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Almost Kähler structures on complex hyperbolic space
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Abstract. Complex hyperbolic space has the structure of a solvable Lie group. Based on the recent
classification of Riemannian left-invariant metrics we describe all left-invariant almost Kähler structures
on that group. The only Kähler structure is the standard structure of the complex hyperbolic space and all
others are strictly almost Kähler. We calculated the Chern connection and obtained the characterization by
its torsion tensor. It is proved that the only SCF-soliton is the Kähler one.

Introduction

The great progress in the research of symplectic manifolds in this century is one of the major motivations
for the renewed interest in almost Kähler geometry. Almost Kähler manifolds are almost Hermitian
manifolds that carry the symplectic structure given by their closed Kähler 2-form. They are not necessarily
complex (if complex, they are Kähler). A Kähler manifold with a non-integrable almost complex structure
is called strictly almost Kähler. Almost Kähler structures naturally arise as one of the sixteen classes of the
Gray-Hervella classification of almost Hermitian structures [6]. Every Kähler manifold is also an almost
Kähler manifold. However, the converse does not hold in general, not even for compact manifolds.

The first example of strictly almost Kähler structure on a compact four-dimensional manifold was given
by Thurston [17] in 1976. He considered strictly almost Kähler structure on 2-torus bundle over the 2-torus
and verified its non-Kähler status using the oddness of its first Betti number. The research of strictly almost
Kähler structures on compact manifolds is related to Goldberg’s conjecture stating that the almost complex
structure of a compact Einstein almost Kähler manifold is integrable. A partial positive answer is given in
the case of non-negative scalar curvature with certain restrictions [13, 14], but the case of negative scalar
curvature remains unresolved. One reason may be the paucity of examples of compact strictly almost Kähler
manifolds. Cordero, Fernandez, and Leon in [4] generalized Thurston construction for every dimension
2n > 4. Their examples do not admit any Kähler structure. Jelonek [8] constructed many strictly almost
Kähler structures on the manifold M × T where M is any almost Kähler manifold and T = S1

× S1.
A class of examples of non-compact strictly almost Kähler manifolds was obtained as tangent bundles

of non-flat Riemannian manifolds [16]. Here, the flatness gives the integrability condition of the almost
complex structure. Using results of Olszak [12] and Thurston [17], Watson [19] found many examples of
non-compact strictly almost Kähler structures. He gave an example of 10-dimensional compact strictly
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A. Dekić / Filomat 37:25 (2023), 8661–8666 8662

almost Kähler manifold. This was the basis for the construction of (6n + 4)-dimensional spaces with
similar properties. Sekigawa and Oguro [10] constructed an example of strictly almost Kähler structure on
H3
× R, a product of 3-dimensional hyperbolic space H3 and real line R. Furthermore, they proved that

2n−dimensional (n ≥ 2) hyperbolic space could not admit almost Kähler structure in [11].
Cartan was the first to introduce the notion of torsion of a connection in 1922. He defined metric

connections uniquely characterized by the algebraic type of the corresponding torsion tensors [3]. The
space of all possible torsion tensors splits under the action of O(n) into the sum of three irreducible
representationsT � TMn

⊕Λ3(Mn)⊕T ′. Consequently, there are eight classes of linear connections defined
by the possible components of their torsions in these spaces, as given by Tricerri and Vanhecke in [18].
It turns out that the Chern connection of every almost Kähler structure on the complex hyperbolic space
belongs to a distinguished class of metric connections (denoted by 2 in [18], Table I), as its torsion belongs
only to the third component of the above-mentioned decomposition (Section 3). A nice overview of this
topic can also be found in Ilka Agricola’s beautiful lectures [1].

Street and Tian [15] took a geometric approach to studying symplectic manifolds. Specifically, they
introduced a natural way to evolve an almost Kähler manifold, known as the symplectic curvature flow
(i.e., SCF). Using this flow, Lauret and Will [9] showed a way how to search for SCF-solitons. An almost
Kähler structure is SCF-soliton if the symplectic Lie group admits a compatible metric.

Complex hyperbolic space is a non-compact rank-one symmetric space of negative sectional curvature
CHn = SU(1,n)/S(U(1) × U(n)). Therefore, it has a structure of a solvable Lie group [7], and the standard
Kähler metric is left invariant. All possible left invariant metrics on this group, denoted by CHn, were
classified recently in [5]. In this paper, we found all almost Kähler structures on Lie group CHn and
investigated their properties.

This paper is organized as follows.
In Section 1 we introduce basic notation and give a brief overview of almost Kähler geometry.
Theorem 2.1 of Section 2 is the main result of this paper. All left-invariant almost Kähler structures on

the metric Lie group (CHn, 1) are obtained. In particular, we show the existence of strictly almost Kähler
structures on CHn.

In Section 3 we calculate explicitly the Chern connection and intrinsic torsion. Cartan showed that a
metric connection can be uniquely characterized by its torsion. In this sense, we give the characterization
of Chern connection of every almost Kähler structure on CHn. Additionally, we prove that the only
SCF-soliton is the standard Kähler structure of the complex hyperbolic space.

1. Preliminaries

CHn is a symmetric space of negative sectional curvature, hence it is a solvmanifold, i.e., it can be
represented as a connected solvable Lie group with a left-invariant metric [7]. This group is a semidirect
product of the abelian and the nilpotent part (Heisenberg group) of the Iwasawa decomposition of its
isometry group, i.e., CHn = R ⋉ H2n−1. The Lie algebra of the Lie group CHn is the semidirect product of
abelian and Heisenberg algebra chn = R⋉ h2n−1. It is spanned by vectors X,Y1, . . . ,Yn−1,Z1, . . . ,Zn−1,W with
nonzero commutators:

[X,Yi] =
1
2

Yi, [X,Zi] =
1
2

Zi, [X,W] =W, [Z j,Yi] = δi jW, i, j ∈ {1, . . . ,n − 1}. (1)

Using the identification Cn � R2n : (z1, . . . , zn) 7→ (x1, . . . , xn, y1, . . . , yn), zk = xk + iyk, k ∈ {1, . . . ,n}, the

multiplication by i onCn induces the standard complex structure onR2n, given by the matrix Jn =

(
0 In
−In 0

)
.

Symplectic form is a closed non-degenerate skew-symmetric bilinear form. The standard symplectic
form in vector space R2n is ω(u, v) = uT Jnv, u, v ∈ R2n. An almost complex structure on a manifold M is an
automorphism J : TM→ TM satisfying J2 = −Id. If 1 is a Riemannian metric on M, then J is Hermitian if
1(X,Y) = 1(JX, JY), X,Y ∈ TM and we say that J and 1 are compatible. The space of Hermitian orientation
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preserving almost complex structures on 2n−dimensional vector space with a given positive definite inner
product is the symmetric space SO(2n)/U(n). If J and 1 are compatible the almost complex structure is
called almost Hermitian structure. An almost Hermitian structure (1, J) must satisfy that J2 = −Id and
compatibility condition ω = 1(J·, ·), i.e.,

1 = ω(·, J·). (2)

Classification of all non-isometric left-invariant Riemannian metrics [5] enables us to find all almost
Kähler structures on CHn. Every left-invariant metric on a Lie group is determined by an inner product
of its Lie algebra. Therefore, the following theorem describes all non-isometric left-invariant Riemannian
metrics on CHn.

Theorem 1.1. [5] All positive definite inner products on the Lie algebra chn in some basis with commutators (1) are
represented by the matrices

S(p, x, σ, β) =


p xT 0 0
x σ 0 0
0 0 σ 0
0 0 0 β

 , (3)

where p, β > 0, x = (x1, . . . , xn−1)T
∈ Rn−1, xi ≥ 0, σ = diag(σ1, . . . , σn−2, 1), σ1 ≥ · · · ≥ σn−2 ≥ 1. If all

eigenvalues of σ are distinct then all inner products (3) are non-isometric. If m1, . . . ,mk+1 are the multiplicities of
the eigenvalues of the matrix σ, i.e., σ = diag(σ̂1, . . . , σ̂1︸     ︷︷     ︸

m1

, . . . σ̂k, . . . , σ̂k︸    ︷︷    ︸
mk

, 1, . . . , 1︸  ︷︷  ︸
mk+1

), m1 + · · · +mk+1 = n − 1, then non-

isometric inner products are represented by (3) with x = (x̂1, 0, . . . , 0︸  ︷︷  ︸
m1−1

, x̂2, 0, . . . , 0︸  ︷︷  ︸
m2−1

. . . , x̂k+1, 0, . . . , 0︸  ︷︷  ︸
mk+1−1

)T
∈ Rn−1, x̂i ≥ 0.

2. Almost Kähler structure on CHn

It is difficult to decide whether CHn with an arbitrary left-invariant metric 1 admits any compatible
almost Kähler structure at all. We seek the answer by checking for the existence of an almost complex
structure J satisfying condition (2), i.e., compatibility with metric and symplectic form. It turns out that
only special metrics satisfying σi = 1, i ∈ {1, . . . ,n − 1} admit almost Kähler structures.

Theorem 2.1. (Classification theorem) All left-invariant almost Kähler structures on CHn are determined by the
metrics represented by the inner products (3) with σi = 1, β(p − xTx) = 1, xT = (x̂, 0, . . . , 0), x̂ ≥ 0 and almost
complex structures J represented by the matrices

J = ±


0 0 0 β
0 0 −I −xβ
x I 0 0
−

1
β 0 0 0

 . (4)

Proof. The symplectic form ω is the non-degenerate skew-symmetric bilinear form. It is represented by an
antisymmetric matrixΩ. Let’s denote with (e1, e2, . . . , e2n) the left-invariant basis (X,Y1, . . . ,Yn−1,Z1, . . . ,Zn−1,
W) of chn with commutators (1). In terms of exterior algebra, ω =

∑2n
i=1

∑
i< j ai jei

∧ e j where (e1, e2, . . . , e2n) is
a dual basis. The exterior derivative has the properties that d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ, α is a p-form
and dei(e j, ek) = ei[e j, ek], ei(e j) = δi j, ei(e j) = δi j.

Using the condition that the symplectic form on chn is closed, i.e., dω = 0, the matrix Ω becomes:

Ω =

 0 AT α
−A −αJn−1 0
−α 0 0

 =


0 AT
1 AT

2 α
−A1 0 −αIn−1 0
−A2 αIn−1 0 0
−α 0 0 0

 ,
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where AT = (AT
1 ,A

T
2 ) ∈ R2(n−1), α = a1(2n) ∈ R.

If the metric 1 is given by the inner product S(p, x, σ, β), the compatibility condition (2) becomes S = ΩJ.
Together with J being an almost complex structure, i.e. J2 = −Id, it imposes the following restrictions on
metric: β(p − xTx) = 1, σi = 1, i ∈ {1, ...,n − 2} and symplectic structure: A1 = 0⃗, A2 = −αx, α2 = 1.
Therefore, for α = −1 we obtain

J =


0 0 0 β
0 0 −I −xβ
x I 0 0
−

1
β 0 0 0

 .
For α = 1 the almost complex structure is equal to −J.
Since all σi are equal 1, by Theorem 1.1 vector x has the simple form xT = (x̂, 0, . . . , 0), where x̂ ≥ 0.

Remark 2.2. If the metric of the complex hyperbolic space CHn is standard (Einstein), i.e., β > 0, x = 0, pβ = 1,
σi = 1, the almost Kähler structure is Kähler. Otherwise, for all the metrics from Theorem 2.1 the structures are
strictly almost Kähler.

Remark 2.3. Based on the condition in [6] for nearly Kähler structure one can check that there is no nearly Kähler
structure on CHn.

3. Chern connection, torsion tensor and SCF-soliton

Let ∇ be the Levi-Civita connection for the metric 1. The set of metric connections is an affine space
modeled on the space of sections of Λ1

⊗ so(2n), where so(2n) is the bundle of skew-symmetric endomor-
phisms of TM. This means that if ∇ is a metric connection, the difference ∇ − ∇ is a so(2n)-valued 1-form.
The Hermitian connection is metric connection (∇1 = 0) satisfies the condition that ∇J = 0. The difference
∇ − ∇ decomposes into

Λ1
⊗ so(2n) = Λ1

⊗ u(n)⊥ ⊕Λ1
⊗ u(n),

concerning the decomposition
∇ − ∇ = η + ξ,

where the tensor η is independent of the choice of the Hermitian connection. Let ∇ be the unique Hermitian
connection such that ξ = 0, i.e.,

∇ − ∇ = η.

Definition 3.1. [2] We call ∇ the intrinsic connection, or the canonical Hermitian connection, of (M, 1, J) and η
the intrinsic torsion of the U(n)-structure on the almost Hermitian manifold.

In the literature, the intrinsic connection also is called the Chern connection. Hence, the Chern connection
is the unique connection which is Hermitian (i.e., ∇ω = 0, ∇1 = 0, ∇J = 0) and its torsion satisfies T1,1 = 0.
Here T denotes the torsion tensor of ∇ and T1,1 refers to the (1,1) component of the torsion of ∇ thought of
as a section of Λ2

⊗ TM. Directly from the definitions, lengthly calculations give us the following Lemma.

Lemma 3.2. The Chern connection ∇ and intrinsic torsion η on almost Kähler manifold CHn are given by:

∇X =
βx̂
4

(x̂(E11 − E22) + E12 − pE21 + E(n+1)(2n) −
1
β

E(2n)(n+1)),

∇Y1 =
1
2

(x̂β(E11 − E22) + βE12 − (x̂2β + 1)E21 + βE(n+1)(2n) − E(2n)(n+1)),

∇Yi =
1
2

(βE1(n+i) − x̂βE2(n+i) − E(i+1)1 + βE(n+i)(2n) − E(2n)(n+i)),

∇Z1 =
1
2

(βE1(n+1) − βx̂E2(n+1) + x̂β2E1(2n) − (x̂2β2 + β)E2(2n) − E(n+1)1 + E(2n)2,

∇Zi =
1
2

(βE1(n+i) − βx̂E2(n+i) − βE(i+1)(2n) − E(n+i)1 + E(2n)(i+1)),
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∇W =
1
2

(
x̂β2

2
E1(n+1) + 2β2E1(2n) − (

β2x̂2

2
+ β)E2(n+1) −

5x̂β2

2
E2(2n) + β

n−1∑
i=2

(E(n−1+i)i − E(i+1)(n+i)) +

x̂β
2

E(n+1)1 + βE(n+1)2 + (
x̂2β

2
− 2)E(2n)1 +

x̂β
2

E(2n)2),

ηX =
βx̂
4

(x̂(E11 − E22) + E12 − pE21 − E(n+1)(2n) +
1
β

E(2n)(n+1)), ηY j = ηZ j = 0,

ηW =
x̂β
4

(βE1(n+1) − βx̂E2(n+1) + βE2(2n) − E(n+1)1 − x̂E(2n)1 − E(2n)2),

where i ∈ {2, . . . ,n − 1}, j ∈ {1, . . . ,n − 1} and Ei j is the elementary matrix.

Another way to explicitly find the intrinsic torsion is by the formula ηX =
1
2 J ◦ (∇X J). We used it to

double-check the previous calculations. The torsion T of a canonical connection ∇ and the intrinsic torsion
η are related by T(X,Y) = ηXY − ηYX.

Cartan [3] considered eight classes of metric connections according to the algebraic type of the corre-
sponding torsion tensors. Let us denote with the same symbol the (3, 0)-tensor obtained from the (2, 1)-tensor
via metric: T(X,Y,Z) = 1(T(X,Y),Z). If we identify TMn with (TMn)∗, then the space of all possible torsion
tensors is:

T := {T ∈ ⊗3TMn
|T(X,Y,Z) = −T(Y,X,Z)} � Λ2TMn

⊗ TMn.

A connection is metric if and only if η belongs to the space

A
1 := TMn

⊗ (Λ2TMn) = {η ∈ ⊗3TMn
|η(X,V,W) + η(X,W,V) = 0}.

The metric connections can be characterized uniquely by their torsions [3].

Proposition 3.3. ([1, 3]) The spaces T and A1 are isomorphic as O(n) representations, an equivariant bijection
being T(X,Y,Z) = η(X,Y,Z) − η(Y,X,Z), 2η(X,Y,Z) = T(X,Y,Z) − T(Y,Z,X) + T(Z,X,Y). For n ≥ 3, they split
under the action of O(n) into the sum of three irreducible representations, T � TMn

⊕Λ3(Mn)⊕T ′. The last module
will also be denoted A′ if viewed as a subspace of A1 and is equivalent to the Cartan product of representations
TMn

⊗Λ2TMn,

T
′ = {T ∈ T |

X,Y,Z
S T(X,Y,Z) = 0,

n∑
i=1

T(X, ei, ei) = 0 ∀X,Y,Z} (5)

for any orthonormal frame e1, . . . , en. For n = 2, T � A1 � R2 is O(2)-irreducible.

Metric connections whose torsions belong to exactly one of the irreducible components of the represen-
tationT � TMn

⊕Λ3(Mn)⊕T ′ are particularly interesting. If the torsion belongs to the TMn component only,
the connection is said to have vectorial torsion. If it lies only in Λ3(Mn) then it is said to have skew-symmetric
torsion. In the case of Chern connection on CHn, torsion belongs to the third component:

Remark 3.4. The torsion of canonical connection ∇ of every almost Kähler manifold (CHn, 1, ω, J) from Theorem
2.1 belongs to the component T ′.

This remark is a direct consequence of Theorem 8.1 from [18].

In order to search for SCF-solitons, we apply the procedure outlined in [9]. The transpose of a linear
map A : g→ gwith respect to 1 and ω are respectively given by

1(A·, ·) = 1(·,At
·), ω(A·, ·) = ω(·,Atω

·).

If p : g × g → R is a bilinear map, then their complexified (or J-invariant) and anti-complexified (or anti-J-
invariant) components are defined by

A = Ac + Aac, Ac :=
1
2

(A − JAJ), Aac :=
1
2

(A + JAJ).
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The Chern-Ricci form p = p(ω, 1) of a left-invariant almost-hermitian structure (ω, 1, J) on a Lie group with
Lie algebra g is given by

p(X,Y) = −
1
2

tr(J ad[X,Y]) +
1
2

tr(ad J[X,Y]), X,Y ∈ g.

Remarkably, p only depends on J. The Chern-Ricci operator P is defined by

p = ω(P·, ·).

Since form p is exact, there exists a Z ∈ g such that p(X,Y) = 1([X,Y], JZ) = ω(Z, [X,Y]) and P = adZ+ (adZ)tω .

An almost Kähler structure (ω, 1) on Lie algebra g is a SCF-soliton (i.e., symplectic curvature flow-solitons)
if for some c ∈ R and D ∈ Der(g),P = cI + 1

2 (D − JDt J),
Pc + Ricac = cI + 1

2 (D +Dt).
(6)

Theorem 3.5. The almost Kähler structure on complex hyperbolic space is SCF-soliton only if it is Kähler structure
with the standard metric.

Proof. From the Classification Theorem 2.1, we have the almost complex structure J of the form (4), inner
product S of the form (3), and symplectic form ω depending on parameters x̂ and β. We calculate Chern-
Ricci form p and operator P directly from definitions. Now consider an arbitrary derivation D. After a
very long computation, condition D([X,Y]) = [D(X),Y] + [X,D(Y)], X,Y ∈ g together with the system (6)
give x̂ = 0. In other words, it turns out that system (6) has a solution only in the case of Kähler structure of
CHn.
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