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Abstract. For an everywhere defined closed linear relation in a Banach space the concept of g,-invertibility
is introduced and studied. It is shown that many of the results of S.R. Caradus and other authors for
operators remain valid in the context of multivalued linear operators. In particular, we gather some results
and characterizations of g,-invertibility and semi-Fredholm linear relations. Some stability results under
perturbations by compact relations are also given for this concept. Part of the results proved in this paper
improve and generalize some results known for pseudo-generalized invertible operators [Filomat 36:8
(2022), 2551-2572].

1. Introduction and notations

Let X, Y and Z be three Banach spaces. A multivalued linear operator T : X — Y or simply a linear
relation is a mapping from a subspace D(T) C X, called the domain of T, into the collection of nonempty
subsets of Y such that T(Ax + py) = AT(x) + uT(y) for all nonzero scalars A, p and x, y € D(T). We denote
by Lz(X, Y) the class of all linear relations from X to Y and Lgzp(X, Y) the class of all everywhere defined
linear relations from X to Y. If T maps the points of its domain to singletons, then T is said to be a single
valued linear operator or simply an operator. The graph G(T) of T € Lg(X, Y) is

G(T)={(x, y) eXxY : xeD(T), y € Tx}.

The inverse of T is the linear relation T™! given by G(T™!) := {(y, x) € Y x X : (x, y) € G(T)}. The subspaces
N(T) := T7}(0) and R(T) := T(D(T)) are called respectively the null space and the range space of T. We say
that T is surjective if R(T) = Y and T is injective if N(T) = {0}. If X =Y, then we write Lg(X, X) = Lr(X)
and similarly Lrp(X, X) = Lgrp(X) for short. For S, T € Lg(X, Y), L € Lr(Z, Y) (where Z is a Banach space)
and A € C, the linear relations T + S, AS and LT are respectively defined by G(T + S) = {(x, y+z) : (x, y) €
G(T), (x,2) € G(S)}, GAS) = {(x, 1) : (x, y) € G(S)} and G(LT) = {(x, ) : (x, 2) € G(T), (z y) € GL)).
Hence, if V € Lg(X), the iterate V", n € IN of V is defined as usual with V? =T and V! = V. It is easy to show
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that (V1" = (V")7}, for all n € IN. By the notation S C T we mean that D(S) ¢ D(T) and Sx C Tx, for all
x € D(S). From [18] we recall that for T € Lz(X), the ascent, a(T), and the descent, d(T), of T are defined by

a(T) = inf{k € N : N(T**') = N(T")},
d(T) = inffk € N : R(T**1) = R(Th)},

where the infimum over the empty set is taken to be infinite. It is obvious to see that T"(0) c T"*1(0), for all
n € N. It is also well known that if T"(0) = T"*1(0), for some non-negative integer 1, then T¥(0) = T"(0), for
every k > n. We say that T € Lg(X) has a trivial singular chain manifold if R.(T) = {0}, where

R(T) = U N0 [ U T'(0)].
i=1 i=1

Let A € C, by [18, Lemma 7.1], we know that R.(T) = {0} if and only if R.(AI — T) = {0}. Hence, R.(T) = {0}
when Al - T is injective for some A € C.

For a given linear relation T € Lg(X, Y), we denote by Qr the quotient map from X onto Y/T(0). We
shall denote the linear relation Q7T by QT. It is easy to see that QT is an operator. We define ||Tx|| = ||QTx]],
x € D(T) and ||T|| = ||QT||. We say that T is continuous if for each open set Q c R(T), T"}(Q) is an open
set in D(T) equivalently ||T|| < +00, bounded if it is continuous and everywhere defined, open if its inverse
is continuous, and bounded below if it is injective and open. A linear relation T is said to be closed if its
graph is a closed subspace of X X Y. It is well known (see [6]) that T~! is closed if and only if T is closed if
and only if QT is a closed operator and T(0) is a closed subspace. If T is closed, then N(T) is closed. Recall
also that if T is closed and D(T) = X, then T is bounded. The set of all bounded linear relations from X to Y
is denoted by Bz(X, Y) and the set of all everywhere defined closed linear relations from X to Y is denoted
by Crp(X, Y), and as useful we write Br(X, X) := Bg(X) and Crp(X, X) := Crp(X). It is not difficult to show
that

Cro(X, Y) ={T € Br(X, Y) : T(0) is closed} € Br(X, Y) C Lrp(X, Y).

Also, it follows from [6, Proposition II.1.7, Corollary 11.3.13] that if T, S € Bz(X, Y) and L € Bg(Y, Z), then
S+T e Br(X, Y)and LT € Br(X, Z). Let T € Lr(X) be a closed linear relation. The resolvent set of T is
defined by

o(T) :={A € C: AI - T is injective and surjective}.

We know from [7, Lemma 3.1] that if o(T) # 0, then for every n € IN, the linear relation T" is closed. Let M
and N be a nonempty subset of X. We define the distance between M and x € X by the formula

dist(M, x) = inf{|lx — yl| : y € M}.

We shall also write dist(x, M), for the distance between {x} and M. The reduced minimum modulus y(T) of
T € Lr(X, Y) (see [6, Definition 11.2.1]) is defined by

y(T) = sup{A : ||Tx|| = Adist(x, N(T)), for x € D(T)}.

Throughout this paper the symbol + denotes the direct sum of closed subspaces, i.e., Xg = X; + X; if the
linear space Xy = X; + X; is closed and X; N X; = {0}. We shall say that X; is complemented in X if there is
a closed subspace X, C Xo such that Xy = X; + X,.

Using arguments similar to [1, Lemma 2.5] we can show the following lemma that will be needed in the
sequel.

Lemma1.1. Let S, T € Lr(X, Y),L € Lr(Z, X) and U € Lx(Y, Z), then

1) (T + S)L ¢ TL + SL with equality if L(0) € N(T) U N(S).
2) U(T +S) = UT + US if U is everywhere defined.



Z. Garbouj, H. Skhiri / Filomat 37:27 (2023), 9229-9241 9231

In this paper, Z(X, Y) is the Banach algebra of all bounded linear operators from X to Y and abbreviate
HB(X, X) to B(X). We say that T € Lrp(X, Y)is gi-invertible if TST = T and ST(0) = {0} for some S € A(Y, X).
In this case, we say that S is a g-inverse of T. The set of all gi-invertible relations from X into Y is denoted
by Ry(X, Y). If T € Ry (X, Y), let

G1(T) = {S € (Y, X) : TST = S and ST(0) = {0}}.
Let T € Br(X, Y)and S € G1(T), and set Sg = STS. Then, it is easy to see that
Soe B(Y, X), TSoT =T, SoTSp = So and SeT(0) = {0}.
Sy is called a g3-inverse of T. Set
g%(T) ={SeABN,X):Sisa g%-inverse of T}.
The class ‘R;(X) = R;(X, X) was introduced and studied by I. Issaoui and M. Mnif in [13].
For n € N\{0}, a bounded linear operator S € #(X) is said to be a g,-inverse of T € Lgp(X), if
T"ST = T" and ST(0) = {0}.
In this case we will say that T is g,-invertible. We denote
RI(X) = {T € Lrp(X) : IS € #(X) such that T"ST = T" and ST(0) = {0}}.
It is clear that R}(X) € R7(X) € Ry (X), foralln > 1. If T € R}(X), let
Gu(T) = (S € B(X) : T"ST = T" and ST(0) = {0}.
If S is a gy-inverse (resp. gi-inverse) of T € Bg(X) (resp. T € Br(X, Y)), we note that S’ := STS is also
a gy-inverse (resp. gi-inverse) of T. Notice that the first equality T"ST = T" (resp. TST = T) and T(0) is
complemented are sufficient conditions for T to have a g,-inverse (resp. gi-inverse). Indeed, let P be a

linear projection with domain X (resp. Y) and kernel T(0) and L := SP. Since PT is single valued, forall x € X
and y € Tx, we have Py = PTx and

Tx =y +T(0)=Py+(I-P)y+T(@O)=PTx+T(0).

We denote by Br := PT, then
T = Br + T(0) and R(Br) N T(0) = {0}.

If m = n (resp. m = 1), by Lemma 1.1, we have LT(0) = {0} and

" T"S(PT + T(0))
T"LT + T"ST(0)
T"LT + T"(0)

T"LT.

From [11, 12] recall that a linear relation T € Lzp(X) is said to be Drazin invertible of degree n € IN if
there exists S € #(X) such that

TS =T" + T"(0), STS=S, TS = ST + T(0).

Hence, Lemma 1.1 implies that T"*1ST = T"*!, and as ST(0) = STS(0) = S(0) = {0}, we obtain that T is
gn+1-invertible. We note also that if T € Cgp(X) is Drazin invertible of degree n > 1 such that o(T) # 0, then
by [16, Lemma 3], we have T has a g,-inverse.
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Example 1.2. Let T € Lrp(X) be such that T = T", for some n € IN\{0}.

1) If|IT|| < +o0 and T™(0) is complemented, then T € R3(X). Indeed, let S := PT", where P is a linear projection with
domain X and kernel T"(0). For x € X, we note that T"(I — P)x ¢ T?*(0) = T*(0), and so

T'x =T'Px+T'(I-P)x=T"'Px, YxeX
It is easy to see that S € %(X), ST(0) = {0} and
T = T2n+1 — TnST

ie., Sisa gy-inverse of T.
2) If Tis closed and o(T) # 0, then T € RY(X). Indeed, since T has finite ascent and descent, then [11, Theorem 2.10]
shows that T € R;(X).

Example 1.3. Let H be a Hilbert space and T € Crp(H) be a partial isometry (see [10, Definition 3.1]). We denote
by T the adjoint of T and P the orthogonal projection onto the orthogonal subspace of T(0) in H. From [10, Theorem
3.3], we have T* := T*P is a gy-inverse of T, for all n > 1.

The concept of the g;-inverse of bounded linear operators or of linear relations in a Banach space, and
even on a Banach algebra, were introduced and investigated by several authors, for instance, [3-5, 13—
15, 19, 20] among others. Furthermore, if T € ﬂZ(X) is an operator, then we find the case of n-left pseudo-
generalized invertible operator introduced by Lahmar and the second author in [17]. The motivation of
this paper is to explore new additive properties of the g;-inverse for linear relations in Banach spaces. In
addition to some results of these last articles are extended to the case of g,-invertible linear relations.

The paper is organized as follows. In the next section some basic properties and many results related
to the concepts of g;-invertible for bounded operators on a Banach space are extended to the case of closed
linear relations everywhere defined. In particular, we give a sufficient condition for an everywhere defined
linear relation to have a gi-inverse. In the third section, we study some results and characterizations of
gn-invertible and Fredholm linear relations. Also, we are concerned with the stability of the g,-invertible
linear relations, under perturbations by compact relations. Part of the results proved in this paper improve
and generalize some results known for g,-invertible bounded operator [4, 14, 17, 19].

2. Some basic properties

We start this section with the following remark.

Remark 2.1. Let T € Rg(X),for some n € IN\{0} and S be a g,-inverse of T such that ||ST|| < 1, then ||T"|| = 0.
Indeed, if S = 0, the result is obvious. Now, if 0 < ||ST|| < 1 and as ST(0) = {0}, we have I — ST is invertible.
It follows that R(T") = R[T"(I — ST)] = R(T" — T"ST) = T"(0). Hence, if x € X and y € T"(x) € T"(0), then
T"(x) = y + T"(0) = T*(0).

The next lemma is used to prove Theorem 2.3.

Lemma 2.2. Let T, S € Crp(X, Y) be such that S(0) = T(0). If N(S) is complemented and R(T) c R(S), then there
exists C € B(X) such that T = SC. Moreover if T?(0) = T(0), then CT(0) = {0}.

Proof. Let M C X be such that X = M + N(S). Let x € X and y € Tx, and as y € R(S), then there exists z € M
such that y € 5(z). Set C(x) = z, then

Tx=y+T(0)=y+S5(0)=S(z) = SCx
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and it remains only to prove that C is bounded. Since C is defined on all of X, to do this it suffices to show
that C has a closed graph.
If {(xn, zu)lnen is a sequence of elements each in the graph of C so that (x,, z,) — (x, ), then

lim QTx, = QTx and lil’P QSz, = QSz. Thus, Tx = Sz and further, because M is closed, it follows that

n—+00

z € M so that Cx = z. Hence C has been shown to be bounded. Now, if T?(0) = T(0) and x € T(0), then
T(x) € T?(0) = S(0), this implies that C(x) = 0. Consequently, CT(0) = {0}, when T?(0) = T(0). This completes
the proof of the lemma. ]

Theorem 2.3. Let T € Crp(X) be such that d(T) < +oco and T"(0) = T"*1(0), for some m € IN. If N(T") is
complemented and T"(0) is closed, for some n > max{m, d(T)} + 1, then T € R;.

Proof. First of all, we see that T"~1(0) = T"(0) is closed, and so T""!, T" € Cgp(X). Since R(T""') c R(T")
and T>"-1(0) = T*"1(0), it follows from Lemma 2.2 that there exists C € #(X) such that T"~! = T"C and
CT(0) = {0}. This leads to T" = T"CT. |

For bounded operators in Banach spaces, Proposition 2.4 was proved in [4, Theorem 1].

Proposition 2.4. Let T € Cgp(X, Y).

1) If R(T) and N(T) are both complemented, then T has a gi-inverse. In particular, every Fredholm relation has a
g1-inverse.

2) If T has a g1-inverse S such that R.(TS) = {0}, then R(T) and N(T) are both complemented.

3) If T is g1-invertible such that T(0) is complemented, then R(T) and N(T) are both complemented.

Proof. 1) Y = R(T) + M, X = N(T) + N and P (resp. Q) is a linear projection with domain Y (resp. X), range
R(T) (resp. N) and kernel M (resp. N(T)). We note that if ¥ € T(x1) N T(x2), then x; — x, € N(T), and so
Q(x1) = Q(x2). Hence, we consider the following operator linear

S:: RTY — X
y +— QT 'y =Q), withy € T(x).

Put $ = P, from [6, Theorem I1.2.5], we get [|S|| < 1%L As ST(0) = $,T(0) = {0} and TSTx = TS, Tx =

TQ(x) = Tx, for all x € X, we conclude that S is a g;-inverse of T.

2) Since
N(T) € N(ST) € N(TST) = N(T)

and (ST)? = ST, then X = R(ST) + N(T). Now, let S’ = STS, it is clear that S’TS’ = S’, TS'T = Tand TS’ = TS.
This gives that (TS’)> = (TS’) and Y = R(TS’) + N(TS’) according to [18, Theorem 5.8]. On the other hand,
since

R(T) = R(TS'T) c R(TS’) c R(T),

N(S) € N(TS") c N(S'TS") = N(S"),
it follows that Y = R(T) + N(5").
3) follows from [13, Lemma 2.3]. This completes the proof. m]
The following lemma is important for future use.
Lemma 2.5. Let n € IN\{0} and T € Lgrp(X) be such that ||T|| < +oo. Then
T" € Ry(X) = T € Ry (X).

Proof. Let L € #(X) be such that T"LT" = T" and LT"(0) = {0}. Let S := LT"!, we have ||S|| < +oo,
S(0) ¢ ST(0) = LT"(0) = {0} and T"ST = T"LT" = T". =
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Corollary 2.6. Let T € Crp(X) be such that T"(0) is closed, for some n € IN\{0}. If R(T") and N(T") are both
complemented, then T has a g,-inverse.

Proof. First, we note that T" € Cgp(X), because T" € Bg(X) and T"(0) is closed. Therefore Proposition 2.4
and Lemma 2.5 imply that T € RY(X). ]

Recall that if S, T € £(X) and n € IN\{0}, then I — ST € R;(X) if and only if I - TS € R;(X) (see [17,
Proposition 2.10] and [4, Section 6, P. 26]). The objective of the following proposition is to prove that this
result remains valid if T € Crp(X, Y) and S € (Y, X) such that ST(0) = {0} and T(0) is complemented.

Proposition 2.7. Let T € Crp(X, Y) and S € B(Y, X) be such that ST(0) = {0}. For all n € IN\{0}, we have
I[-TS e Ry(Y) = I - ST € Ry(X),
T(0) is complemented
and —I1-TS € R;(Y).
I-ST € R;(X)
Proof. First, it is shown that
© (I-TS)"(0) =T(0), ¥ neN\{0}.

Assume that (- TS)"(0) = T(0). It will be shown that (I— TS)"*1(0) = T(0), and then, the equality will follow
by induction. Since

T(0) = (I - TS)(0) ¢ (I = TS)**}(0) c (I - TS)T(0) c T(0) — TST(0) = T(0),
we obtain (I — TS)"*1(0) = T(0), which implies (+). Now we will show that

() (I-TS)" = Z CE(=1X(TS), V n e N\{0).
k=0

We proceed by induction, clearly (I — TS)/ = Z Ck( 1YX(TS)*, for j = 1. Suppose we have shown its validity
for 1 < j < n. Then, we can complete the proof of (++) by showing

n+1

(I-TS)™! = Z Ck, (DK(TS)-.
k=0

Let V := I + T(0), it is clear that N(V) = T(0), and as (I — TS)"(0) € N(V), by Lemma 1.1, we obtain

(I-TS)"*' = (V-TS)I-TS)" =V({I-TS)" —TS(I-TS)"
= (I-TS)"+T(0)-TS f Ck(=1D)K(TS)k
k=0

= ¥ CH-DNTS) + ¥, Ch(=1)+1(Ts)+!
k=0 k=0
= ¥ CHCDRTS) + Y Gl CDHTS)
k=0 , k=1
= T+ LG+ CINEDATS) + (-1 75y
= I+ Z Ck+1( l)k(TS)k + (- l)"”(TS)”Jr1

= Z Ck L (=DNTS).
k=0
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o Let W be a gy-inverse of (I — TS) and A := (I = TS)" — (I = TS)"W(I — TS). Since WT(0) = W(I — TS)(0) = {0},
then it follows from (#), (++) and Lemma 1.1 that

A= Z Cr(=DK(TS)k - Z CE(—=1)K(TSY W + Z Cr(=D)K(TS)FWTS = T(0).
k=0 k=0 k=0

Fy F F

However, if we set B = (I — ST)*(I + SWT)(I — ST), then

n

B=(-ST) + (kZ:; Ch(-DN(ST)'SW)T - kZ:; Ch(=1)F(ST) - (kZ:; Ch(-D)N(ST)'SWTS)T.

On the other hand, we have

(i Ch(-DNST)'SW)T = (i Ch(-DFS(STY*W)T = SE,T,
k=0 k=0

Y Ch=DHSTI! = ¥ CE(-1)S(TS)T
k=0 k=0

s( éo CL=1HTS)T)
= SF T, because T(0) c N[(TS)], V1<k<mn,
and
(éo C(-DNST)'SWTS)T = (éo Ch(=1)'S(TS)*WTS)T = SFsT.
This implies that
B=(I-ST)" + SF,T — SF;T — SF5T = (I — ST)" — SAT.
Therefore, since SAT = ST(0) = {0}, we infer that [ + SWT is a g,-inverse of (I — ST).

o Let W be a gy-inverse of (I — ST) and A := (I — ST)" — (I — ST)"W(I — ST). It is clear that

A= Z CE(~1)K(ST)* - Z CE(=1)K(ST)W + Z Ck(~1)K(ST)*WST = 0.
k=0 k=0 k=0

Fl Fz FS

Let By := PT, where P is a linear projection with domain Y and kernel T(0), then Br is a bounded operator.
We consider B = (I — TS)"(I + BfWS)(I — TS), from (++), we get

G1 GZ

B=(-TS)"+ z CE(=1)X(TS)BrWs — ( 2 Ch(-1)N(TS))TS
k=0 k=0
Gs

n
- Z CE(=1)K(TS)*BrWSTS.
k=0

Since (TS)*Br = (TS)*Br + T(0) = (TS)(Br + T(0)) = (TS)T and T(0)  N[(TS)!], for all k > 1, we deduce that

G =T( kZO‘ CH-DNSTYW)S = TF,S, Gs = T(kZ;‘C’,‘l(—l)k(ST)kWST)S = TF;S,
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Gy = (Z CL-DHKTS)T)S = T(Z Ch(-DK(ST)")S = TF;S.
Consequently, - -
B=(I-TS) +T(F,—Fs—F)S = (I-TS)" — TAS = (I - TS)" + T(0) = (I - TS)",
and so
(+% %) (I-TS)"(I + ByWS)(I - TS) = (I - TS)".
Since (I — TS)"(0) = T(0) and (I - TS)"(I — P) C (I — TS)"T(0) = T(0), we obtain
(I-TS)y" = (I - TS)"P + (I - TS)"(I - P) + T(0) = (I - TS)"P + T(0) = (I — TS)"P.

Therefore from (x * *), L := P(I + BfWS) € #(Y) is a gy-inverse of (I — TS), since L(I — TS)(0) c P(T(0) —
BrWST(0)) = {0}. This completes the proof. O

The nullity and the defect of a linear relation T € Lg(X, Y) are defined by a(T) = dimN(T) and
B(T) = dim Y/R(T), respectively. Let T € Lgr(X, Y) be a closed relation. Recall that T is said to be upper
semi-Fredholm if T has closed range and a(T) < +oo, and T is said to be lower semi-Fredholm if f(T) < +co.
If T is upper or lower semi-Fredholm we say that T is semi-Fredholm, and we denote by ®.. the class of all
semi-Fredholm relations. For T € ®, we define the index of T by

ind(T) = a(T) — B(T).

A closed linear relation T € Lg(X, Y) is Fredholm if max{a(T), B(T)} < +co. We denote by @ (resp. P, O_)
the class of all Fredholm (resp. upper semi-Fredholm, lower semi-Fredholm) relations. In the sequel, we
denote by R} := Ri(X, Y) or Ry(X, X) and R} := R (X), for all n > 2.

Corollary 2.8. Let T € R, for some n € IN\{0} be such that a(T) < +c0.If S is a g,-inverse of T, then

1) I-STeR., Ted,,Secd_, ST isa Drazin invertible,
2) TS is a Drazin invertible, whenever T(0) = {0},
3) I -TS € R}, whenever T(0) is complemented.

Proof. We see that T"(I — ST) = T"(0), this implies that R(I — ST) c N(T"). Therefore [18, Lemma 5.4] shows
that dim R(I — ST) < 400, and so [14, Theorem 6.3.4] implies that I — ST € 7%;. Now, by using [6, Theorem
V.8.5], we obtain ST € @, and so 5(S) < +o0 and [6, Proposition V.2.16] shows that T € @... Now, Proposition
2.7 gives that I — TS € Qf, when T(0) is complemented.

Since a(ST) = a(I — (I — ST)) < +oco0 and d(ST) = d(I — (I — ST)) < +oo, then ST is a Drazin invertible.
Hence, if T is an operator, [2, Theorem 1.124] proves that TS is also Drazin invertible. This completes the
proof. ]

The following lemma extends [4, Section 6, P. 25] and [17, Lemma 3.1] to the case of bounded linear
relations.

Lemma 2.9. Let T € Bgr(X, Y) and n € IN\{0}, then
A4S € B(Y, X) such that ST(0) = {0},
Te 73;1 — and

™ST-T" € R;,

wherem =nif X=Yand m =1when X # Y.
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Proof. If T € R;’ and S is a gy-inverse of T, then T"ST — T" = T™(0) € R; and ST(0) = {0}. Conversely, since
ST -T" € R;, then there exists a bounded operator L such that

T"ST — T™ = (T"ST — T")L(T"ST — T™)

and
LT™0) = L(T™ST — T™)(0) = {0}.

Since T(0) € N(S) € N(T™S), it follows from Lemma 1.1 that
T" = T"ST — (T"ST — T")L(T"'ST — T™) = T"(S — (ST — L(T™S — T" )T,

and as (S — (ST = L(T™S — T""1))(0) = —(ST — )LT™(0) = {0}, we deduce that T € Ry This completes the
proof of Lemma 2.9. ]

In the sequel, we will need the following three lemmas.

Lemma 2.10. Let T € Lrp(X, Y) be such that T(0) is closed.

1) IfQT e R, then T € Ry,
2) If T(0) is complemented, then
TER;@BTER;SQTER;.

Proof. 1) Let S : Y/T(0) — Y be a bounded operator such that QTSQT = QT. Therefore
QrT = Qr(T(SQr)T) = T(SQr)T - T C T(0),

this shows that T = T+ T(SQr)T — T = T(SQ)T, and as SQrT(0) = {0}, we deduce that SQr is a gj-inverse of
T.

2) From the proof of [13, Lemma 2.1], we have
Te R; < Bre 7%;.
Assume now that T € R; and let S be a g;-inverse of T. We consider the linear application

n: Y/TO) — Y
x +— Px,

where P is a linear projection with domain Y and kernel T(0). We note that
QTSnQT = QTSPT = QTS(PT + T(0)) = Qr(TST) = QT,
and therefore QT € R;. The proof is completed. ]

A linear relation T € Lgp(X, Y) is called compact if QT is a compact operator (see [6, Definition V.1.1]).
Itis clear thatif T € Crp(X, Y) such that dim R(T)/T(0) < +oo, then T is compact. Notice that an everywhere
defined linear relation, that is compact, is necessary bounded, see [6, Corollary V.2.3].

Lemma 2.11. Let T, S € Lrp(X, Y) be compacts, U € Br(Y, Z) and V € Lrp(Z, X) be a linear relation with a
bounded selection, then T + S, UT and TV are compacts.

Proof. From [6, Proposition IV.2.12, Theorem V.2.2, Proposition V.2.10], we have T + S and UT are compacts.
Let A be a bounded selection of V. Then V = A+ V —V, and by Lemma 1.1, we get TV = TA + (TV - TV).
On one hand, since A is a bounded operator, it follows from [6, Proposition V.2.12] that TA is compact, and
as TV — TV is compact, we obtain TV = TA + (TV — TV) is compact. This completes the proof. O

The following lemma follows immediately from [6, Theorem V.5.12, Corollary V.711].
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Lemma 2.12. Let T € Lrp(X) be compact.

1) AI-T e d_, forall A € C\{0}.
2) Ifdim T(0) < +oo, then Al - T € ®,, for all A € C\{0}.

We know from [14, Theorem 6.3.4, Theorem 6.8.5] that every finite rank operator is g;-invertible, and a
compact operator is gi-invertible if and only if it is of finite rank. The following theorem extends this result
to linear relations.

Theorem 2.13. Let T € Crp(X) and n € IN\{0}.

1) If dim R(T")/T"(0) < +oco and T"(0) is closed, then T has a g,-inverse.
2) Suppose that T is compact. If T has a g,-inverse, then dim R(T")/T"(0) < +oo.

Proof. 1) First, we note from Lemma 2.10 and [14, Theorem 6.3.4] that T" € R;. Therefore by the proof of
Corollary 2.6, we obtain T' € Ry.

2) Let S be a gy-inverse of T. As T is a compact relation, then by Lemma 2.11, ST is a bounded compact
operator, and hence I — ST is Fredholm. Now, since R(I — ST) € N(T"), we have

dim R(T")/T"(0) = dim X/N(T") < B(I — ST) < +oo.
This completes the proof. ]
Corollary 2.14. Let n € N\{0} and T € Crp(X) be such that dim R(T") < +oo, then T has a g,-inverse.

Proof. Since dim T"(0) < dim R(T") < +oo0 and ||T"|| < +oo, then T" € Cgrp(X). Therefore by Theorem 2.13,
we have T € R;. m]

Theorem 2.15. If T € Crp(X) has a g,-inverse compact, for some n € IN\{0}, we have dim R(T")/T"(0) < +oo.

Proof. Let S € #(X) be compact such that T"ST = T" and ST(0) = {0}. Since ST is a compact operator
according to Lemma 2.11, from the proof of Theorem 2.13, we deduce that dim R(T")/T"(0) < +oo. O

By a similar argument to the one in the proof of Theorems 2.13 and 2.15, we obtain :

Theorem 2.16. Let T € Cgp(X, Y).
1) If dim R(T)/T(0) < +oo, then T has a g,-inverse.

2) Let S be a gi-inverse of T. If T or S is compact, then dim R(T)/T(0) < +oo.
3. Semi-Fredholm and g,-invertible linear relations

This section focuses on some properties of g,-invertible and semi-Fredholm operators from X to Y. These
properties are an extension of similar properties obtained in [4] for the class of bounded operators acting
on a Banach space.

We start this section with the following lemma.
Lemma 3.1. Let T € Lgp(X) and M be a subspace of X. If dim M < +oo, then
dim T(M)/T(0) < +oco.
Proof. Let A be a selection of T, then T(M) = A(M) + T(0). Therefore
dim T(M)/T(0) = dim(A(M) + T(0))/T(0) < dim A(M) < +co.

What needed to be demonstrated. O
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Theorem 3.2. Let T € Crp(X, Y) and S € Crp(Y, Z) be such that ST € ®. Then

1) T has a g1-inverse,
2) S has a gy-inverse whenever T(0) = {0},
3) S has a gi-inverse whenever T has a continuous selection and ST(0) = {0}.

Proof. 1) First, we have ST € Crp(X, Z), because ST(0) is closed and ||ST|| < +co. Since STUST = ST and
UST(0) = {0}, for some U € A(Z, X), then ST(UST —I) = ST(0), and so dim R(UST — 1) < dim N(ST) < +oo.
Then it follows by Lemma 3.1 that dim R(TUST — T)/T(0) < +oo. Let L :== TUST — T, we have L(0) = T(0) is
closed and ||QL|| < +0c0, and hence L € Cgp(X). Now, Theorem 2.16 implies that TUST - T € R;. Let S’ := US,

since ||S’|| < +00, S’(0) € S'T(0) = UST(0) = {0}, we infer by Lemma 2.9 that T € 7%;.
2) and 3) Since (STU — I)ST = ST(0), then R(ST) € N(STU —I), and so
dim R(STU - 1)/ST(0) = dim Z/N(STU —I) < B(ST) < +oco.

We note that
STU(0) c STUS(0) c STUST(0) = ST(0) = STU(0),

this gives that S(0) ¢ N(STU) and STUS(0) = ST(0). Therefore
dim R[Q(STUS - S)] = dim R[(STU - I)S]/ST(0) < dim R(STU —1)/ST(0) < +oo,

and STUS - S € Cgp(Y, Z), because (STUS — S)(0) = ST(0) is closed and ||STUS — S|| < +o0, and hence
Theorem 2.16 implies that STUS — S € R;. Now, we can deduce from Lemma 2.9 that S € R;, when T is an

operator. Finally, if T has a continuous selection A and ST(0) = {0}, then SAUS — S = STUS - S € R; and
Se R;. This completes the proof. ]

Corollary 3.3. Let T € Crp(X) and S € Crp(X, Y) be such that ST € ®, then T has a g,-inverse, for all n > 1.
For T € Lg(X), the g-essential ascent, a.(T), is defined by (see [8, 9])
a,(T) = inf{n € N : dim R(T") N N(T) < +o0},
the infimum over the empty set is taken to be +oco.

The following result goes back to [17, Theorem 5.3] for bounded operators. We will improve it for closed
linear relations everywhere defined.

Theorem 3.4. If T € R", for some n € IN\{0} is such that T>(0) = T(0) and a.(T) < +oo, then T € R", where
m = max{1, a.(T)}.

Proof. We note that the result is obvious when n < a,(T), and hence we suppose that n > a,(T). Let S be a
bounded operator such that T"ST = T" and ST(0) = {0}. If a(T) < +oo, then UT —1 is finite dimensional. This
implies that UT = I + (UT —1) is Fredholm, and so by Theorem 3.2, T € R;. Now, we suppose that 1 < a,(T),
then there exists k € {1, 2, ---, n — 1} such that a,(T) = n — k. Since TX(T"*ST — T"7*) = T*(0) = T*(0), we
obtain R(T"*ST — T"*) c R(T"™) N N(T*) = N[(T|g(r-+))"]. This gives that

dim R(T"*ST - T"%) < k dim N[Tjg(pn-+)] = k dim R(T"™%) N N(T) < +co.
On the other hand, since (T"*ST — T"~%)(0) = T(0) is closed and ||T"*ST — T"X|| < +co, then T"*ST - T"* ¢
Cgrp(X). Hence, Theorem 2.13 proves that T"*ST - T"* € R} Then it follows from Lemma 2.9 that T € ‘R;‘k )

This completes the proof. m]

Corollary 3.5. If T € R, for some n € IN\{0} is such that T*(0) = T(0) and dim R(T) N N(T) < +oco, then T € Ry,



Z. Garbouj, H. Skhiri / Filomat 37:27 (2023), 9229-9241 9240

Theorem 3.6. Let n € IN\{0} and T, S € Crp(X) have g,-inverses be such that max{a(T), a(S)} < +oco. Then ST
has a g,-inverse.

Proof. There exist U and V such that S"US = §", T"VT = T" and US(0) = VT(0) = {0}. Hence S"(US —I) =
5"(0) and T"(VT —I) = T"(0) and therefore US — [ and VT — [ are finite dimensional. Since T(0) C N(V), we

obtain

vVusT I+VT-1+VUST-VT

I+ VT -1+ V(US-IT,

and as dAimR(VT — [ + V(US — )T) < +oo, it follows from [6, Theorem V.8.5] that VUST € ®. By Theorem
3.2,ST e 7{;, which proves the theorem. ]

Remark 3.7. Let T € Crp(X, Y) and S € Crp(Y, Z) have g;-inverses. If max{a(T), a(S)} < +oo, by the proof
of Theorem 3.6, we see that ST has a g;-inverse.

Theorem 3.8. Let T € Crp(X,Y) and S € Crp(Y, Z) have gi-inverses be such that dim ST(0) < +oo. If
max{B(T), B(S)} < +oo, then ST has a g,-inverse.

Proof. There exist U and V such that SVS = S, TUT = T and VS(0) = UT(0) = {0}. Since R(T) € N(TU - I),
then

dim R(TU - I)/T(0) = dim Y/N(TU - I) < B(T) < +oo.
It follows that TU —I is compact. In the similar way, we obtain that SV —1I is compact. Now, by Lemma 2.11,

we get K== (SV —I) + S(TU - 1)V is compact, and as dim K(0) = dim ST(0) < +co, Lemma 2.12 implies that
STUV = I+ Kis Fredholm. Finally, by Theorem 3.2, we deduce that ST € R;. This completes the proof. O

Theorem 3.9. Let T € Crp(X, Y) and S € Crp(Y, Z) be such that ST € 72!1]. If a(ST) < +0 or a(S) < +co and
ST(0) = S(0), then T € Ry. Similarly, if T(0) = {0} and min{B(ST), B(T)} < +oo, then S € R,

Proof. For some U, STUST = ST such that UST(0) = {0}. Hence ST(UST —I) = S(TUST — T) = ST(0), and
so dim R(UST —I) < +co0 or dim R(TUST — T) < +o0, when a(ST) < +oo or a(S) < +co0 and ST(0) = S(0).
In either case, it follows that dim R(TUST — T)/T(0) < +oo according to Lemma 3.1. Therefore Lemma
2.9 and Theorem 2.16 imply that T € 7%;. Now, we suppose that T(0) = {0} and min{B(ST), f(T)} < +oo.
A similar argument can be used to show that dim R(STUS - S)/S(0) < dim R(STU - I)/5(0) < +o0. Since
TUS(0) = TUST(0) = {0}, by Lemma 2.9 and Theorem 2.16, we infer that T € R;. This completes the proof. O

Theorem 3.10. IfT € Rg N, for some n € IN\{0}, then there exists a positive real number r such that if ||T = S|| < r
and S(0) € T(0), then S € Ry N @, and in fact, a(S) < a(T).

Proof. For some U, T"UT = T" and UT(0) = {0}. If a(T) < +oo, then T"(UT — I) = T"(0) implies that UT — I
is finite dimensional. Suppose we write A = S — T, with S is an everywhere defined closed linear relations
such that S(0) c T(0). Thus

Us=US+T0)=UA+T)=I+UA)+UT -1).
Choose r < ||U||™* so that I + UA is invertible. Then US must be Fredholm and by Theorem 3.2, S has a
gi-inverse. Finally, we can prove the inequality a(S) < a(T) similarly as in the proof of [4, Theorem 4, page

27]. O

Remark 3.11. From the proof of [4, Theorem 4, page 27], with Lemma 2.9 and Theorem 3.2, we can prove
that [4, Theorem 4, page 27] remains valid when T is a bounded operator from X to Y.

Theorem 3.12. IfT € R; N ®_ be such that T(0) is complemented, then there exists a positive real number r such
that if ||T — S|| < r and S(0) C T(0), then S € R; ND_ and in fact, B(S) < B(T).
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Proof. Since T(0) is complemented, by Lemma 2.10, we have QT € R; N @_. Then it follows from [4,

Theorem 4, page 27] and Remark 3.11 that there exists r > 0 such that if ||QT — L|| < 7, then L € R}] Nd_ and
B(L) < B(QT). Let S € Crp(X, Y) be such that S(0) = T(0) and ||T — S|| < r. Since [|QT - QS| = IT =S|l <1,
then QS € Ry N ®_ and B(S) = B(QS) < B(QT) = (T). Now, by Lemma 2.10, we have S € R}, and the proof
is completed. O

Theorem 3.13. Let T € 72;‘, for some n € IN\{0}, and V be a compact relation.

1) Assume that V(0) is finite dimensional or V(0) C T(0). If a(T) < +oo, then T+ V € R}] No,.
2) Assume that T(0) is finite dimensional and V(0) C T(0). If B(T) < +oo, then T+ V € R; Nno_.

Proof. 1) For some U, T"UT = T" and UT(0) = {0}. Assume a(T) < +oo, then by [18, Lemma 5.4], we have
dim R(UT — 1) < a(T") < na(T) < +o0.

So Lemma 2.11 implies that S := UV + (UT — I) is compact. If V(0) is finite dimensional (resp. V(0) c T(0)),
then S(0) = UV(0) (resp. S(0) = {0}) is finite dimensional. Therefore by Lemma 2.12, we obtain that
U(T + V) =1+ S is Fredholm. Now, Theorem 3.2 and [6, Proposition V.2.16] imply that T+ V € Q{ N ®,.

2) Let P be a linear projection with domain Y (or X, if n > 1) and kernel T(0) and let Br := PT. We have
B(Br) < 400 and PV is a compact operator according to Lemma 2.11. Then it follows from Lemma 2.10
and [4, Theorem 5, page 27] that Br,y = Br + PV € R}} and B(Br+v) = B(Br + PV) < +oco. This shows that

T+ V e Rjand B(T + V) < +oo. The proof is therefore completed. m]

Corollary 3.14. Let T € R and S be a gy-inverse of T. If a(T) < +oco, then TST € R; No,.

Proof. Since a(T) < +oo, then dim R(I - ST) < +oo. Therefore Lemma 3.1 implies that dim R(T - TST)/T(0) <
+00.Thus V := T-TST is compact, and as V(0) C T(0), by Theorem 3.13 it follows that TST = T-V € R;HCIL. O
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