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The space of centered planes and generalized bilinear connection

Olga Belovaa

aImmanuel Kant Baltic Federal University, Kaliningrad, Russia

Abstract. We continue to study the space of centered planes in n-dimension projective space. We use
E. Cartan’s method of external forms and the group-theoretical method of G. F. Laptev to study the space
of centered planes of the same dimension. These methods are successfully applied in physics.

In a generalized bundle, a bilinear connection associated with a space is given. The connection object
contains two simplest subtensors and subquasi-tensors (four simplest and three simple subquasi-tensors).

The object field of this connection defines the objects of torsion S, curvature-torsion T, and curvature
R. The curvature tensor contains six simplest and four simple subtensors, and curvature-torsion tensor
contains three simplest and two simple subtensors.

The canonical case of a generalized bilinear connection is considered.
We realize the strong Lumiste’s affine clothing (it is an analog of the strong Norde’s normalization of

the space of centered planes). Covariant differentials and covariant derivatives of the clothing quasi-tensor
are described. The covariant derivatives do not form a tensor. We present a geometrical characterization of
the generalized bilinear connection using mappings.

1. Introduction

The theory of connections is an important area of modern differential geometry [3, 4, 13, 14, 25, 28, 29, 36].
During its centuries-old history, it has gained popularity among geometers and successfully continues to
develop today (see, e.g. [10, 11, 16–18, 21, 23, 24, 37]).

In 1918, H. Weyl introduced an affine connection without a metric. The affine connection with the metric
was introduced by A. Einstein. Further, the theory was developed by such mathematicians as T. Levi-Civita
(1917) and C. Ehresmann (1941) and popularized by B. A. Rosenfeld in [31]. In 1923, E. Cartan gave
the general concept of an affine connection from the point of view of the theory of relativity. Then this
connection developed geometrically, no longer in connection with applications.

Generalized affine connections were considered in book [19], where a relation was shown between a
generalized affine connection and a linear connection.

We will use the method of external forms of E. Cartan [1, 2, 5, 22, 30, 32] and the theoretical-group
method of G. F. Laptev to study the space of centered planes of the same dimension.

Generalized affine connections (plane and normal) for the space of centered planes were introduced by
author in 2010 (see [6, 7]) and also considered in the paper [12]. In the present paper, we introduce a new
generalized bilinear connection.
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2. Analytical apparatus and object of research

Projective space Pn can be represented as a quotient space Ln+1/ ∼ of a linear space Ln+1 with respect to
equivalence (collinearity) ∼ of non-zero vectors, i.e.,

Pn = (Ln+1 \ {0})/ ∼ .

Projective frame in the space Pn is a system formed by points AI′ , I′ = 0, ...,n, and an unit point E. In linear

space Ln+1 linearly independent vectors eI′ correspond to the points AI′ , and a vector e =
n∑

I′=0
eI′ corresponds

to the point E. Moreover, these vectors are determined in the space Ln+1 with an accuracy up to a common
factor. The unit point is specified together with the basic points, although you do not have to mention it
every time.

We will use the method of a moving frame {A,AI}, I, ... = 1, ...,n, the derivation formulae of the vertices
of which are (see, e.g., [9])

dA = θA + ωIAI, dAI = θAI + ω
J
IAJ + ωIA, (1)

where the form θ acts as a proportionality factor, d is the symbol of ordinary differentiation in the space Pn,
and the structure forms ωI, ωI

J, ωI of the projective group GP(n), effectively acting on the space Pn, satisfy
the following Cartan equations:

DωI = ωJ
∧ ωI

J,

DωI
J = ω

K
J ∧ ω

I
K + δ

I
JωK ∧ ω

K + ωJ ∧ ω
I,

DωI = ω
J
I ∧ ωJ,

(2)

where D is the symbol of exterior differentiation.
In the projective space Pn a space Π of all centered m-dimensional planes P∗m is considered. Vertices A

and Aa, a, ... = 1, ...,m, of the moving frame are placed on the centered plane, where vertex A is fixed as a
centre. The forms ωa, ωα, ωαa (α, ... = m + 1, ...,n) are the basic forms of the space Π.

Remark 2.1. The space Π is a differentiable manifold whose points are m-dimensional centered planes.

We use the technique which is based on the Laptev – Lumiste method. This in turn requires knowledge
of calculating external differential forms.

We will use the following terminology [34]:

Definition 2.2. A substructure of a structure S is called simple if it is not a union of two substructures of the
structure S.

A simple substructure is called the simplest if it, in turn, does not have a substructure.

3. Generalized bilinear connection

Similarly to the generalized plane and normal affine connections [6, 7, 12] we consider a new generalized
connection.

Definition 3.1. A smooth manifold with structural equations

Dωa = ωb
∧ ωa

b + ω
α
∧ ωa

α,

Dωα = ωβ ∧ ωαβ + ω
a
∧ ωαa ,

Dωαa = ω
β
b ∧
(
δb

aω
α
β − δ

α
βω

b
a

)
− ωα ∧ ωa,
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Dωa
b = ω

c
b ∧ ω

a
c − ω

c
∧

(
δa

cωb + δ
a
bωc

)
− δa

bω
α
∧ ωα + ω

α
b ∧ ω

a
α,

Dωαβ = ω
γ
β ∧ ω

α
γ + ω

a
β ∧ ω

α
a + δ

α
βωa ∧ ω

a +
(
δαβωγ + δ

α
γωβ
)
∧ ωγ

is called a generalized bundle of bilinear frames [20] and denoted by An2−2k+[k], where k = m(n −m).

Remark 3.2. The symbol k is bracketed in the notation An2−2k+[k] since k forms ωαa are the basic and fibre forms. Let’s
call them basic-fibre forms (see [35]).

In the generalized bundle An2−2k+[k] we define a bilinear connection by the Laptev – Lumiste method
[15, 33] using the forms of planar ω̃a

b, normal linear ω̃αβ connections, and the forms ω̃αa

ω̃αa = ω
α
a − Gαaβω

β
− Gαabω

b
− Gαb

aβω
β
b ,

ω̃a
b = ω

a
b − Γ

a
bαω

α
− Γa

bcω
c
− Γac

bαω
α
c ,

ω̃αβ = ω
α
β − Γ

α
βγω

γ
− Γαβaω

a
− Γαa

βγω
γ
a .

(3)

We find the exterior differentials of the connection forms and apply the Cartan – Laptev theorem [15]

∆Gαaβ − Gαabω
b
β + (Gαb

aβ − δ
α
βδ

b
a)ωb = Gαaβ,γω

γ + Gαaβ,bω
b + Gα,baβ,γω

γ
b ,

∆Gαab = Gαab,βω
β + Gαab,cω

c + Gα,cab,βω
β
c ,

∆Gαb
aβ = Gαb

aβ,γω
γ + Gαb

aβ,cω
c + Gαb,c

aβ,γω
γ
c ,

∆Γa
bc − δ

a
bωc − δ

a
cωb = Γ

a
bc,αω

α + Γa
bc,eω

e + Γa,e
bc,αω

α
e ,

∆Γa
bα − Γ

a
bcω

c
α + Γ

ac
bαωc − δ

a
bωα = Γ

a
bα,βω

β + Γa
bα,cω

c + Γa,c
bα,βω

β
c ,

∆Γac
bα + δ

c
bω

a
α = Γ

ac
bα,βω

β + Γac
bα,eω

e + Γac,e
bα,βω

β
e ,

∆Γαβa − δ
α
βωa = Γ

α
βa,γω

γ + Γαβa,bω
b + Γα,bβa,γω

γ
b ,

∆Γαβγ − Γ
α
βaω

a
γ + Γ

αa
βγωa − δ

α
βωγ − δ

α
γωβ = Γ

α
βγ,µω

µ + Γαβγ,aω
a + Γα,aβγ,µω

µ
a ,

∆Γαa
βγ − δ

α
γω

a
β = Γ

αa
βγ,µω

µ + Γαa
βγ,bω

b + Γαa,b
βγ,µω

µ
b ,

(4)

where the right-hand sides of the basic forms contain Pfaffian derivatives, and differential operator ∆ acts
by the law ∆Gαaβ = dGαaβ + Gγaβω

α
γ − Gαbβω

b
a − Gαaγω

γ
β .

The object of a generalized bilinear connection
B
Γ = {Gαaβ, Gαab, Gαb

aβ , Γ
a
bα, Γ

a
bc, Γ

ac
bα, Γ

α
βγ, Γ

α
βa, Γ

αa
βγ} associ-

ated with the space Π of centered planes contains

• two simplest subtensors Gαab and Gαb
aβ of the simple subquasi-tensor {Gαaβ, Gαab, Gαb

aβ } of the connection
B
Γ;

• four simplest subquasi-tensors Γa
bc, Γ

ac
bα, Γ

α
βa, Γαa

βγ;
• two simple subquasi-tensors {Γa

bc, Γ
a
bα, Γ

ac
bα} and {Γαβa, Γ

α
βγ, Γ

αa
βγ}.

Structure equations of the basic forms can be written as

Dωα = ωa
∧ ω̃αa + ω

β
∧ ω̃αβ + Sαβγω

β
∧ ωγ + Sαβaω

β
∧ ωa + Sαa

βγω
β
∧ ωγa + Sαabω

a
∧ ωb + Sαb

aβω
a
∧ ω

β
b ,

Dωa = ωb
∧ ω̃a

b + ω
α
∧ ωa

α + Sa
bαω

b
∧ ωα + Sa

bcω
b
∧ ωc + Sac

bαω
b
∧ ωαc ,

where the components of torsion object S are found according to the formulae

Sαβγ = Γ
α
[βγ], Sαβa = Γ

α
βa − Gαaβ, Sαa

βγ = Γ
αa
βγ, Sαab = Gα[ab],
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Sαb
aβ = Gαb

aβ , Sa
bα = Γ

a
bα, Sa

bc = Γ
a
[bc], Sac

bα = Γ
ac
bα,

where square brackets mean antisymmetrization on extreme indexes. For example, Γα[βγ] =
1
2

(
Γαβγ − Γ

α
γβ

)
.

Components of torsion object S satisfy differential congruences modulo the basic forms

∆Sαβγ + Sαa
[βγ]ωa − Γ

α
[βaω

a
γ] ≡ 0, ∆Sαβa − Sαb

aβωb + Gαabω
b
β ≡ 0,

∆Sαa
βγ − δ

α
γω

a
β ≡ 0, ∆Sαab ≡ 0, ∆Sαb

aβ ≡ 0,

∆Sa
bα + Sac

bαωc − Γ
a
bcω

c
α − δ

a
bωα ≡ 0, ∆Sa

bc ≡ 0,

∆Sac
bα + δ

c
bω

a
α ≡ 0.

The torsion object S is a geometric object (quasi-tensor) only in conjunction with the bilinear connection

object
B
Γ.

Taking into account the differential equations (4) in the structural equations of the connection forms (3),
we obtain

Dω̃αa = ω̃
b
a ∧ ω̃

α
b + ω̃

β
a ∧ ω̃

α
β + Tαaβγω

β
∧ ωγ + Tαaβbω

β
∧ ωb+

+Tαb
aβγω

β
∧ ωγb + Tαabcω

b
∧ ωc + Tαc

abβω
b
∧ ω

β
c + Tαbc

aβγω
β
b ∧ ω

γ
c ,

Dω̃a
b = ω̃

c
b ∧ ω̃

a
c + Ra

bβγω
β
∧ ωγ + Ra

bcαω
c
∧ ωα+

+Rac
bαβω

α
∧ ω

β
c + Ra

bceω
c
∧ ωe + Rae

bcαω
c
∧ ωαe + Rαce

bαβω
α
c ∧ ω

β
e ,

Dω̃αβ = ω̃
γ
β ∧ ω̃

α
γ + Rαβγµω

γ
∧ ωµ + Rαβγaω

γ
∧ ωa+

+Rαa
βγµω

γ
∧ ω

µ
a + Rαβabω

a
∧ ωb + Rαb

βaγω
a
∧ ωγb + Rαab

βγµω
γ
a ∧ ω

µ
b .

Curvature-torsion object T has the following components:

Tαaβγ = Gαa[β,γ] − Γ
b
a[βG

α
bγ] − Gµa[βΓ

α
µγ],

Tαaβb = 2
(
Gαa[β,b] − Γ

c
a[βG

α
cb] − Gγa[βΓ

α
γb]

)
,

Tαb
aβγ = Gα,baβ,γ − Gαb

aγ,β − Γ
c
aβG

αb
cγ + Γ

cb
aγG

α
cβ + δ

α
γΓ

b
aβ − δ

b
aΓ
α
γβ − GµaβΓ

αb
µγ + Gµb

aγΓ
α
µβ,

Tαabc = Gαa[b,c] − Γ
e
a[bGαec] − Gβa[bΓ

α
βc],

Tαc
abβ = 2Gα,ca[b,β] + Γ

ec
aβG

α
eb − Γ

e
abGαc

eβ + Gγc
aβΓ
α
γb − GγabΓ

αc
γβ + δ

α
βΓ

c
ab − δ

c
aΓ
α
βb − δ

c
bGαaβ,

Tαbc
aβγ = Gαa [b,c

β,γ] − Γ
e
a[b
βG
αc
eγ] − Gµa [b

βΓ
αc
µγ] − δ

α
⌊βΓ
⌈bc
aγ ] + δ⌈ba Γ

αc
⌊βγ].

The components of the curvature object R can be find

Ra
bce = Γ

a
b[c,e] − Γ

d
b[cΓ

a
de],

Ra
bcα = Γ

a
bc,α − Γ

a
bα,c + Γ

e
bαΓ

a
ec − Γ

e
bcΓ

a
eα,

Rad
bcα = Γ

a,d
bc,α − Γ

ad
bα,c + Γ

ed
bαΓ

a
ec − Γ

e
bcΓ

ad
eα − δ

d
cΓ

a
bα,

Ra
bαβ = Γ

a
b[α,β] − Γ

c
b[αΓ

a
cβ],

Rac
bαβ = Γ

c,b
bα,β − Γ

ac
bβ,α + Γ

dc
bβΓ

a
dα − Γ

d
bαΓ

ac
dβ,

Racd
bαβ = Γ

a
b[c,d
α,β] − Γ

e
b[c
αΓ

ad
eβ], Rαβab = Γ

α
β[a,b] + Γ

α
γ[aΓ

γ
βb],
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Rαβγa = Γ
α
βγ,a − Γ

α
βa,γ + Γ

α
µγΓ

µ
βa − Γ

α
µaΓ
µ
βγ,

Rαb
βaγ = Γ

α,b
βa,γ − Γ

αb
βγ,a + Γ

α
µaΓ
µb
βγ − Γ

αb
µγΓ

µ
βa − δ

b
aΓ
α
βγ,

Rαβγµ = Γ
α
β[γ,µ] + Γ

α
η[γΓ

η
βµ],

Rαa
βγµ = Γ

α,a
β[γ,µ] − Γ

αa
βγ,µ + Γ

α
ηγΓ
ηa
βµ − Γ

αa
ηµΓ

η
βγ,

Rαab
βγµ = Γ

α
β [

a,b
γ,µ] + Γ

α
η[

a
γΓ
ηb
βµ].

Differential congruences for R have the form

∆Ra
bce ≡ 0, ∆Ra

bcα − 2Ra
bcdω

d
α + Rad

bcαωd ≡ 0, ∆Rad
bcα ≡ 0,

∆Ra
bαβ + Ra

bc[αω
c
β] + Rac

b[αβ]ωc ≡ 0,

∆Rac
bαβ − 2Racd

bαβωd − Rac
bdβω

d
α ≡ 0,

∆Racd
bαβ ≡ 0, ∆Rαβab ≡ 0,

∆Rαβγa + 2Rαβabω
b
γ − Rαb

βaγωb ≡ 0, ∆Rαb
βaγ ≡ 0,

∆Rαβγµ − Rαβ[γaω
a
µ] + Rαa

β[γµ]ωa ≡ 0,

∆Rαa
βγµ − 2Rαab

βµγωb − Rαa
βbµω

b
γ ≡ 0, ∆Rαab

βγµ ≡ 0.

From the previous congruences it can be seen that the curvature object R is a tensor containing
• six simplest subtensors Ra

bce, Rad
bcα, Racd

bαβ, Rα
βab, Rαb

βaγ, Rαab
βγµ;

• four simple subtensors
{
Ra

bcα, Ra
bcd, Rad

bcα

}
,
{
Rac

bαβ, Racd
bαβ, Rac

bdβ

}
,
{
Rαβγa, Rα

βab, Rαb
βaγ

}
,
{
Rαa
βγµ, Rαab

βµγ, Rαa
βbµ

}
.

The result of a prolongation the differential equations (4)

∆Gαaβ,γ −
(
δ
µ
γG
α
aβ,b + δ

µ
βG
α
ab,γ

)
ωb
µ +
(
δ
µ
βG
α
aγ + δ

µ
γG
α
aβ − δ

α
γG
µ
aβ

)
ωµ +

(
Gα,baβ,γ + Gαb

aβ,γ

)
ωb ≡ 0,

∆Gαaβ,b − Gαac,bω
c
β + Gαabωβ +

(
Gαc

aβ,b + δ
c
aGαbβ + δ

c
bGαaβ
)
ωc ≡ 0,

∆Gα,baβ,γ −
(
δαγδ

b
cGµaβ + δ

µ
γδ

b
aGαcβ + δ

µ
βG
α,b
ac,γ − δ

µ
βδ

b
cGαaγ
)
ωc
µ +
(
Gαb

aβ − δ
α
βδ

b
a

)
ωγ + Gαc,b

aβ,γωc ≡ 0,

∆Gαab,β − Gαab,cω
c
β +
(
δγβG

α
ab − δ

α
βG
γ
ab

)
ωγ + Gα,cab,βωc ≡ 0,

∆Gαab,c +
(
δe

aGαcb + δ
e
bGαac + δ

e
cG
α
ab

)
ωe ≡ 0,

∆Gα,cab,β −
(
δαβδ

e
cG
γ
ab + δ

γ
βδ

c
aGαeb + δ

γ
βδ

c
bGαae

)
ωe
γ ≡ 0,

∆Gαb
aβ,γ − Gαb

aβ,cω
c
γ +
(
δ
µ
βG
αb
aγ − δ

α
γG
µb
aβ

)
ωµ + Gαb,c

aβ,γωc ≡ 0,

∆Gαb
aβ,c +

(
δe

aGαb
cβ − δ

b
cGαe

aβ

)
ωe ≡ 0,

∆Gαb,c
aβ,γ +

(
δ
µ
γδ

b
eGαc

aβ + δ
µ
βδ

c
eG
αb
aγ − δ

α
γδ

c
eG
µb
aβ − δ

µ
γδ

c
aGαb

eβ

)
ωe
µ ≡ 0.

The components of the curvature-torsion object T satisfy the following differential congruences modulo
basic forms:

∆Tαaβγ + δ
µ
[βT
α
aγ]bω

b
µ + Tαb

a[βγ]ωb ≡ 0,

∆Tαaβb + 2Tαabcω
c
β − Tαc

abβωc ≡ 0,

∆Tαb
aβγ − Tαb

acγω
c
β − Tαbc

aγβωc ≡ 0,

∆Tαabc ≡ 0, ∆Tαc
abβ ≡ 0, ∆Tαbc

aβγ ≡ 0.

This imply the following Theorem.



O. Belova / Filomat 37:25 (2023), 8455–8464 8460

Theorem 3.3. The curvature-torsion object of the generalized bilinear connection is a tensor containing three simplest

subtensors Tαabc, Tαc
abβ, Tαbc

aβγ and two simple subtensors
{
Tαabc, Tαc

abβ, Tαaβb

}
,
{
Tαc

abβ, Tαbc
aβγ, Tαb

aβγ

}
.

4. The canonical case

Let’s consider the case when Gαab = 0 and Gαb
aβ = 0. From these conditions we have ω̃αa = ωαa − Gαaβω

β and
the left-hand sides of the 2nd and the 3d equations (4) are identically vanishing, then the 1st equations (4)
will be simplified

∆
0
Gαaβ − δ

α
βωa =

0
Gαaβ,γω

γ +
0
Gαaβ,bω

b +
0
Gαb

aβ,γω
γ
b .

In the canonical case, the quasi-tensor G of the generalized bilinear connection is reduced to the quasi-

tensor
0
Gαaβ, while the connection object is simplified

B0
Γ = {

0
Gαaβ, 0, 0, Γa

bα, Γ
a
bc, Γ

ac
bα, Γ

α
βγ, Γ

α
βa, Γ

αa
βγ}.

Substituting Gαab = 0, Gαb
aβ = 0 into the expressions for the components of the curvature-torsion tensor

they will take the form
0
Tαaβγ =

0
Gαa[β,γ] − Γ

b
a[β

0
Gαbγ] −

0
G
µ
a[βΓ

α
µγ],

0
Tαaβb =

0
Gαaβ,b + Γ

c
ab

0
Gαcβ −

0
GγaβΓ

α
γb,

0
Tαb

aβγ = −
0
Gαb

aγ,β + Γ
cb
aγ

0
Gαcβ + δ

α
γΓ

b
aβ − δ

b
aΓ
α
γβ −

0
GµaβΓ

αb
µγ,

0
Tαabc = 0,

0
Tαc

abβ = δ
α
βΓ

c
ab − δ

c
aΓ
α
βb − δ

c
b

0
Gαaβ,

0
Tαbc

aβγ = −δ
α
⌊βΓ
⌈bc
aγ ] + δ⌈ba Γ

αc
⌊βγ].

The curvature-torsion tensor in the canonical case is not equal to zero, but it contains zero components
0
Tαabc.

Theorem 4.1. The canonical generalized bilinear connection without curvature-torsion is characterized by the fol-
lowing properties:

1) alternating bilinear Pfaffian derivatives
0
Gαa[β,γ] of the connection quasi-tensor

0
Gαaβ are formed by alternations of

convolutions of the quasi-tensor
0
Gαbγ and subobjects Γa

bα, Γ
α
βγ of the quasi-tensors {Γa

bc, Γ
a
bα, Γ

ac
bα} and {Γαβa, Γ

α
βγ, Γ

αa
βγ}

of the bilinear connection;

2) the Pfaffian derivatives
0
Gαaβ,b of the connection quasi-tensor

0
Gαaβ are formed by convolutions of the quasi-tensor

0
Gαaβ and the components of the simplest quasi-tensors Γa

bc and Γαβa;

3) the Pfaffian derivatives
0
Gαb

aγ,β of the connection quasi-tensor
0
Gαaβ are the algebraic sum of convolutions of the

quasi-tensor
0
Gαaβ itself with the simplest quasi-tensors Γac

bα and Γαa
βγ and the components Γb

aβ and Γαγβ.

Proof. When the curvature-torsion tensor T vanishes we have

0
Gαa[β,γ] = Γ

b
a[β

0
Gαbγ] +

0
Gµa[βΓ

α
µγ],

0
Gαaβ,b = −

0
GαcβΓ

c
ab +

0
G
γ

aβΓ
α
γb,
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0
Gαb

aγ,β =
0
GαcβΓ

cb
aγ −

0
G
µ
aβΓ
αb
µγ + δ

α
γΓ

b
aβ − δ

b
aΓ
α
γβ.

5. The analog of Norden’s strong normalization

Let us perform the analog of Norden’s strong normalization [8, 26] of the space of centered planes under
consideration by fields of the following geometric patterns:

1) an (n−m−1)-plane Cn−m−1 having no common points with the
plane P∗m;
2) an (m−1)-plane Nm−1 contained in the plane P∗m and not passing
through its center A

A

Cn−m−1

Nm−1

P∗m

An analog of the Cartan’s plane Cn−m−1 can be defined by the points Bα = Aα + λa
αAa + λαA; and the

normal of the second kind of Norden Nm−1 can be defined by Ba = Aa + λaA.

dBa = θBa+(ωb
a−λ

b
αλaω

α+λaω
b
−λb
αω
α
a )Bb+(λaω

α+ωαa )Bα+(dλa−λbω
b
a+ωa+λaµαω

α
−λaλbω

b+µαω
α
a )A, (5)

where µα = λaλa
α − λα;

dBα = θBα + (ωβα + λαω
β + λa

αω
β
α)Bβ + (dλa

α + λ
b
αω

a
b − λ

a
βω
β
α + ω

a
α − λ

a
βλαω

β + λαω
a
− λa

βλ
b
αω
β
b)Ba+(

− λa(dλa
α + λ

b
αω

a
b − λ

a
βω
β
α + ω

a
α) + dλα − λβω

β
α + λ

a
αωa + ωα + λαµβω

β
− λaλαω

a + λa
αµβω

β
a

)
A.

(6)

∆λa + ωa ≡ 0,
∆λa
α + ω

a
α ≡ 0, ∆λα + λ

a
αωa + ωα ≡ 0.

(7)

Theorem 5.1. The clothing geometrical object λ is a quasi-tensor.

Theorem 5.2. The clothing of the space of centered planes by fields of equipment planes allows to define the connection
in the associated fibering.

Proof.

01
Γ a

bc = −δ
a
bλc − δ

a
cλb,

01
Γ a

bα = δ
a
bµα + λ

a
αλb,

01
Γ ac

bα = δ
c
bλ

a
α, (8)

01
Γ αβa = −δ

α
βλa,

01
Γ αβγ = δ

α
βµγ − δ

α
γλβ,

01
Γ αa
βγ = −δ

α
γλ

a
β, (9)

01
G αaβ = −δ

α
βλa,

01
G αab = 0,

01
G αb

aβ = 0. (10)
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Remark 5.3. For the plane and normal generalized connections [12] the clothing of the space of centered planes by
fields of equipment planes allows to define the connection

01
C a

b = 0,
01
C a
α = λ

a
α,

01
C ab
α = 0,

01
Γ a

bc = −δ
a
bλc−δ

a
cλb,

01
Γ a

bα = δ
a
bµα+λ

a
αλb,

01
Γ ac

bα = δ
c
bλ

a
α; (11)

01
L αa = 0,

01
L αβ = 0,

01
L αa
β = 0,

01
Γ αβa = −δ

α
βλa,

01
Γ αβγ = δ

α
βµγ − δ

α
γλβ,

01
Γ αa
βγ = −δ

α
γλ

a
β. (12)

6. Covariant differentials and derivatives

The differential congruences of the object λ can be represented as equations

∆λa + ωa = λa,αω
α + λa,bω

b + λ ,ba,αω
α
b ,

∆λa
α + ω

a
α = λ

a
α,βω

β + λa
α,bω

b + λa,b
α,βω

β
b ,

∆λα + λ
a
αωa + ωα = λα,βω

β + λα,aω
a + λ ,aα,βω

β
a .

(13)

We have the following congruences modulo basic forms

∆λa,α − λa,bω
b
α + λ

,b
a,αωb + λaωα ≡ 0, ∆λa,b + λaωb + λbωa ≡ 0, ∆λ ,ba,α − δ

b
aλcω

c
α + δ

b
aωα ≡ 0,

∆λa
α,β − λ

a
α,bω

b
β + λ

a,b
α,βω

b + λa
βωα ≡ 0, ∆λa

α,b − δ
a
bλ

c
αωc − δ

a
bωα ≡ 0, ∆λa,b

α,β + λ
b
αω

a
β + λ

a
βω

b
β ≡ 0,

∆λα,β − λα,aω
a
β + (λ ,aα,β + λ

a
α,β)ωa + λαωβ + λβωα ≡ 0, ∆λα,a + λ

b
α,aωb + λαωa ≡ 0,

∆λ ,aα,β + λβω
a
α + λ

a
αωβ + λ

b,a
α,βωb ≡ 0.

Covariant differentials

∇λa = dλa − λbω̃
b
a + ωa, ∇λa

α = dλa
α + λ

b
αω̃

a
b − λ

a
βω̃
β
α + ω

a
α,

∇λα = dλα − λβω̃
β
α + λ

a
αωa + ωα.

Covariant derivatives

∇bλa = λa,b + λcΓ
c
ab, ∇αλa = λa,α + λbΓ

b
aα, ∇

b
αλa = λ

,b
a,α + λcΓ

cb
aα,

∇bλ
a
α = λ

a
α,b − λ

c
αΓ

a
cb + λ

a
βΓ
β
αb, ∇βλ

a
α = λ

a
α,β − λ

b
αΓ

a
bβ + λ

a
γΓ
γ
αβ, ∇

b
βλ

a
α = λ

a,b
α,β − λ

c
αΓ

ab
cβ + λ

a
γΓ
γb
αβ,

∇aλα = λα,a + λβΓ
β
αa, ∇βλα = λα,β + λγΓ

γ
αβ, ∇

a
βλα = λ

,a
α,β + λγΓ

γa
αβ,

∆∇αλa − ∇bλaω
b
α + (∇b

αλa + Γ
b
aα)ωb ≡ 0, ∆∇bλa + Γ

c
abωc ≡ 0, ∆∇b

αλa + δ
b
aωα + Γ

cb
aαωc ≡ 0,

∆∇bλ
a
α − Γ

a
cbω

c
α + Γ

β
αbω

a
β − δ

a
bωα ≡ 0, ∆∇βλ

a
α − ∇bλ

a
αω

b
β + ∇

b
βλ

a
αωb − Γ

a
bβω

b
α + Γ

γ
αβω

a
γ ≡ 0,

∆∇b
βλ

a
α − Γ

ab
cβω

c
α + Γ

γb
αβω

a
γ ≡ 0,

∆∇aλα + (∇aλ
b
α + λ

c
αΓ

b
ca)ωb + Γ

β
αaωβ ≡ 0, ∆∇βλα − ∇aλαω

a
β + (∇a

βλα + ∇βλ
a
α + λ

b
αΓ

a
bβ)ωa + Γ

γ
αβωγ ≡ 0,

∆∇a
βλα + (∇a

βλ
b
α + λ

c
αΓ

ba
cβ)ωb + λ

a
αωβ + Γ

γa
αβωγ ≡ 0.

(14)

Since covariant derivatives are not tensors, it is impossible to consider parallel displacements (cf. [27])
of the equipping planes Cn−m−1 and Nm−1.
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7. The central projections

We give an geometrical interpretation of the generalized bilinear connection using central projections.

Theorem 7.1. The simple subobject
B01
Γ 1 = {

01
Γ a

bα,
01
Γ a

bc,
01
Γ ac

bα} of connection object
B01
Γ is characterized by the central

projection of the plane Nm−1 + dNm−1 adjacent to the equipping plane Nm−1 onto the initial plane Nm−1 from the
first-kind normal Nn−m = [Cn−m−1, A] (the center of projection), i.e.,

B01
Γ 1 : Nm−1 + dNm−1

Nn−m
−−−→ Nm−1 (15)

Proof. The plane Nm−1 is determined by the points Ba = Aa + λaA, whose displacements are determined by
the expression

dBa = ϑBa +
01
ω̃ b

aBb + (λaω
α + ωαa )Bα + [

01
∇λa − λaλbλ

b
αω
α + λaλbω

b + (δb
aµα − λaλ

b
α)ω

α
b ]A,

where ϑ = θ + µαωα − λaωa.

This means that the projection Nm−1 + dNm−1
Nn−m
−−−→ Nm−1 is performed.

Theorem 7.2. The simple subobject
B01
Γ 2 = {

01
Γ αβγ,

01
Γ αβa,

01
Γ αa
βγ} of connection object

B01
Γ is characterized by the central

projection of the plane Cn−m−1 + dCn−m−1 adjacent to the equipping plane Cn−m−1 onto the initial plane Cn−m−1 from
the generating plane P∗m (the center of projection), i.e.,

B01
Γ 2 : Cn−m−1 + dCn−m−1

P∗m
−−→ Cn−m−1 (16)

Proof. The plane Cn−m−1 is determined by the points Bα = Aα + λa
αAa + λαA, whose displacements are

determined by the expression

dBα = ϑBα +
01
ω̃
β
αBβ + (

01
∇λa

α + λ
a
βλ

a
αλbω

β
− µαω

a + λa
βλ

b
αω
β
b)Aa + (

01
∇λα − λαµβω

β + λαλaω
a)A.

This means that the projection Cn−m−1 + dCn−m−1
P∗m
−−→ Cn−m−1 is performed.

References

[1] M.A. Akivis, B.A. Rosenfeld, Eli Cartan (1869–1951), MCNMO, Moscow, 2014.
[2] M.A. Akivis, A.M. Shelekhov, Cartan–Laptev method in the theory of multidimensional three-webs, J. Math. Sci. 177:522 (2011).
[3] I. Al-Dayel , S. Deshmukh, O. Belova, A Remarkable Property of Concircular Vector Fields on a Riemannian Manifold, Maths.

MDPI 8(4) (2020) 469, https://doi.org/10.3390/math8040469.
[4] F. Bár, Affine connections and second-order affine structures, https://doi.org/10.48550/arXiv.1809.05944.
[5] O.O. Belova, Connections in fiberings associated with Grassmann manifold and the space of centered planes, J. Math. Sci. 162:5

(2009) 605–632.
[6] O.O. Belova, Plane generalized affine connection associated with space of centered planes, Geometry of manifolds and its

applications, Proceeding of scientific Conf. with int. participation, Ulan-Ude, Russia (2010) 8–13.
[7] O.O. Belova, Normal generalized affine connection associated with space of centered planes, DGMF. Kaliningrad 41 (2010) 7–12.
[8] O. Belova, The third type bunch of connections induced by an analog of Norden’s normalization for the Grassman-like manifold

of centered planes, Miskolc Mathematical Notes. 14:2 (2013) 557–560.
[9] O. Belova, Reduction of Bundles, Connection, Curvature, and Torsion of the Centered Planes Space at Normalization, Maths.

MDPI 7(10) (2019) 901, https://doi.org/10.3390/math7100901.
[10] O. Belova, J. Mikes, K. Strambach, About almost geodesic curves, Filomat 33:4 (2019) 1013–1018.
[11] O. Belova, J. Mikes, Almost Geodesics and Special Affine Connection, Results in Mathematics 75:3 (2020) 127.
[12] O. Belova, Generalized affine connections associated with the space of centered planes, Maths. MDPI 9(7) (2021) 782,

https://doi.org/10.3390/math9070782.
[13] O. Belova, On a Grassmann-like manifold and an analog of the Neufeld connection, Geometry, Itogi Nauki i Tekhniki. Ser.

Sovrem. Mat. Pril. Temat. Obz. 203, VINITI, Moscow (2021) 3–10.
[14] C. Draper, M. Ortega, F.J. Palomo, Affine connections on 3-Sasakian and manifolds. Math. Z. 294, 817-868 (2020)

https://doi.org/10.1007/s00209-019-02304-x



O. Belova / Filomat 37:25 (2023), 8455–8464 8464

[15] L.E. Evtushik, Yu.G. Lumiste, N.M. Ostianu, A.P. Shirokov, Differential-geometric structures on manifolds, J. Soviet Math. 14:6
(1980) 1573–1719.

[16] K. Ghosh, Affine connections in quantum gravity and new scalar fields, Physics of the Dark Universe 26 (2019) 100403.
[17] D. Iosifidis, Linear transformations on affine-connections, Classical and Quantum Gravity 37:8 (2020).
[18] M.O. Katanaev, Geometric Methods in Mathematical Physics, arXiv:1311.0733v3 (2016).
[19] Sh. Kobayashi, K. Nomizu, Foundations of Differential Geometry, Nauka, Moscow, 1981.
[20] A.V. Kuleshov, Generalized connection on the complex of centered planes in projective space, DGMF. Kaliningrad 41 (2010)

75–85.
[21] A.D. Lewis, Affine connections and distributions with applications to nonholonomic mechanics, Reports on Mathematical Physics

42:1-2 (1998) 135–164.
[22] A.-R. Mansouri, An extension of Cartan’s method of equivalence to immersions: I. Necessary conditions Differential Geometry

and its Applications 27 (2009) 635–646.
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