained invariants for mappings of a symmetric affine connection space.

The geodesic mapping f : Ay — Ay is determined with the deformation tensor Pl rpkéé. + 1ol

After contracting this equality by i and k, the Thomas projective parameter for the geodesm mapping f was
obtained [2, 11]

i i 1 a si 144 i
Ty =Ly~ 50 1(Lka6]+L ' )6 (5)

After involving v;; = y; — i);, it was proved that the Weyl projective tensor W;mn is an invariant for

the geodesic mapping f (see [2, 11]),

i i 1) N 3 I3
W]mn = R]mn N + 16]'R[mn] + N2 — 16[me”] + N2 — 16[mR”]f’ (6)

for Ricci tensor Rl i = R“ and anti-symmetrization without division denoted by square brackets.

The previous procedure for obtaining invariants with respect to transformation has been continued
when the corresponding invariants for geodesic mappings of a non-symmetric affine connection space
were obtained [13, 16]. One family of invariants which generalize the Weyl projective tensor was obtained
in any of these papers.

The main purpose of this research is to complete research for invariants of mappings whose deformation

tensor is of the form Pi ybké + 0L + a]k, o]k ;(] This research was started in [14]. In this paper, we

will continue and complete thrs study.
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2. Main results

At the start, let us consider an equitorsion mapping (mapping which preserves the anti-symmetric parts
L;.k of non-symmetric affine connection coefficients L;.k) f : GAy — GAy characterized by the equation of

form
Ll = Lo+ Y0} + 90} + 0y + &5, 7)
for tensors o?k of the type (1,2) symmetric by j and k, and é;k which is anti-symmetric by these indices.

Because Ej.k = D + L’]k, Li,k = Lj;k + L;k, and ijk = ij, the equation (7) reduces to

LK = LK + i) + 0, + 207 )

2.1. Basic and derived invariants

In [14], the research for invariants was started of a mapping which transforms Lj.k to Zj.k by the rule

Fio_qio om0 i
ij—ij+a)jk Wi 8)
for geometrical objects @ and &, whose components are symmetric by covariant indices, i.e. a)]k = a‘);'(j,
]k wk]

The equation (8) characterizes a mapping from Ay to Ay, or an equitorsion mapping from GAy to
GAy, as well.

Let us assume that the geometrical objects gbké;. +¢;6, and a’jk are linearly independent. Otherwise, the
equation (7’) will determine the equitorsion geodesic mapping of space GAy.

We need to define the tensor (‘7§k =
That means that the geometrical ob]ect a

; v el &P = ' P\ =
. These components satisfy the equality a}kaqr = ( - o’jk) . ( - aqr) =

qr is an invariant for the considered mapping.

a',, it was concluded that is [14]

]k ‘17

Because 20, = ¢’
Jk jk

((L‘* +a¢ )51 (Lgﬁ +a;;a)5§.). 9)

1
i - —
“ik G jk N+1

v 1((L” + 0! ' Jol + (L;ia +a;ja)5§.), o) = ~ah +

The basic associated invariants of Thomas and Weyl type for the mapping f are [14] ‘7~"}k = L‘ cu]k and

Wi = R’ -0ttt o, -0 wl,. After using the invariance of geometrical ob]ect ol o under
jmn jmn jmln jnlm jm jn T am: jk=ar

the considered mapping, the basic assoc1ated invariant of Weyl type for the considered mapping is reduced

to (11), and these invariants are

(%f.fL;.km;k_ﬁ((Lgﬂ )+ (15, + 2, )61) 10)
(W}nn = R?mn O * ﬁ‘s;(ﬁ [mn] = Ofmam])
TN+ 1)2 OO+ DL + 0y = Ligh) + Lo Ly + L0l + L) (11)
(Ni1)25[ (N + D) (Ly + O = L) + LiLs + L5005 + Lia).
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0 0
The corresponding transformed geometrical objects (10, 11), Ti, Wi

it Wi are of the same form as the
0

original ones expect that the covariant derivative | used in W ;mn is transformed to the covariant derivative

0

|| with respect to affine connection V of the associated space Ay.

As in [14], we will obtain the derived associated invariant for mapping f by contracting difference

0
0= ‘ﬂ/;mn - ‘W?mn by i and n. From this contacting, we will express summands which are multiplied by
Kronecker’s delta symbols in (11) as functions of other contracted summands in this equation. In this way,
we will obtain another invariant for the mapping f which is called the derived associated invariant for this
mapping [14].
g Y

The difference 0 = W? — W2 s

jma jma

0 0
0= (Rin+5%,) - (RW +0h) Ni 1 {(Rejm = 0fipn) = (I%WI = i)} + N = DX, (12)

0
After solving the equation (12) by X, and substituting the solution in the difference 0 = Wi ‘Wl

jmn jmn’
one gets
W;mn = W;mn’
for
Wz _ Rz —— (R _ ) + 61 o 1 i 0 .
jmn ]mn ]mln N +1 ]( [mn] G[maln] N2 — ]”] Nz 1 I ”]] (13)
1 i 1 i«
=10t Nz 2 (‘5 it = On i)
0
and the corresponding W i A |
Because the mapping f is equitorsion, the difference i;m”n - Lljmln is expressed as
Lt = Linis = (@loyan = @l M)L“ ~ (@0 - “’?ZW)LQVm ~ (@~ . mn)U;a' (14)
fora,b,c e (1,2}, a)él).].k = LZ’" a‘)l('l)_jk L]k, a)(z) &= ;.k, and a)(z) &= w]k, for a)] and @' ' given by (9). Because

Li, = L', the equation (14) is equivalent to

Ri _ Qi
B(Z).jmn - B(Z).jmn’

for (I) = (a,b,c),

Bl

o = L Le Ll + @t L (15)

]mln_ (a) an ]m b) jn am (c).mn ]a’

and the corresponding B([) o A0 Ql(l) .

The next theorem is proved above.



N. O. Vesi¢ et al. / Filomat 37:25 (2023), 8537-8542 8541

Theorem 2.1. Let f : GAN — GA\y be an equitorsion mapping of non-symmetric affine connection space GAy.
0

The geometrical objects T i and Wi given by (10, 11), are the basic associated invariants of the Thomas and

jmn’
the Weyl type for the mapping f , respectively.
0
The geometrical object Wi o S10en by (13) is the derived associated invariant for the mapping f.

The geometrical object B(l) , given by (15) is an invariant for the equitorsion mapping f.
The families

0 .

W) jmn = (szmn B,y jun + ”/lez) jnm? (16)
0. 0. .
Wizn.(zz).jmn - W?‘mn B ”Bim.]‘mn h /BEI ).jnm’ (17)

for (I1) = (a1, b1,c1), () = (a2, by, cz) are basic and derived invariants for the equitorsion mapping f obtained with

respect to transformation of family K n of curvature tensors given by (4). O

2.2. Invariants for special mappings
In thls part of paper, we will present invariants for some special mappings. Because the geometrlcal
object o is the crucial one for obtaining invariants for an equitorsion mappmg f : GAy — GAp, we

will present the invariants for equitorsion geodesic mapping (the case of a = 0), but invariants for other

studied mappings we will characterized by the corresponding o;.k, wél)' L]k, and a)(2) i below.
2.2.1. Invariants for equitorsion geodesic mappings
Let f : GAy — GAy be equitorsion geodesic mapping.
For this mapping, we have
. . . . 1
0 =0, Wiy =Liy 0= 1(%6; + L 8. (18)
The basic associated invariants and the derived associated invariant for this mapping are
2 1
— 1 a Sl a Sl
QT_L].k N 1(Lka6]+L ' 5L), (19)
1 1 B
i — i l i
gw]mn R]mn N 5] = 1)25 (N + 1)L fan + L;*aLnﬁ)
(20)
i B
o 1)25 (N + DLy + L;;Lmﬁ)
The derived associated invariant for the equitorsion geodesic mapping f is
i % N Lo 3
QW]mn =Ry + N 16]R ml ¥ 39 6[mR]n] Nz 16[,an]j. (21)

0 0
The invariants g’fj.k and gW;’.mn coincide with the Thomas projective parameter and with the Weyl
projective tensor, respectively given by (5, 6).
Based on the equations (16, 17), the families of basic and derived invariants for the equitorsion geodesic
mapping f are

0 .
GWi ). jmn = QW (z )jmn T U "B, (22)

(I2).jnm”

0. 2. o~
gwl(ll).(lz).jmn = gwljmn + uBl(h).jmn + u’BZ o). jnm’ (23)

for B(l) i given by (18).



N. O. Vesi¢ et al. / Filomat 37:25 (2023), 8537-8542 8542

2.2.2. Invariants for third type almost geodesic mappings
The equitorsion mapping f : GAy — GAy whose basic equations are [10, 12]

ij;k = L;;k + gbké; + 16, + 20 ¢,
(Pl\] = %QDI + V(S;/ u=1,2, @9
for the scalar v, 1-form 1, contravariant vector ¢’ and covariant symmetric tensor oj of the type (0,2), is
the equitorsion third type almost geodesic mapping of the u-th kind.

From the first of basic equations (24), one gets

Gy osgl W=l = uel - (o (O rg)) @9
9. 9 0. 0.
The corresponding invariants ﬂQ3T’k, ﬂg{W!W ﬂQ3W’mn, ﬂg{W(l ) Ia) jun” AG» th).(lz).jmn’ are ob-
tained after substituting the expressmns (25) in (10, 11, 13 16, 17)

The forms of invariants ﬂg{VV [ ﬂQ3W]mn, ﬂgg (1 ). (o).jonn” ﬂgg (11 o). jonn
forms of their images in general. For this reason, the terms of valued invariant (invariant whose trans-
formed version has the same value but different form of the original) and total invariant (invariant whose

transformed version has the same both value and form) are involved in [10]. As it was proved in that
0

article, the invariant AG;T j.k is total invariant for the equitorsion almost geodesic mapping f. The other

are not identical to the

four invariants for this mapping are valued ones in general. The valued invariants for the almost geodesic
mapping f are total if and only if the inverse mapping of mapping f is the third type almost geodesic
mapping of the u-th kind.

2.3. Future research
We will present the families of invariants (16, 17) as functions of family K;mn of curvature tensors and

the corresponding family of Ricci tensors. After that, the general invariants for mappings of different kinds
of non-symmetric affine connection spaces will be obtained.
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