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Topological properties of some multiplication operators on £(X)
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Abstract. A pair (1, a) in X X X, where X is an infinite dimensional Banach space and X’ its topological
dual space, induces in a natural way two multiplication operators %, , and %,, on the Banach space
L(X), defined by .Z,,(T)(x) = &(T(x))u, and Zau(T)(x) = a(x)T(u), for all T in L(X) and x in X. In this
paper, we present necessary and sufficient conditions for the compactness, demicompactness, stongly

demicompactess, power compactness and Riesz property of this family of operators. We also establish
sufficient conditions for the quasi-compactness and weak compactness of these operators. Finally, we show
that the Dunford-Pettis property fails for the Banach space £(X) whenever either X or £(X) is reflexive.

1. Introduction

Let X be an infinite-dimensional Banach space and X’ its topological dual space. By L(X) we denote the

set of all bounded and linear operators on X, by K(X) (resp. PK (X)), we denote the set of all compact (resp.
power compact) operators in £(X) and by £L(L(X)) we denote the set of all bounded and linear operators
on L(X).

Let (1, a, V) in X x X’ X L(X). Given the following two problems:
P;. Find a solution T in £(X) of

T(x) — a(T(x))u = V(x), for every x € X. (1)
P,. Find a solution T in .£(X) of
T(x) — a(x)T(u) = V(x), for every x € X. )
Let us introduce the two linear operators .%,,, and %, ,, in L(L(X)), defined by
Zoa(T)®) = a(T()Ju,

%H,M(T)(x) = a(x)T(u), forevery T € L(X) and x € X.
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The problems P;, i = 1,2 can be rewritten in terms of equations in £(X),
P;. Find a solution T in £(X) of

(I - Zu)(T)=V. 3)
P,. Find a solution T in £(X) of
(I = Rou)(T) = V. (4)

The resolution of these problems requires consideration of two cases:
Case 1. a(u) # 1. We can solve P; by applying the linear functional « to both sides of equation (I). This
yields

a(T(x)) = 10((_V0(2l)), for every x € X.
Hence, the solution of equation (1)) is unique, and it is defined by
T=V+ Lo u(V). ®)
We can solve P, by taking x = u in equation (2), yielding
T(u) = 1 —1oc(u) V(u).
Hence, the solution of equation (2) is unique, and it is defined by
T=V+R_o_, (V). (6)

T-a(u)

Case 2. a(u) = 1. The equation (1)) (resp. (2) ) has a solution if, and only if, Im(V) C Ker(x), (resp. u € Ker(V)).
In this case, T = V is the unique solution of equations (1) and (2) respectively.

The family of linear operators .%, ,, and %, ., indexed with (1, @) in X X X’, constitutes a very interesting
subfamily of the family of multiplication operators. Indeed, for any fixed (u, a) in X x X, if we denote by A, »
the linear operator in £(X) defined by A, +(x) = a(x)u for every x in X, and we use the same notation as in
[9], we can recognize the left and the right multiplication operators L, and R #,,, respectively.

Zau(T) =La, (T) = AyuT, forevery T € L(X).

0

Rou(T) = Ra,,(T) = TA, o, for every T € L(X).

A preliminary investigation allowed us to identify the following property: for any T in L(X), the operators
Zou(T) and %,,,(T) are of finite rank. As every finite rank operator in a Banach space is compact, the
operators %, , and %, satisfy the same property: ., , (L(X)) C K(X) and Zy (L(X)) € K(X). Encouraged
by this fact regarding the operators %, and %,,., our goal is to investigate some topological properties
satisfied by them, such as compactness, demicompactness, stongly demicompactess, power compactness
and Riesz property. Specifically, we provide necessary and sufficient conditions to establish these properties.
In addition, we obtain sufficient conditions for the quasi-compactness and weak-compactness of this class
of operators.

The paper is organized in the following way. In section 2, we recall some definitions and results needed
in the rest of the paper. Section 3 is entirely devoted to the study of the operator .%,,. After exploring
some properties of the operator .%,,, we separately provide necessary and sufficient conditions on its
compactness, demicompactness, stongly demicompactess, power compactness, and Riesz property (see
Propositions [3.5 and [3.8). We only obtain sufficient conditions for the quasi-compacteness and weakly
compactness of the operator .%, ,, (see Proposition .8} (iii) and Proposition 8.1I). As an immediate conse-
quence of the study of the linear operator ., , (see Proposition [3.13), we show that £(X) does not have
the Dunford-Pettis property if either X or £(X) is reflexive. In Section 4, we present several results for the
operator %#,,,. These results are similar to those obtained for the operator .Z,, in Section 3 and provide
further insights into the structure and properties of this subfamily. Finally, we show that the multiplication
operator obtained by composing the two operators .%, , and %, is compact (see Proposition [4.11).




R. Sfaxi et al. / Filomat 37:26 (2023), 9063-9077 9065

2. Preliminaries

Let X be an infinite-dimensional Banach space. We begin this section by the following definitions:

Definition 2.1. [10] An operator T in L(X) is said to be demicompact if for every bounded sequence (x,)nz0 in X
such that x, — T(x,) converges to y € X, there is a convergent subsequence of (X )uz0-

The set of all demicompact operators on X will be denoted by DC(X).

Proposition 2.2. [3|[4] For any T in L(X), the following statements are equivalent.

(i) T is a demicompact operator.
(i) dimker(I —T) < +coand 3(I — T) is a closed subset of X.

Definition 2.3. An operator T in L(X) is said to be strongly demicompact if aT is demicompact for every scalar
number a.

The set of all stongly demicompact operators on X will be denoted by SDC(X). Note that every power
compact operator is strongly demicompact. In particular, every compact operator is strongly demicompact.

Definition 2.4. [2]] An operator T in L(X) is said to be quasi-compact if there exist a positive integer n and a compact
operator K # 0 on X such that ||T" — K]|| < 1.

The set of all quasi-compact operators on X will be denoted by QK (X).

Definition 2.5. [1]. A linear operator T in L(X) is said to be a Riesz operator if (AI — T) is a Fredholm operator of
index 0 for all nonzero scalar number A.

The set of all Riesz operators on X will be denoted by R(X).

These different subsets of linear operators satisfy the following inclusions:

K(X) c PK(X) C R(X) € QK(X)
and K(X) € PK(X) c SDC(X) C DC(X).

Lemma 2.6. If L(X) is reflexive, then X is reflexive.
Proof. Assume that u in X with u # 0x. Recall that the linear operator M, defined by

M, : LX) - X
T T

is in L(L(X), X), where |[M,|| = |lul| and the image set J(M,,) = X. Thus, X is reflexive, from (9) p.p 198 in
[11]. O

Definition 2.7. [5) |6l A Banach space X has the Dunford-Pettis property if every continuous weakly compact
operator T from X into another Banach space Y transforms weakly compact sets in X into norm-compact sets in Y
(such operators are called completely continuous).

Proposition 2.8. [8] Let X be a Banach space having the Dunford-Pettis property. If T1 and T, in L(X) are weakly
compact operators, then the composition operator T1T, is compact.
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3. Some properties of the operator .7, ,

Let X be a Banach space and X' its dual space. For any (1, a) in X X X', let .Z,, , be the linear operator on
L(X) defined by,

Low 2 LX) = LX)
T = ZuT)

where fa,u(T)(x) = a(T(x))u, forevery T € L(X) and x € X.

The following properties are easily derived and require no proof. While the proofs of these properties
are straightforward and can be readily verified, we omit them here for the sake of brevity and to focus on
the more complex aspects of the analysis.

Proposition 3.1. For any a,  in X’ and u, v in X, the following properties hold.

(@) L € L(LX)) where | Ll = Nl

(b) ZLauo %,v = a(v)%,u-

(©) L = (a(u))" Lo, for all integer n > 0.

(d) ga,u + %,u = $a+‘3,u'

(6‘) ga,u + ga,v = ga,uﬂw

(f) AZou = Lhrau = Lau, for every scalar number A.
(9) ZLau =0if, and only if, @ = Ox. or u = Ox.

To investigate the compactness of the operator .%, ,, we rely on some auxiliary results.

Lemma 3.2. For any non-zero o in X', the following properties hold.

(i) Forany B in X', there exists Tg in L(X) such that § = a o Tp.
(i) For any bounded sequence (B,)ns0 in X', there exists a bounded sequence (Ty,)nz0 in L(X) such that B, = aoT,,
for all integer n > 0.

Proof. Let @ in X’ where a # Ox be fixed. Since a # Oy, there exists u in X such that (1) = 1. Given
B € X’ and let’s consider the bounded linear operator T on X defined by Tg(x) = B(x)u for every x € X.
Clearly, the operator Ty is linear from X to itself and satisfies ||Tg|| = [|fllllu|l. Furthermore, we have
aoTg(x) = a(ﬁ(x)u) = B(x)a(u) = p(x) for every x € X. This implies that § = a o Ty. Therefore, (i) holds.

Assume that (4, @) in X X X’ where a(u) = 1. Let (8,)s>0 be a bounded sequence in X’ and consider
the sequence (T,)s>0 in L(X) defined by T,(x) = B.(x)u for every x € X and every integer n > 0. Since
(Bn)ns0 is a bounded sequence in X', there exists M > 0 such that [|§,|| < M for every n > 0. It follows that
ITLll = lulllBall < |[u|IM for every n > 0. Moreover, we have 8, = a o T, for every n > 0. Therefore, (ii)
holds. O

Lemma 3.3. For any non-zero o in X', the operator L, defined by,

L, : LX) —» X
T  Ly(T)=aoT

is surjective linear and where ||L,|| = ||al.

Proof. Assume that a in X’ where @ # Ox.. Let T; in £(X), i = 1,2 and A be a scalar number, we can write
Lo(T1 + AT2) =ao (Th + ATy) = @ o Ty + Aa o Ty = Lo(T1) + AL,(T2). Since |a(x)| < [|a|lllx|| for every x € X, it
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comes that ||L,|| < ||a||. Indeed, we have
ILall = sup [[La(T)|
[IT11=1

= sup (sup |a(T(x))I)
ITN=1 llxlI=1

< sup (sup [lalllT(x)l)
ITI=1 J=1

< llall sup (sup IT()I))
ITI=1 Jl=1

< llal sup |IT]]
=1

< lall-
Since [|I|| = 1, then |[Ly|| > [[Lo (DIl = sup |a(x)| = |lall. Thus, |[|Ly|| = |le|l. Finally, by Lemma (1), we can

llxll=1
conclude that L, is surjective. [

Lemma 3.4. For any (u, a) in X x X" where u # 0x and a # Ox:, the following properties hold.

(i) ker(ZLuu) = 1T € LX) I(T) C ker(a)} = (T € LX) I(T) C ker(a)}.
(if) I(Lon) = {L € LX)| F(L) C Vect{u})}.

Proof. Assume that (4, a) in X X X’ where a # Ox and u # Ox. We have

ker(Zyu) ={T € LX)| Z,,u(T) = 0}

(T € L(X)| Zyu(T)(x) =0, forall xe X}
{T e LX) a(T(x))u =0, forall xe X}
{T € L(X)| T(x) € ker(ar), forall x € X}
{T € L(X)| I(T) C ker(a)}.

T € £(X), we deduce that ker(%, ;) = {T € L(X)| I(T) C ker(a)}. Hence, (i) holds.
We always have

By the continuity of @ € X’ and since ker(a) = ‘1({0}) is a closed subset of X and J(T) € I(T) for all
k

S(ga,u) = {L € L(X)l AT e -E(X)/ ga,u(T) = L}
={Le LX) AT € LX), Zau(T)(x) = L(x), forall xe X}
={Le LX) AT e LX), ao(T(x))u = L(x), forall xe X}
C{L e L(X)| I(L) € Vect{u}}.

Conversely, let L in {L € L(X)| J(L) € Vect{u}}. There exists f in X’ where ||fl| = [ILIll[]I”* such that
L(x) = B(x)u for all x € X. By lemma [3.2] (i), since & # Ox, there exists T € L(X) such that p = a o T, and

hence, L(x) = (a o T)(x)u forallx € X, i.e, L = £, ,(T) € 3(ZLyu). Accordingly, we have 3(%,,) = {L €
L(X)|J(L) C Vect{u}}. Therefore, (ii) holds. [

Proposition 3.5. For any (u,a) in X X X', the following statements are equivalents.
(1) Ly is a compact operator.

(i1) a =0x or u = Ox.

Proof. (i) = (ii). Suppose that .%,, is compact where u # Ox and a # Ox.. Let (Bu)s>0 be any bounded
sequence in X’'. By lemma (ii), there exists a bounded sequence (T}),»0 in L(X) such that 8, = a o T}, for
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every integer n > 0. By the assumption .%, ,, is compact and by the fact that the sequence (T),>0 is bounded
in £(X), the sequence (£, ,(T4))n>0 has a convergent subsequence (Z,.,(Ty)))n=0 in L(X). Since L(X) is a
Banach space, the sequence (Z;,.(Ty()))n=0 is a Cauchy sequence, i.e., for all ¢ > 0, there exists an integer
3 > 0 such that for all integers n > m > N, we have ||, u(T(1) — ZLau(Tpm)ll < €llull. Notice that

”fa,u(T(p(n)) - ga,u(T(p(m))“ = |lul| sup llex o T(p(n)(x) —ao T(p(m)(x)”
[lxll=1

= [Jull sup 1By () = Boem (Il

[lxlI=1
= |[ullllBowmy = Boumll-

Then, for all ¢ > 0O, there exists an integer N, > 0 such that for all integers n > m > N,, we have
1Bp(n) =Bl < €. Hence, (By(n))n=0 is a Cauchy sequence in the Banach space X’. Thus, the sequence (B ))n>0
converges in X’. As a conclusion, any bounded sequence (,),>0 in X" has a convergent subsequence. This
requires that the space X’ is of finite dimension and then the space X is also of finite dimension. This is a
contradiction.

(if) = (i). When a = Ox- or u = Oy, it is clear that .%,, = Ogx) the null operator which is a compact
operator. []

To analyze the demicompactness of the linear operator .%, ,, we must establish some technical Lemmas.

Lemma 3.6. For any (u, o) in X X X’ where a # Ox and u # Ox, the following statements hold.

(@) Ifa(u) # 1, then ker(I - Zy,u) = {OL(X)}-
(i) If a(u) = 1, then ker(I — £, ,,) is an infinite and closed subspace of the Banach space L(X), isomorphic to X’
and defined by

ker(I —.Zy,) = {T € L(X)| I(T) C Vect{u}}

={T € L(X)| I(T) C Vect{u}}
={Te LX) A BeX, T(x) = p(x)u, forall x € X}.

Proof. Assume that (1,a) in X X X’ where a # Ox and u # Ox. Notice that we have ker(l - .%,,) =
(I- .,%,u)‘l({O}) and I - %, , is continuous, then ker(I — %, ) is a closed subspace of the Banach space £(X),
and hence, ker(I — %, ) is also a Banach space. Moreover, we have

ker(I = Zuu) ={T € LX) (I — Z,.,)(T) = 0}
={T € LX)| Z,,u(T) =T}
={T € LX) T(x) = a(T(x))u, forall x € X).

We have to distinguish two cases.

Case a(u) # 1. Let T in ker(I = £,), then T(x) = a(T(x))u for all x € X. By applying the linear functional
a on both sides of the last equation, we get (1 —a(u))a(T(x)) = 0 for all x € X. Since a(u) # 1, then a(T(x)) =0
for all x € X. This yields, T(x) = a(T(x))u = 0 for all x € X. Hence, ker(I — Z,.) = {0zx)}.

Case a(u) = 1. We have ker(I - %, ,,) € {T € L(X)| I(T) € Vect{u}}. Conversely, let T in {T € L(X)| I(T)
Vect{u}}. There exists g in X’ where |[|Bll = (/IT|l/|«]]) such that T(x) = f(x)u for all x € X. If we apply a on
both sides of the last equation and we use the assumption a(u) = 1, we obtain a(T(x)) = p(x) forall x € X. It
follows that, T(x) = a(T(x))u for all x € X, and hence, T € ker(I — %, ). Consequently, ker(I — %, ,) = {T €
L(X)| 3(T) C Vect{u}}, if a(u) = 1. Moreover, since Vect{u} is a closed subset of X, i.e., Vect{u} = Vect{u} and
since we have J(T) C J(T) for all T € L(X), we conclude that ker(I — %, ,,) = {T € L(X)|3(T) C Vect{u}}. It's
clear that {T € L(X)| 3! B € X, T(x) = B(x)u for all x € X} C {T € L(X)| J(T) € Vect{u}}.

Conversely, let T in ker(I — %,,) = {T € L(X)| 3(T) C Vect{u}} and assume that there exist f and y in X’
such that T(x) = f(x)u = y(x)u for all x € X. Since we have u # Ox, then = y. Hence, T € {T € L(X)| 3! p €
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X', T(x) = B(x)u for all x € X}. Therefore, ker(I - .%,,) C{T € L(X)| A' p € X', T(x) = f(x)u for all x € X}.
Thus, ker(I — %, ,) = {T € L(X)| A! p € X’, T(x) = p(x)u for all x € X}.

Based on the previous statement and in a structural and constructive way;, let’s consider the linear operator
M that maps the Banach space X’ to the Banach space ker(I - .7, ;) defined by M(B) = Tg where Ty is in
L(X) and defined by Tg(x) = f(x)u for all x € X. We have

IMIl = sup [IM@B)II
IBl=1

= sup ||Tg|l
IBl=1

= sup sup || Ts(x)l|
IBII=1 I1xll=1

= sup sup [|B(x)u]
IBII=1 lIxlI=1

= |[ul| sup sup [|B(x)Il
IBI=1 [lxll=1

= ||ull sup [IBll
IBll=1

= lull.

Through the carefully designed construction, we can demonstrate that the linear operator M is bijective,
mapping from the dual space of X to the kernel of ([ - %, ). O

Lemma 3.7. Forany (u, a) in X X X’ where a # Ox and u # Ox, the following statements hold.

() Ifa(u) # 1, then I(I - Lou) = L(X).
(i) If a(u) = 1, then 3(I — £y,) is a closed subset of L(X) and defined by,

(I - Z,) = (L € LX) F(L) C ker())
= (L € L(X)| I(L) C ker(a)}
= ker(Z, ).

Proof. Let(u,a) in X X X’ where a # Ox and u # Ox. We have
SI-Lou)={Le LX) AT € LX), L=(I-ZL,.)(T)}.

Assume that a(u) # 1. Given L in £(X) and let’s introduce T in £(X) defined by T(x) = L(x) + (1 —
a(u))La(L(x))u for all x € X. For all x € X, we have

(I- ga,u)(T)(x) =T(x) - ga,u(T)(x)

e SOy 20,
a(L(x)) a(L(x) )ar(ur)
:L(x)+1_—a(u)u—a( xu—l_—a(u)
1 (u)
= L@+ (1= i f‘;‘(u) Ja(L(x))u

= L(x).

Equivalently, L = (I — %,,)(T) where T € £L(X). This implies that I(I — .%,,) = L(X). Hence, (i) holds.
Assume that a(u) = 1. Let L in I(I — .%, ), then there exists T € L(X) such that L = (I - .%,,)(T), i.e.,
L(x) = T(x) — a(T(x))u for all x € X. By applying a to both hand sides of the last equation, we get a(L(x)) = 0
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forall x € X. This implies that (L) C ker(a). Therefore, I(I—-.%, ) € {L € L(X)| I(L) € ker(a)}. Conversely,
let L € {L € L(X)| (L) C ker(a)}. Clearly, I(L) C ker(e), and hence, (I — Z,,)(L)(x) = L(x) — a(L(x))u = L(x)
forallx € X, ie., L = (I - Zu)(L) € 3(I - Zyu). Thus, 3(I - %) = {L € L(X)| (L) C ker(a)}. Finally, by
Lemma 3.4} (i), we have J(I — %, ,) = ker(.Z,,,). Therefore,(ii) holds. [

Proposition 3.8. For any (u, a) in X X X" where o # Ox and u # Ox, the following statements hold.

(i) Lo is demicompact if, and only if, a(u) # 1.

(i) Ly is strongly demicompact if, and only if, a(u) = 0.
(iit) Ly is quasi-compact if la(u)[*||allllull < 1, for some integer n > 0.
(iv) Ly is power compact if, and only if, a(u) = 0.

(v) ZLuu is a Riesz operator if, and only if, a(u) = 0.

Proof. Let (u,a) in X X X" where a # Ox and u # Ox. By the Proposition Ly 1s demicompact if, and
only if, dimker(I - %, ;) < +oc0 and J(I — %, ) is a closed subset of £(X). In view of Lemmas[3.6land [3.7} it
comes that %, ,, is demicompact if, and only if, a(u) # 1. Therefore, (i) holds.

Let A be a scalar number. By Proposition (f), we may write I — A.Z,, = I — Z)au. Next, we have to
treat the two following cases:

Case a(u) = 0. Then, Aa(u) = 0 # 1. By the last property (i), the operator I — 1%, , is demicompact for
all scalar number A. Equivalently, .%, , is strongly demicompact.

Case a(u) # 0. Then, I - A%, = I — L4 is demicompact if, and only if,, A # (a(u))7!. Thus, %, , is not
strongly demicompact. Therefore, (i) holds.

Assume that there exists an integer n > 0 such that |a(u)["||a|ll|l#]| < 1. By Proposition (a) and (c), we
have ||$£;1|| = |a(u)["|lallllull < 1. Hence, there exist an integer N = n+1 > 1 and K = 0 in K(£(X)) such that
IIXDQ’“ — K]| < 1. Thus, the operator %, , is quasi-compact. Hence, (iii) holds.

Assume that (1, a) in X X X" such that u # Ox and a # Ox-. Suppose that %, , is power compact, i.e., there
exists an integer N such that fj\fu is compact. By Proposition (a) and (c), we have Zé\,’u = (a))N"1Z .
But, by virtue of the Proposition and by the assumptions u # Ox and a # Ox, this requires that N > 2
and a(u) = 0. Conversely, assume that a(1) = 0. From Proposition (c), observe that fju = 0 whichisa
compact operator. Therefore, (iv) holds.

Assume that (1, @) in XX X’ are such that u # Ox and « # Oyx.. Suppose that %, ,, is a Riesz operator. Then,
the operator .%, , is strongly quasi-compact, and hence, .%, , is strongly demicompact. By the previous
property (ii), this requires that a(u) = 0. Conversely, if a(u) = 0, then .%, , is a power compact operator, and
hence, it is a Riesz operator. Therefore, (v) holds. [

Proposition 3.9. Forany « in X’ where a # O, it does not exist §in X’ and y in X’ such that oz(T(x)) = B(T)y(x),
for every T in L(X) and x in X.

Proof. Let @ € X’ where a # Ox. Assume that there exist two non-zero linear functional g and y in X’ such
that a(T(x)) = B(T)y(x) forall T € L(X) and x € X. Since a # Ox, then « is surjective and so that there exists
u # Ox such that a(u) = 1. By Proposition the operator .Z, ,, is not compact . On the other hand, putting
Ly .(x) = y(x)u for all x € X. Clearly, L, , € L(X) and [|L, .|| = |[yllllul|. Consider the operator Mg, defined
by Mg, ,(T) = B(T)L,,, for all T € L(X). We can show that Mg, € L(L(X)), where |[Mpg,, .|l = lyIllplllul.
The operator Mg, , is compact because it has finite rank. Indeed, we have J(Mg,,,,) = Vect{L, ,,} and so that
dim S(Mﬁ,w,) = 1. This leads to a contradiction because we have Mg, = % ., where .%, , is not compact,
while Mg, , is compact. []

Proposition 3.10. Let X be an infinite separable Banach space and (u, o) in X X X" where u # Ox and o # Ox.
For any bounded sequence (Ty)qs0 in L(X), the sequence (.,%,M(T,,)) 0 has a pointwise convergent subsequence

n2|
("%'“(T‘/’(”)))nzo that converges to £, ,(T) where T in L(X).
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Proof. Assume that X is an infinite separable Banach space and (1, @) in X X X’ where u # 0x and a # Ox.
Let (T,,)u>0 be a bounded sequence in £(X), such that there exists some M > 0 such that ||T,|| < M for all
n > 0. Consider the sequence (,).>0 in X’ defined by 8, = a o T, for all integer n > 0. The sequence (,)n>0
is bounded in X’, since we have [|8,|| < M||a|| for all n > 0. By the assumption X is a separable space and by
referring to [11], Theorem 8.13, the bounded sequence (8,,),>0 has a weak* convergent subsequence (By(1))n>0
in X’. This means that there exists a unique f in X’ such that (@) (x))s>0 converges to f(x) for all x € X.
Immediately, (-Z5 . (Tpm))(X))n=0 converges to f(x)u for all x € X. By Lemma (i), there exists Ty € L(X)
such that 8 = a o Tg. As a consequence, for all x € X, (£ u(Tj(n))(X))n=0 converges to £, ,(Tp)(x). O

Proposition 3.11. When X is a reflexive Banach space, the linear operator £, ,, is weakly compact for every (u, o) in
XxX.

Proof. Assume that X is reflexive and let (1, @) in X x X’. If either & = Ox- or u = Oy, the operator .%,,, = O is
compact and therefore weakly compact.

Suppose that @ # Ox: and u # Ox and denote by A, , the linear operator in £(X) defined by A, ,(x) = a(x)u
for all x in X. Since u # 0x and a # Oy, it follows that J(A,,) = Vect{u}. The operator A, , is compact,
since it is of finite rank. Moreover, we can express .%, ,(T)(x) = a(T(x))u = ﬂu,a(T(x)) forall xin X and T in
L(X). Then .Z, ,(T) = A, T for all T in L(X), which implies that .Z, , = La,, where Lg, (T) = A,;,T for
all T in £(X). Finally, by applying Appendix 6, Theorem 6 in [9], we conclude that .7, , = L, is a weakly
compact operator on L(X), if X is reflexive. 0O

1,0

Corollary 3.12. If L(X) is reflexive, then £, is weakly compact, for every (u, o) in X x X’.
Proof. It is a straightforward consequence of Proposition and Lemma O
Proposition 3.13. If X is reflexive or L(X) is reflexive, then L(X) does not posses the Dunford-Pettis property.

Proof. Assume that X or £(X) is reflexive. By Lemma|2.6} it follows that X is reflexive. Suppose that £(X) has
the Dunford-Pettis Property. In view of the Proposition[3.1T} we infer that .%, , is weakly compact for every
(u,a) in X X X', In particular, .%, , is weakly compact, if a(u) # 0. By Proposition 2.8/ and the assumption
L(X) has the Dunford-Pettis Property, we have fju = a(u)Z,,, is compact. This is a contradiction, since
Zou Where a # 0x and u # 0Oy, is not compact by the Proposition As a consequence, £(X) does not
posses the Dunford-Pettis property. [

4. Some properties of the operator %, ,,.

Let X be an infinite Banach space and X’ its dual space. For every (1, @) in X X X’, let us introduce the
linear operator %, , on .L(X) defined by

T+ LX) - LX)
T = BT

where %, (T)(x) = a(x)T(u) for every T in L(X) and x in X.
The following properties are immediate and the proof are omitted.

Proposition 4.1. Let o, fin X’ and u, v in X, the following properties hold.
(@) Fou € LILX)) where | Foull = llallljull
(b) %a,u © %ﬁ,v = ﬂ(”)ﬂa,zﬁ
() 2 = (a(u))n%a,u, for all integer n > 0.
(d) %a,u + %ﬁ,u = Aa+Bu-

(6) %a,u + %a,v = Aa,u+v-
(f) AZoy = Brau = Rapu, for all scalar number A.
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(9) Zou = 0if, and only if, « = Ox or u = Ox.

To investigate the compactness of the operator %, , operator, we require the application of some specialized
and intricate lemmas that provide crucial insights into the behavior of the operator.

Lemma 4.2. Let u in X where u # Ox. The following properties hold.

(i) Forevery vin X, there exists T, in L(X) such that v = Ty(u).
(if) For every bounded sequence (v,)us0 in X, there exists a bounded sequence (Ty,)n>0 in L(X) such that v, = T,(u),
for all integer n > 0.

Proof. Assuming that u is in X where u # 0x. Clearly, there exists @ in X’ such that a(u) = 1. The operator
T, defined by Ty(x) = a(x)v for all x € X is a bounded linear operator from X to itself, since « is linear and
[|IT5]l = llellllo]l. In addition, T,(1) = v for all v € X. Hence, (i) holds.

Assuming that u is in X where u # Ox and let (v,),>0 be a bounded sequence in X, i.e., there exists M > 0
such that |[v,|| < M for all n > 0. By the last property (i), there exists a sequence (T}),s0 in L(X) defined by
Tu(x) = a(x)v, for all x € X and n > 0. Such sequence satisfies ||T,|| = llallllv.ll < lle¢l|M and T, (1) = v, for all
n > 0. Hence, (if) holds. [

Lemma 4.3. For every u in X where u # Ox, the operator R, defined by

R, : LX) - X
T = Ry(T)=T(u

is surjective linear and where ||R,|| = |lu]l.

Proof. Assume that u € X where u # 0x. For every T; € £(X), i = 1,2 and A a scalar number, we have

R.(Ty + AT,) = Ry(Ty) + AR,(T,). Moreover, since we have ||T(x)|| < ||T|l||lx|| for all x € X and T € L(X), we

may write |[R,|| = sup [IT(w)ll < [lull. Since, |[I|| = 1, then [IR,|l = sup [IT@)|| > lI(u)ll = |lull. Accordingly,
ITl=1 ITlI=1

R, € L(L(X), X) where ||R,|| = ||u||. In view of Lemma (i), we infer that the operator R, is surjective. [J

Lemma 4.4. For every (u,a) € X x X" where u # Ox and a # Ox-, the following statements hold.

(i) ker(Zau) =1{T € L(X)| u € ker(T)}.
(i1) I(Rau) = {Lw € LIX)| w € X} where L,(x) = a(x)w, for every x € X.

Proof. Assume that (4, @) € X X X’ where a # Ox» and u # 0x. We have

ker(Zou) =1{T € LX)| Zau(T) = 0}
={T € L(X)| Zau(T)(x) =0, forall x € X}
={T € L(X)| a(x)T(u) = 0, for all x € X}
={T € LX)| T(u) = 0}
={T € L(X)| u € ker(T)}.

Hence, (i) holds.
We have

3(Rpu) ={L € LX) AT € L(X) such that %, ,(T) = L}
={L e L(X)|AT e L(X) such that Z, ,(T)(x) = L(x), for all x € X}
={L e LX) AT € L(X) such that a(x)T(u) = L(x), for all x € X}
C{Ly € L(X)| w € X}, where L,(x) = a(x)w, forallx € X.
Clearly, L, € L(X) and [|Lyl|| = llellllw]| for all w € X. Conversely, for every w € X, there exists Ty, € L(X)

such that w = T,,(u), on account of Lemma (7). We may write Ly (x) = a(x)Ty(4) = Zou(Tw)(x) for all
x € X. Thus, Ly, = Zou(Tw) € I(#,,). Hence, (ii) holds. O
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Proposition 4.5. For every (u, ) € X X X', the following statements are equivalent.

(1) P, is a compact operator.
(i1) a =0x oru = Ox.

Proof. (i) = (ii). Suppose that %, ,, is compact for some (1, a) in X X X’ where u # Ox and a # Ox-. Let (v,)u>0
be a bounded sequence in X. By lemma (ii), there exists a bounded sequence (T},),50 in L(X) such that
vy = Ty(u) for alln > 0. By the assumption %, , is compact, and since (T,),>0 is a bounded sequence in £(X),
the sequence (Za,u(T1))n=0 has a convergent subsequence (Zu,.(Tp@m)))n=0 in L(X). Since L(X) is a Banach
space, (Za,u(Tpm))n=0 is a Cauchy sequence, i.e., for all € > 0, there exists an integer N, > 0, for all integers
n>m = N we have [|Za,u(Tpw) — Zau(Tem)ll < llall. Observe that for every non-negative integers n and
m, we have H81”1p () Toprny () = () Tgpmy I = [ Tpn) (1) = Tpmy (1) HStulp [l (Il
x||=1 x||=1

= [[vpm) — Vpemllllall. Therefore, for any ¢ > 0 there exists an integer N. > 0 for all integers n > m > N,
we have |[v,) — vyl < €. Since X is a Banach space, the sequence (v,),>0 has a convergent subsequence
(Vp@m)n=0- As a consequence, any bounded sequence (v,),>0 in X has a convergent subsequence. This
requires that the vector space X has a finite dimension. This is a contradiction.

(i) = (i). If either @ = Ox- or u = Ox, then %, = 0 is compact. [J

Further, we will study the demicompactness of the linear operator #,,. We need first to establish the
following Lemmas.

Lemma 4.6. Forany (u, ) € X X X’ such that a # Ox and u # Ox, the following statements hold.

(D) If a(u) # 1, then ker(I — Zau) = {02}
(i) If a(u) =1, then
a) ker(I = Zou) = {Tw € LX) w € X} where Ty,(x) = a(x)w for all x € X.
b) ker(I — %) is isomorphic to X and it is an infinite closed subspace of the Banach space L(X).

Proof. Assume that (4, a) € X X X’ where o # Ox- and u # Ox. Since, ker(I — Zpu) = (I - %a,l,)’l({OL(X)}) and
I = %y in L(X), then ker(I — Z,,,) is a closed subspace of the Banach space £(X), and hence, ker(I — Zo.,)
is also a Banach space. Notice that,

ker(I = Zau) =1{T € LX) (I = Zou)(T) = 0£x)}
={T € LX) T = Zou(T)}
=T € LX) T(x) = a(x)T(u), forall x € X}.

We have to address two cases:

Case a(u) # 1. Let T € ker(I — ). This means that T(x) = a(x)T(u) for all x € X. For x = u, we get
(1 = a(u))T(u) = 0. Under the assumption a(u) # 1, it follows that T(u) = 0. This yields, T(x) = Ox for all
x€ X, ie, T =0gx). Hence, ker(I — Za.) = {04x)}. Therefore, (i) holds.

Case a(u) = 1. We have

ker(I = %) = {T € L(X)| T(x) = a(x)T(u), forall x € X}
C{Tw e LX) w e X],

where T, (x) = a(x)w for all x € X.

Conversely, let T in {T,, € L(X)| w € X}. This means that there exists w in X such that T(x) = a(x)w for
all x € X. For x = u, we get T(u) = w and so that T(x) = a(x)T(u) for all x € X, i.e.,, Zunu(T)(x) = T(x)
for all x € X. Equivalently, Z,.(T) = T, and hence, T € ker(l — %,,,). Accordingly, if a(u) = 1, we have
ker(I — %) = {Tw € L(X)| w € X} where Ty, (x) = a(x)w for all x € X. Therefore, a) holds.
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From the previous statement and in a natural way, we can consider the linear operator M from the
Banach space X to the Banach space ker(I — %,,,) defined by M(w) = T, where T, € £(X) and defined by
Tow(x) = a(x)w for all x € X. The operator M satisfies

IMIl = sup [IM(w)]l
Ilewll=1

= sup [Tyl
llell=1

= sup sup || T, )l
lwll=1 flxll=1

= sup sup |la(x)wl|
Ilevll=1 [|x||=1

= sup [lw|| sup [la(x)l]
oll=1 " Jli=1

= lll-

Through a carefully designed construction and under the assumption & # Ox, the linear operator M is a
bijection between the space X and the kernel of the operator I — %, ,,. Therefore, b) holds. [

Lemma 4.7. For any (u,a) in X x X’ where a # Ox and u # Ox, the set I(I — R,,,) is a closed subset of L(X) and
satisfies

(1) If au) # 1, then I(I — Ru,u) = L(X).
(i) If a(u) = 1, then 3(I — Ko ) = ker(Zau) = {L € L(X)| u € ker(L)}.

Proof. Assume that (1,a) in X X X’ such that @ # Ox and u # Ox. Clearly, we have 3(I — Z,,) = {L =
(I = Z0)(D T € LX)} € L(X). In what follows, we are dealing with two cases:

Case a(u) # 1. Given L € L(X), let’s take T(x) = L(x) + 1 i((;zu)L(u) for all x € X. Observe that T € L(X).
Moreover, for every x € X, we have
(I = Zau)(T)(x) = T(x) = Zau(T)(x)
=T(x) — a(x)T(u)
a(x) a(u)
= L0+ Tyt - a(x)(L(u) + 1_—a(u))L(u))
= L(x).

ie., L = (I = #uu)(T). This implies that L(X) € I(I — Za,u)- Hence, (i) holds.

Case a(u) = 1. Given L € I(I — Z,,), this means that there exists T € L(X) such that L = (I — %,,)(T),
ie., L(x) = T(x) — a(x)T(u) for all x € X. For x = u, we get L(u) = 0. This implies that IJ(I — Znu) C
{L € L(X)| u € ker(L)}. Conversely, let L € {L € L(X)| u € ker(L)}. Clearly, we have L(u) = 0, and
hence, (I — Zau)(L)(x) = L(x) — a(x)L(u) = L(x) for all x € X, i.e,, L = (I = Zau)(L) € I — ). Thus,
3 - %) = {L € LX)| u € ker(L)}. In view of Lemma (i), we conclude that IJ(I — Z,,) = ker(Zo ).
Therefore, (i) holds. O

Proposition 4.8. For any (u,a) € X X X’ where u # Ox and a # Ox, the following statements hold.

(1) P is demicompact if, and only if, a(u) # 1.
(i) R, is stongly demicompact if, and only if, a(u) = 0.
(ii1) R is quasi-compact, if |a(u)[*|lallllu]| < 1, for some integer n > 0.
(i) P, is power compact if, and only if, a(u) = 0.
)

(V) Hu,u is a Riesz operator if, and only if, a(u) = 0.
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Proof. Assume that (u,a) € X X X’ where u # 0x and a # Ox. By Proposition the operator %, is
demicompact if, and only if, dim ker(I — %,,,) < +co and I(I — %,,,,) is a closed subset of L(X). By Lemmas
and it follows that %, is demicompact if, and only if, a(u) # 1. Therefore, (i) holds.

By Proposition (f), we have I = A%,y = I — Zra,y for all scalar number A. When a(u) = 0, then
Aa(u) = 0 # 1 and by virtue of the previous property (i), it comes that I — A%, is demicompact, for every
scalar number A. Therefore, %, is strongly demicompact.

When a(u) # 0, then I — A%, is demicompact if, and only if, A # (a(u))™L. This allows us to say that %, is
not strongly demicompact. Hence, (i7) holds.

Assume that there exists an integer 7 > 0 such that |a(u)[" ||a|].|[u|| < 1. By Proposition (a) and (c), we
get ||,%>g;}|| = |a(u)["lallllu]| < 1. By the assumption and the definition of the quasi-compactness, there exist
aninteger N=n+12>1and K = 0 € K(£L(X)) such that |2}, — KI| < 1. Hence, (iii) holds.

Suppose that the operator %, is power compact, i.e., there exists an integer N > 1 such that %, is
compact. By Proposition (a) and (c), we have %’f;{u = (a(u))N'%,,,. By Proposition and by the
assumption u # Ox and a # Ox, this requires that N > 2 and a(u) = 0. Conversely, assume that a(u) = 0.
From Proposition (c), we have %’iu =0 € K(L(X)). Hence, (iv) holds.

Suppose that %, is a Riesz operator. From the characterization of Riesz operators, %, is strongly
quasi-compact and then %, , is strongly demicompact. From the previous property (ii), we get a(u) = 0.
Conversely, if a(u) = 0, then %, , is power compact and then it is a Riesz operator. Therefore, (v) holds. O

Proposition 4.9. When X is a reflexive Banach space, the linear operator Z,,, is weakly compact for every (u, a) in
XxX.

Proof. Assume that X is reflexive and let (1, ) € X X X’. When a = Ox or u = Ox, we have %, = 0r(£(x)) is
weakly compact.

Suppose that a # Ox and u # Ox. Recall that the linear operator A, , defined by A, .(x) = a(x)u for every
x € X, is compact. On the other hand, %, .,(T)(x) = a(x)T(u) = TA, +(x) for every x € X and T € L(X). Then
Rau(T) = TA,  for every T € L(X). Therefore, Z,,, = Ra,, where Rg, (T) = TA, , for every T € L(X).
In view of Appendix 6, Theorem 6 in [9], Z,u = Ra,, is a weakly compact operator on L(X), if X is
reflexive. [

0

Corollary 4.10. When the Banach space L(X) is reflexive, then the operator Xy, is weakly compact for all (u, a) €
XxX.

Proposition 4.11. For any o, fin X’ and u,v in X, the following statements hold.
() ZLauo %ﬁ,v = %p’,v o Lyu-
(i) Ifa # 0x/, B # Ox, u # Ox and v # Ox, then S(ZM ) .i”ﬁv) = Vect{A, g} where A, g € L(X) is defined by
Aupx) = p(x)u, for all x € X.
(itl) Lau © Hp, is a compact operator.

(iv) Suppose that X' is of infinite dimension, the linear operator £y, + Xp,, is compact if, and only if, (a = Ox- or
u = 0x) and (B = Ox- or v = Ox).

Proof. Assume thata,f € X’ and u,v € X. For any T € L(X) and x € X, we may write

Lo © Hpo(T)(X) = Lou(Zpo(T))(x)
= a(Zpo(T)(x))u
= a(f()T(v)u
= p)a(T(v))u
= B(x)Zou(T)(v)
= %ﬁ,v(ga,u(T))(x)
= %‘B,v o ZLau(T)(x).
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This yields, £, , © %pv = %pp © ZLau- Therefore, (i) holds.
Assume that o, € X’ and u,v € X where a # 0x,  # Ox, u # Ox and v # 0x. We have

(Lo © B) = (L = Lo 0 By ()| T € LX)
={L e L(X)| AT e L(X) such that L(x) = f(x)a(T(v))u, for all x € X}
={L € L(X)| AT € L(X) such that L(x) = a(T(v))A, s(x), forall x € X}
={Le LX)|AT € L(X) such that L = a(T(v))A,p}
C Vect{A, }.

where A, g € L(X) is defined by A, g(x) = p(x)u for all x € X. Conversely, let L in Vect{A, g}, then there
exists a scalar number y such that L = yA, g. Consider the linear functional e, defined by e,(T) = a(T(v))
for all T € L(X). We have |le,|| = sup |a(T(v))| < |lalll[v]l. Notice that e, # 0zxy. Indeed, by the assumption
IITNI=1

a # Oy, there exists w € X such that a(w) # 0. By Lemma (i) and the assumption u # Oy, there exists
T € L(X) such that w = T(v) and so that e,(T) = a(T(v)) = a(w) # 0. Since, e, # 0rxy and e, € L(X)’, the
linear functional ¢, is surjective. Thus, for any scalar number 9, there exists T € £L(X) such that 6 = e,(T).
This implies that L = 6A, 3 = e,(T)Ayp = a(T(0)Ayp = Lou © %po(T). Hence, NIEZA Rp,) = Vect{A, g}.
Hence, (ii) holds.

Assume that a,f € X" and u,v € X. When a = 0x or p = Ox: or u = Ox or v = Ox, we have £, , o %, = 0
is a compact operator.
Suppose that a # Ox:, p # Ox,, u # Ox and v # Ox. From the previous property (ii), since 3(Z,, o Zp,) =
Vect{A, g} then, £, , o %, has a finite rank, and hence, it is a compact operator. Therefore, (iii) holds.

Assume that o, € X’ and u,v € X. If (0 = Ox or u = Ox) and (f = Ox or v = Ox), we can see that
Loy + Xpp =0, which is a compact operator.
Suppose that there exist @, f € X" and u, v € X such that

M= Lo+ Xpp (7)

is a compact operator.
For any (w, 6) in X X X’, while applying the operator .%;, from the left hand sides of equation (7), we obtain

gé,w oM = %,w o ga,u + %,w o %ﬁ,v
=0(u)Low + Low o %ﬁ,v-

This yields, 6(u)ZLaw = Lo 0 M — Lsw 0 %p,» is a compact operator, for every (w, 6) in X X X’. This requires
that u = Ox or @ = 0%, under the assumption X is of infinite dimension and due to the Proposition

For every (w, 6) in X x X’, while applying the operator Z;,, from the right hand sides of equation (7)), we
get

Mo -=%,w = fa,u o %ﬁm) + %ﬁ,v o %6,50
= Lo © Rsw + 0(0)%p -

This gives, 6(v)%pw = M o Ly — Ly © Hsw is @ compact operator for every (w, ) in X X X’. This obliges
that v = Ox or g = 0, by Proposition[d.5 Hence, (iv) holds. [
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