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Minimum degree condition of Berge Hamiltonicity
in random 3-uniform hypergraphs

Ailian Chen?, Liping Zhang?®*

# School of Mathematics and Statistics, Fuzhou University, Fujian, 350108, P. R China

Abstract. A graph H has Hamiltonicity if it contains a cycle which covers each vertex of H. In graph the-
ory, Hamiltonicity is a classical and worth studying problem. In 1952, Dirac proved that any n-vertex graph

H with minimum degree at least [ 4| has Hamiltonicity. In 2012, Lee and Sudakov proved that if p > 105 z,
then asympotically almost surely each n-vertex subgraph of random graph G(n, p) with minimum degree
at least (1/2 + o(1))np has Hamiltonicity. In this paper, we exend Dirac’s theorem to random 3-uniform
hypergraphs. The random 3-uniform hypergraph model H3(n, p) consists of all 3-uniform hypergraphs on

n vertices and every possible edge appears with probability p randomly and independently. We prove that
ifp> k;#, then asympotically almost surely every n-vertex subgraph of H3(n, p) with minimum degree

at least (% +0(1))(5)p has Berge Hamiltonicity. The value k;# and constant 1/4 both are best possible.

1. Introduction

Given a graph H, if there is a cycle contains all vertices of H exactly once, then we say the cycle is
a Hamilton cycle and the graph H has Hamiltonicity. If the number of edges and vertices of a graph is
large enough, then find a Hamilton cycle is NP-complete [1]. So study its sufficient conditions is very
important. The one of classic conclusions is Dirac’s theorem [2], which stated that any graph on n vertices
with minimum degree at least [#/2] has Hamiltonicity in 1952. We mainly consider the applications of
Dirac type in random graphs. And we say that random graph asympotically almost surely has property P
if the probability tends to 1 as n goes to infinity. We used a > b to indicate § = o(1). In 2012, Lee and

Sudakov [3] studied the application of Dirac’s theorem in random graphs, which stated that if p > loﬁn,
then asympotically almost surely any subgraph of random graph G(n, p) with minimum degree at least

(1/2+ o(1))np has Hamiltonicity. And the value 10,% " and 1/2 both are asymptotically tight.

A k-uniform hypergraph is a tuple (V, E), which V is a vertex set, E is an edge set and every edge of
E is a set of k distinct vertices. The random 3-uniform hypergraph model H3(n, p) consists of all 3-uniform
hypergraphs on n vertices and every possible hyperedge appears with probability p randomly and inde-

pendently. And Berge cycle is the first cycle defined in different cycle concepts of hypergraph [4]. A cycle
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v1e102es - - - Vet (Vg1 = 1) is called Berge cycle if v; # v}, e; # ¢; and {v;,v;1} C ej for every i,j € [t] and
i # j. We say a k-uniform hypergraph H has Berge Hamiltonicity if it contains a Berge Hamilton cycle which
covers all vertices of H.

One of the earlier results of Berge cycles on hypergraphs was obtained by Bermond, Germa and Hey-
demann [5] in 1976, they proved that for any integer k > 3 and n > k + 1, if k-uniform hypergraph H
has every vertex degree at least (Z:%) + k — 1, then H contains a Berge cycle of length at least n. Follows
that, Clemens, Ehrenmiiller and Person [6] extended the Dirac’s theorem to random k-uniform hypergraph

17k
H*(n, p) in 2020, and showed that for every integer k > 3, if p > lofkfln, then asympotically almost surely

every subgraph of H¥(n, p) with minimum degree at least (% + 0(1))(2:});9 has Berge Hamiltonicity.
17k
The value 2’%1 is best possible and lofkfln is best under some polylogarithmic factor. For other results of
Hamiltonicity in hypergraphs see [7, 8], and the results for Hamiltonicity of other types, see [9-14]. In
this paper, we give a generalization of Dirac’s theorem to Berge Hamiltonicity for random 3-uniform hy-
pergraphs by the similar method of Lee and Sudakov [3]. Furthermore, according to the introduction of
logn
n2

Clemens, Ehrenmiiller and Person [6], the value
result) are asymptotically tight.

and constant 1/4 in the following theorem (our main

clogn

n2
surely each subgraph H C H3(n, p) with minimum degree at least (1 + ¢)(})p has Berge Hamiltonicity.
Notation: Given a 3-uniform hypergraph H, denote by V(H) the vertex set, denote by E(H) the edge set
and e(H) be the number of edges of H. Especially, given a Berge path P = ageja; - - - ;a;, we define vertex
set V/(P) = {ag, a1, - - ,a;} and denote by |P| the length of P. If V(P) C V(H), then we say P on vertex set
V(H).

For any disjoint subsets Y, M, S of V(H), we denote by ey (Y) the number of edges in H whose all
vertices are both in Y, and denote by eH((g), M) the number of edges in H, which contains two distinct
vertices of Y and one vertex of M, denote by ey (Y, M, S) the number of edges in H which intersects exactly
one vertex with each of Y, M and S.

Given a vertexa € V(H), we define dy(a) as its number of edges incident to a in H and define Ny (a) as
its number of vertices adjacent to a in H. Define Ny (Y) be the set of all vertices in V\ Y whose adjacent to
some vertices in Y. We denote by 6(H) := min,cy ) {dn(a)}, and denote by A(H) := max,cyp){dn(a)}.
We denote by w(n) the arbitrary function which goes to infinity as n goes to infinity.

Theorem 1.1. For every ¢ > 0, there exists a constant ¢ > 0 such thatif p > , then asympotically almost

2. Tools

Now, we introduce a tool (Pésa rotation-extension technique, see [15]) that is important in proving the
main theorem.

Let H be a connected 3-uniform hypergraph and let P = ageja; . ..e;a; be a Berge path on the vertex
V(H). If there exists an edge e,, € E(H) \ E(P) satisfies {ag,w} C e, for some w € V(H) \ V'(P), then
Py = weyageqa; ... epa; is a longer Berge path than P in H U P. In this case, we say that the path P is
extended.

On the other hand, if there exists an edge e € E(H) \ E(P) satisfies {ap,a;} C e for samei € [l —1],
then there is another Berge path P’ = a;_1e; 1a;_5...agea;...ea; of length |P| in H U P (see figure 2). In
this case, we say that P’ is obtained from P by a rotation. We call a; the fixed endpoint, a; the pivot and ¢; the
broken edge of the rotation.

Based on these, there are some new definitions. Let Y be the set of endpoints obtained by some rotations
of P. For each y € Y, let P, be the path obtained from P by some rotations. Denote by Ny (v1|P) =
{v[(v1,v) C e for some e € E(H)\ E(P)}. Ng(Y|P) = UycyNu(y|P)\ Y. Let X C V\Y, denote by
Eg(Y,X|P) ={ec E(H)\ E(P))|ly € Y,y € e,enN X # ¢}, and denote by ey (Y, X|P) = |Eg(Y, X|P)]|.

The proof of Theorem 1.1 mainly depends on the following results, which will be proven in detail later.

Definition 2.1. Let y > 0. A connected 3-uniform hypergraph H on n vertices is called has property RE(n) if for
every Berge path P on V(H), one of the following holds in 3-uniform hypergraph H U P:
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aop ai ap aj—1 4 i1 a1 a

Figure 1: P/

(i) there is a Berge path longer than P,
(ii) there is a subset A C V(H) with |A| > yn and for each vertex a € A, there exists a set B, C V(H) with
|Ba| > nn such that for all b € B,, H U P contains a Berge path T,y between a and b with |T,,| = |P|.

clogn

Theorem 2.2. For every 0 < e < 1, there are constants ¢ > 0 and A > 0 such that if p > T then the random
3-uniform hypergraph H = H®(n, p) asympotically almost surely satisfies the following property. For all Hy C H
with A(Hy) < (3 —3¢)(5)p, the hypergraph H, := H — Hj contains a subgraph which has property RE( + %e)
and at most An3p edges.

Definition 2.3. Let constant 1 > 0 and let Hy be a n-vertex 3-uniform hypergraph with property RE(y). A 3-
uniform hypergraph Hy on V(Hy) is called complements Hy if for every Berge path P in 3-uniform hypergraph Hy,
one of the following holds:

(i) there is a Berge path longer than P in Hy U P,

(ii) there are two vertex sets A and B, of V(Hy) as in Definition 2.1 and exists vertices a € A, b € B, and edge
e & E(P,) such that {a,b} C ein Hy U Hy.

clogn

Theorem 2.4. For every 0 < & < 1, there are constants ¢ > 0 and A > 0 such that if p > =3

3-uniform hypergraph H = H®(n, p) asympotically almost surely satisfies the following property. For each subgraph
Hy C H with A(Hy) < (3 —2¢)()p, let Hy := H — Hy, then the hypergraph Hy complements all subgraphs
H' C H which has property RE(% + %¢) and at most An®p edges.

, then the random

Next, we introduce a modification of Proposition 3.4 in [3], and the proof is very similar to the original one.

Proposition 2.5. (Proposition 3.4 [3]) Let constant 1 > 0. For every 3-uniform hypergraph Hy with RE(n), if
3-uniform hypergraph Hy on V(Hy) complementing Hy, then the 3-uniform hypergraph Hy U Hy has Berge Hamil-
tonicity.

2.1. Properties of H3(n, p)

Theorem 2.6. (Chernoff’s inequatily, see [16][17]) Let 0 < e < 1. Suppose that Y ~ Bi(n, p) is a binomial random
variable with parameters n and p, then

&2
Pr(|Y —np| > enp) <e” 3"P.
And ift > 2np, then

Pr(Y >t) < e st

clogn
2

Proposition 2.7. For every 0 < & < 1, there exists a constant ¢ > 0 such that if p > , then the random

3-uniform hypergraph H = H?3(n, p) asympotically almost surely has the following properties:
(D) (1=€)(5)p < e(H) < (1+€)(5)p;
(ii) foreachv € V(H), (1 —¢)(3)p < du(v) < (1+¢€)(5)p
n
4

(iii) for any disjoint subsets Y, M, S C V(H) with |Y| < &, M| < § and |S| < = (loglog m/2 41,

logn

er(Y, M, S) = [Y|[M]|S|p + o (|Y[[M]|S|p + w(n)n),
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eH ((Z),S) = ¥|S|p+o (l;'2|5|p+w(n)n> :

Proof. (i) For E(e(H)) = (3)p is sufficiently large, by Theorem 2.6 we have

Pr { e(H) — (g)p‘ > s(;l) p] < e_%(g)p =o0(1).

(ii) Since E(dy(v)) = "1y, by Theorem 2.6 we have
2 )P, DYy

Y Pr ( dp(v) — (;)p‘ > s(Z) p> < n~e*§(§)p =o(1),
veV(H)

in which the inequality holds for ce? > 7.

(iii)Suppose that [Y| < &, |[M| < % and |S| < 10gn(loglogn)l/2 +1, then E(eg(Y, M, S)) = |Y||M]|S|p.

Theorem 2.6 states that if E[ey (Y, M, S)] = o(w(n)n), then

and

2" 22" Pr [[eps (Y, M, S) — | Y||M||S[p| > e(|Y||M][S|p + w(n)n)] < 2" =160 = o(1),

otherwise,
2".2".2" - Pr{len(Y, M, S) — [Y[IM]|S[p| > e(|Y[|M]|[S|p + w(n)n)]

< 0¥ o~ SERR(YMS)] < 931 = Fwlnn _ o(7),

Also, for E (eH ((g),S)) = (|12/‘)|S|p, Theorem 2.6 states that if E [eH ((}2/),5)} = o(w(n)n), then

2 2
e ((£):5) - L 5] 2 ¢ (P s1p + ctrpn) | <220 boom =)

eH (<§>,5> - |Y22|Sp’ > ¢ (|Y2|2|S|p—|—w(n)n)]

<22~ SElen(D9)] < 2. =S _o(1). O

2”~2”'Pr[

otherwise,

2”-2”-Pr{

Proposition 2.8. For every 0 < e < 1, there exists a constant ¢ > 0 such that if p > , then the random

3-uniform hypergraph H = H3(n, p) asympotically almost surely has the following properties: for every Berge
path P on V(H), and suppose that Y is the set of endpoints obtained by taking some rotations of P in H, and let
ScV(P)\Y,

(i) if [Y| < (logn) =4 (np) 1, then (1—&)|Y|(3)p < en(Y, V\ Y|P) and [Nu(Y|P)| = (2—3¢)|Y|(})p;
(ii) if n(logn) Y2 < |Y| < £n, [S| > (§ — §)n, then

en(Y,S|P) > |Y| (i _ s) (’;) D

(i) if |Y| < &, |S| < 4, then

clogn
2

en(Y,S|P) = |Y[|] <n - “2”' - 'i') p+o <|Y||S| (n - '21| - ';") p +cu(n)n> .
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Proof. For each y € Y, let P, be the path obtained from P by some rotations, in which y is one of the
endpoints.

(i) Lets; = (1 —¢)|Y[(3)p and s, = (2 —3¢)|Y|(3)p < n(logn)~ ~1/4 Assume that ey (Y, V \ Y|P) > S;
and |Ny(Y|P)| < s, then there exists a subgraph of H induced by Y U Ny(Y|P) has at least s; edges
adjacent to Y. Therefore

Pr({s1 <en(Y, V\Y|P)}ﬂ{|NH(Y|P)\ < 52})

(”"”)( ”)* i
(6'“2”) -(2)" (a2d) =(2)" "

1*108% +2s1(1+log 2 p(1+0(1)) (2s1—s2 )log 2

Semo( DelY|(3)p(~1/4) loglog n

Since |Y| = o(n), on the other hand, there is
—|Y n
sleu(r,VAYIP = vl (") =3] p = a oy (3)

€2 n
Theorem 2.6 implies Pr [s; > ey (Y, V \ Y|P)] < e~ 5 (")) Therefore

-1

(logn) % (np)
) Pr({s; > eg(Y,V\ Y|P)} U{|Ng(Y|P)| < s2})
lY|=1
(logm) 4 (np) 1
= Y Pr(s; > eg(Y,V\Y|P)) +Pr({s; <eny(Y,V\Y|P)} N {|Ng(Y|P)| <s2})
lY[=1

1 1
At 2 (logn) 4 (np)~"!
=5 (IY1()p) p(1+0(1))elY[(3)p(~1/4) loglog n A —alyl —
< Y. <|Y|>e 5 (YI2)p) e 2 mzﬂ v n o(1),

in which the inequality holds for c; = ¢1(c, &) > 2 by choosing the appropriate constant c.
(ii) Suppose that n(logn)~1/2 < |Y| < £nand |S| > (3 — £). Foreveryy € Y and s € S, there are at
most three edges contains {y,s} in Py, since we have

Elen(Y, S|P)] > Y Kn —2|Y|> B (n— |Y2| - |S|> _3]
( 22n> ~ (nn(lognr;/z (- §>n) _3] )

= (1=0(1))[Y|

—a—on (3-3¢) (5)»

by Theorem 2.6 there is

2" .o" . Py (eH(Y S|P) < |Y| ( e) (’;) p) <22 Py (eH(Y,S|P) < Y| (1f %)E[eH(Y,S|P)])

=

> Y]

o~
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< 92n ,e—%E[eH(Y,S|P)] < 921, e—%cn(logn)l/2 — 0(1).

(iii) Suppose that | Y| < § and [S| < §. Forevery y € Y and s € S, there are at most three edges contains
{y,s} in Py, thus

Y S
slen(v,51P) = (Ivllsio ~ (3 )isi = (15 v -iv1)
RAE]
= (1—o(1)]Y S S i i}
a—oyivlist (n- 5 - 51 »
Define 7 := |Y||S] (n - @ - @) For ey (Y, S|P) is a binomial random variable, Theorem 2.6 implies that
if Eleg(Y,S)] = o(w(n)n), then

212" Pr[len (Y, S) — 7| > & (T + w(n)n)] < 22" - e 169 = o(1),
otherwise,

82 82
2" 2" Pr(len(Y,S) — 1| > e (T +w(n)n)] < e FEen(YSIPL < 921 p=Fwlmn — 5(1),

clogn
n2

uniform hypergraph H = H>(n, p) asympotically almost surely satisfies the following properties. For each Hy C H

with A(Hy) < (5 —2¢)(5)p, let Hy :== H — Hjy. Let P be a Berge path on V(Hy) and Y be the set of the endpoints

obtained by taking some rotations of P in Hp,
() if [Y] < (logn) 3 (np) ™", then [Ny, (Y|P)| = (3 +€)|YI(3)p;
(i) if n(logn) "2 < |Y| < £n, then |Np, (Y|P) > (3 + £)m;
(iii) Hy is connected.

, then the random 3-

Proposition 2.9. For every 0 < e < 1, there exists a constant ¢ > 0 such that if p >

Proof. (i) Let |Y| < (log n)’% (np)~!. By Proposition 2.8, we can get (1 —¢)|Y|(5)p < en(Y,V \ Y|P) and
INi(Y[P)] > (2 3¢) Y| (2)p. Hence

[N, (Y[P)| = [Nu(Y[P)| = Y| - 2A(H)

> @-aivl(y)p- -2 (5 -2) (5)r
> (; +e> Y] (Z) p

(i) If not, assume that [Ny, (Y|P)| < (3 + £)n, then |[V(H)\ (YUNg, (Y))| > (3 — £)nand ey, (Y, V(H) \
(Y U Ny, (Y))|P) = 0. Thus

en(Y,V(H)\ (Y UNg,(Y))[P) < |Y|A(H;) = |Y| (i - 28) (Z) P

which contradicts Proposition 2.8.
(iii) If Hy is not connected. Let H' be the minimum connected component of Hy, which implies | Ny, (V(H'))| =

|V(H")|. Since (% + s) (3)p > 1, following the result of (i), we have

V) = (5 +¢) ogmV40np) () > nltogn) /2

By (ii), we can get |V(H')| > (3 + £)n that contradicts the facts. [
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2.2. Proof of Theorem 2.2.
Before proving Theorem 2.2, we prove the following Lemma 2.10.

clogn

Lemma 2.10. For every real 0 < & < 1, there exists a constant ¢ > 0 such that if p > —2=, then the random

3-uniform hypergraph H = H3(n, p) asympotically almost surely has the following properties: for each Hy C H
with A(Hy) < (3 —2¢)(5)p, the 3-uniform hypergraph Hy := H — Hy has RE(} + 3e).

Proof. Let P := agpe1a; - - - a; be a Berge path on V(H,). If there is a Berge path longer than P in H, U P, then
we are done.

So we suppose that P is the longest Berge path in H U P. In the following, we will consider an endpoint
set obtained by taking some rotations of P with fixed endpoint 4; in H,, and give a lower bound (% + %s)n
on the number of those endpoints. The endpoint set will be constructed by iterative method. We use Y; to
denote the endpoint set obtained by the tth rotation of P with fixed enpoint v; in Hp, especially, Yy = {a}.
Since P is the longest Berge path in H, U P, note that for every ¢ € [n] we must have N, (Y;|P) C V(P).

Claim 1. [Yy1] = 3(|Ni, (Yi[P)] - 3[¥i]).
Proof. For any a € Y}, if w € N, (a|P), then there exists an endpoint by a rotation of P, using v as pivot
point. Let Y;" = {a;11]a; € Vi}, Y, = {a;_1|a; € Yi}. Hence, if a vertex v € Ny, (Y;|P) does not belong
to Y; UY,” UY,", then the edges in P incident with v were not broken in the previous rotations. We can
get a new endpoint v~ or v™ (see Figure 2 and Figure 3), and at most two such pivot points can obtain
the same endpoint since the order for unbroken interval either the same as or reverse to P. Therefore,
[Yir1| > 3 (INm, (Ye|P) — 3|Y;|). This completes the proof of Claim 1.

|

a o= 0 ot ay

Figure 2: same order

a ot 0 o ay

Figure 3: reverse order

2 t
Suppose that | Y| = (M) > 1 for some integer t > 0. Since

25
s(bt) = (1-6) (5 ) p =4 = (3+¢) ()

by Claim 2 together with Proposition 2.9 (i), we have
1 1 n
(1N ()| =313 = 5 (3 +¢) il (5 ) =3I

() (2 Crsm)= ()

|Yiq1]

v

1
2
1
2

v
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S
Let (%) = (logn)~'4(np)~1, it follows that there is an integer s < 1081 guch that |Ys| =
4

n
2 — loglogn

p
(logn)~1/4(np)~1if c > 25. Repeat the same argument as above to |Y;|, there is

n > n
(logn)!/* = (logn)!/2”

You| > (2’“) (log m) V4 (np) 1 >
s = 25 = 25

Agian, repeat the same argument as above to subset with size of Y511, and combine with Propo-

_n
(logn)1/2
sition 2.9, there is

1 1 1 1 n n
Yooal = F0Nm(5lP)] =3%5al) = 5 ( (5 +5¢) n =3t ) = §

Finally, we give a proof of |Y43| > (% + %s)n. Let S := Y13 and Y C Y, be any subset with size %.

We partition P into 7 := (k,glﬁ% vertex disjoint intervals, such that the length of each interval are either

[@J or [@1 For each i € [r], let Y; C Y be a vertex subset, in which all those vertices are obtained by
some rotations with some broken edges of P; in the previous rotations. Let Y; ; and Y; _ be the collections
of all those vertices of Y obtained by some rotations such that P; is unbroken in the previous rotations, and
the path from every vertex of Y; . and Y; _ to v; traverses P; in the same and reverse order as P, expectively.
ThusY =Y;UY; , UY;_foralli € [r].

Let ] = {i € [r] : [Y;| > (loglogn)~1/4]Y|}. We claim the first fact that |J| = o(r). Indeed, since every
2logn
log(l)gg n
the previous rotations for obtain Y. There is

vertex in Y is obtained by at most rotations of P. Let E denote the number of edges that broken in

2logn

| |m > E > (loglogn)*4|Y][]|,

which implies |J| = o(r).
Next, we define V := V(H), P := V/(P), P, := V/(P;) for any i € [r], and show the second fact that

en(Y,V\PIP)+ Y, Y A{eu(Yis, (PiNPF)\SFIP) —en(Y;w, (PN PF)\ S5, V\ P|P)}
ielr] £e{+,—}

<em, (Y, V). 1)

For P is the longest Berge path and by applying Proposition 2.9 to Y, we can get e, (Y, V \ P|P) = 0 and
|V\ P| < }. Foreachi € [r], if there exists vertices x € Y; ,, a4; € P; and an edge e ¢ E(P;) contains {a;, x}
in Hy, then a;_1 € Sand a; € S*, therefore ey, (Y1, (P; N P;") \ $*|P) = O(similarly, e, (Y; —, (PN P7) \
S™|P) = 0). On the other hand, for every edge ¢ € Ey(Y;+, (P;NP)\ ST|P)UEH(Y;—, (P,NP7)\ S™|P),
ifen (V \ P) # ¢, then e will be counted repeatedly. This completes the proof of (1), Now we estimate the
left inequality of (1).

By definition, we know |P;| < [@] < ' (loglogn)'/? + 1. Thus by Proposition 2.7 and Proposition

— logn
2.8, we can get the lower bound of the left inequality of (1) is as follows

v e o= G- B ot

Vel (BN P)\ S*

p
TLoL (YuiH(PmPf)\sﬂ[n ; ; p+o(nzllp>)
ie[r] £e{+,—} r

- ZH {2 }[(1+0(1))|Yi,i||V\P||(Piﬂpii)\Si|P+0(w(n)n)]. @)
ielr] £e{+,—
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Due to [|(P;NPF)\ S*| — |P;\ S|| < 2(similar for (P; N P;") \ $7), the second line in the inequality (2) is at

least
Yiel [(RNPF)\SE| n’ n’
Y X (Yi,i||Pi\S| i 5 pro{—p)—of27-p
ie[r] £e{+,—}
Y, P\S
2T E MalRs o= Bl LS oty
[r] £€{+ -}
P;\S Y P4V
> ( ez (n- P8 - B AR |Pi\5|)p—o<n3p>
i€fr] \£e{+,—-}

. . : 2
2y (IY\YZ-IIPZ-\SI (- 31 - e P Pl-\5|> p—olr’p)

. 2
ZH|Y\Y||P\S|( P p= P sl — ot

Since | = o(r), thereis | Y \ Y;| = (1 — 0(1))|Y| fori € [r] \ J. The inequality above is

Y
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The inequality (2) can be expressed as

> viiv Pl o= B BT ooty + 118 slop = L8 2 s1p ot
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i€lr]
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2
> VIV Sup — VA Slp — Y]]V \ PI[V A\ Slp — o(n®p)
2
> Suly|v A\ slp — 5 v\ slp —o(np).

Therefore inequality (1) implies 3n|Y||V \ S|p — #W \ S|p —o(n®p) <em, (Y, V).
On the other hand, ey, (Y, V) + ep, ((12/), V) < |Y|An, (Y), thus following Proposition 2.7 we can get

Zn|Y||V\S|p—0(ﬂ3p) <y (i —2e> ( )p <y ( - 8) n°p.
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It’s easy to check |S| > (% +%s> nby [V\S| < ((3—§)n+o(n?)) % < (% — %s) .

Hence, we can get an endpoint set S of size at least (% + %s)n, in which for every y € S, there is a Berge

path of length |P| in H U P with endpoints a; and y. Similarly, for such Berge path we can fixed y to obtain
an endpoint set S, C V(H) of size at least (% + %s)n such that, for every s € S, there is a Berge path of
length |P|in Hy UP fromstoy. O
Proof of Theorem 2.2. Let p’ = Ap and let H' be the 3-uniform hypergraph obtained by taking each edge of
H3(n, p) independently with probability A. Thus H' has the same distribution with H3(n, p’). By Lemma
2.10 and Proposition 2.7, we can get

Pr {H’ € RE (; + §£> with at most An®p edges| =1 —o(1). (3)
Now, we define that a 3-uniform hypergraph H is good: if for each H; C H with A(H;) < (3 —2¢)(5)p/,
the 3-uniform hypergraph H — H; has at most n3p’ = An3p edges and is RE(% + %s) Otherwise call H is
bad. Under this definition, (3) means Pr[H’ is good] =1 —0o(1).
Let H be the collection of all 3-uniform hypergraphs H satifies Pr(H’ is good|H = H3(n,p)) > 2, in
other words, Pr(H' is good|H ¢ H) < g, following this, there is

0(1) = Pr(H' is bad) > Pr(H' is bad|H>(n, p) ¢ H) - Pr(H(n,p) ¢ H) > %Pr(Ha(n,p) ¢H).

Hence Pr(H?(n, p) ¢ H) = o(1), that means Pr(H>(n, p) € H) =1 —o(1).
Next, let H; C H be any subgraph with A(H;) < (3 — 3¢)(;)p. By Theorem 2.6, there is

ve\;H')Pr (dH/mHl(U) > <i - 25) (Z) Pl) < UEVZ(;H/)PT (dH/mHl(U) > (1+e) (Z — 38) (Z) p’> =o0(1).

Hence, there exists a subgraph H' C H that is good and the maximum degree of H' N H; at most
(3 —2¢)(5)p’. For such H’, by the definition of good, the hypergraph H' — (H’ N Hy) C H — H; which has
RE(} +3e)and |[E(H' — (H'NH))| < An’p. O

2.3. Proof of Theorem 2.4.
Proof of Theorem 2.4. Let H; be the collection of all subgraphs H — H;, which satisfy A(H;) < (3 —2¢)(5)p.

Pr [ U ({H' C H} N {exists Hy € H, does not complement H'})
H'€RE(}+3e),|E(H')|<Andp

< ) Pr(H' C H) - Pr(exists Hy € H, does not complement H'|H' C H)
H'€RE(3+3e),|E(H')|<Andp

/\n3p n
<) (%’3) p™ - Pr(exists Hy € Hy does not complement H'|H' C H), 4)
m=1

where the H C H of last line of inequality (4) are taken over all labeled 3-uniform hypergraphs with
RE(} + 2¢) and m edges.

Next we consider Pr(exists Hy € H, does not complement H'|H' C H). Let P be a fixed Berge path on
V(H’). Recall the definition of complement. If H, does not complement H’, then there is not Berge path
longer than P in H' U P. On the one hand, since H' € RE(% + %e), we can find an endpoint set A C V(H)
which |A| > (] + 3¢)n and for every a € A, there is an endpoint set B, of V(H’) with |B;| > (3 + 3¢)n
satisfies for all b € B,, the 3-uniform hypergraph H' U P contains a Berge path T,, between a and b with
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|T,5] = |P|. On the other hand, since H, does not complement H’, for every such Ty, there is not edge
e ¢ T, contains {a,b} in H,. By the maximum degree of H; at most (3 — 2¢)(5)p, there is

er(a, B4|P) < (i —28) (;);7

Elen (0, 5,(7)] > [(ngl) - (n—12— |Ba|) _3} p

(-0,

Since

&2
Theorem 2.6 implies that the probability of ey (a, B4|P) < (3 — 2¢) (})p is at most e~ 5 (P)_ Therefore,

o) i 2-2) ()

Note that there are at most n choices for the length of Berge path P. For each j € [n], there are at most
n — 2 choices for the edges of any two vertices of V/(P) in H, thus there are at most (n —2)/ Berge

2
S 67%(713;7)

(-1
path of length j. Based on this, the third line of inequality (4)

/\n3p n
Z <(;q)> p™ - Pr(exists Hy € H; does not complement H'|H' C H)

m=1

ABp s on | ) g
S Z ((3)>pmn n (n_2>].67?2(n3p)
m=1

m (j—1)!

Ay o m

2 @
< (n°p) 3) ) ym
<e 3 mZ::l (m)p

3

cosen'f (00

m=1 m

7

m
which the inequality holds for (%) is monotone increasing in the range 1 < m < An®p and A = A(e) is
sufficiently small. O

3. Proof of Theorem 1.1.

Proof of Theorem 1.1. Let 0 < ¢ < 1. Let ¢ = c¢(e) > 0 and A = A(e) > 0 be constants such that for p > clogn

nz 7

the 3-uniform hypergraph H = H?(n, p) asympotically almost surely holds for Proposition 2.7, Theorem
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2.2 and Theorem 2.4, especially, Proposition 2.7 hold with 2¢ instead of e. That means, dy(v) > (1 —2¢)(5)p
for every vertex v € V(H). Therefore, for any 3-uniform hypergraph H, with minimum degree at least
(% + ¢€)(3)p can be obtained by the following way: exists a subgraph H; C H with maximum degree at
most (3 — 3e)(5)p such that H, = H — Hj. Next we will show that H — Hj is Berge Hamiltonian.

On the one hand, by Theorem 2.2, there exists a subgraph H* C H — H; which has property RE(% + 2¢)

and |[E(H*)| < An®p. On the other hand, by Theorem 2.4 and the fact that (3 —3e)(5)p < (3 —2¢)(%)p,
there is H — Hy complement H*. Therefore, Proposition 2.5 implies that H — Hj is Berge Hamiltonian.
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