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Some extended fractional integral inequalities with applications

Sabir Hussain®, Javairiya Khalid®

?Department of Mathematics, University of Engineering and Technology, Lahore, Pakistan

Abstract. Here, an extended fractional integral identity has been established to construct some extended
Simpson-type inequalities for differentiable convex functions and differentiable concave functions con-
nected to Hermite-Hadamard inequality. Some applications to means, f—divergence measure, probability
density function and approximate error to some quadrature rules are given.

1. Introduction

Fractional calculus, as a very useful tool, shows its significance to implement differentiation and inte-
gration of real or complex number orders. This topic has attracted much attention from researchers who
focus on the study of partial differential equations during the last few decades. The fractional integral
provides several functional tools for various problems involving special functions of mathematical science
as well as their extensions and generalizations in one and more variables [3, 4, 14, 17, 26, 27]. For recent
results related to this subject, we refer to some studies by Sohail et al. [32], Hameed et al. [13], and Khan
et al. [18, 19]. Among a lot of the fractional integral operators growed, the Riemann Liouville fractional
integral operator has been extensively studied, because of applications in many fields of sciences, such as
differential equations, differential geometry and physics science. An important generalization of Riemann
Liouville fractional integrals was considered by Raina [31]. One of the important applications of fractional
integrals is Hermite-Hadamard integral inequality [16, 34]. It provides a lower and an upper estimation
for the integral average of any convex function defined on a closed interval, involving the midpoint and

the endpoints of the domain. The following inequality is known as classical Hermite-Hadamard inequality
[12] for a convex function f on a real interval I

f(a;b)_b ff( i < f@)+ f(b)

for a,b € I. Hadamard’s inequality is not merely a consequence of convexity, but also characterizes it if a
continuous function satisfies either its left or its right hand side on any subinterval of the domain, then
the function is convex. The Hermite-Hadamard’s inequality is significant in its rich geometry and hence
there are many studies on it to demonstrate its new proofs, refinements, extensions and generalizations
[1,2,9,21, 23-25, 28, 29]. Integral inequalities have played an important role to calculate error of some
quadrature rules. For instance, Simpson’s inequality [15, 20] provides an error bound for the Simpson’s
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rule [8]. Midpoint inequality provides an error bound for the midpoint rule [6] and Trapezoidal inequality
provides an error bound for the trapezoidal rule [7]. The Simpson type inequalities have been the subject
of intensive research since many important inequalities can be obtained from the Simpson inequality. The
following inequality is well known as Simpson’s inequality.

Theorem 1.1. [8]Let f : [a,b] — Rbea four times differentiable function on (a, b) and || f¥||co := SUP,c(4p) IF@|(x) <
oo, then the following inequality holds

1[ f(a) + f(b) a+b 1t I1f@leo (b — a)*
‘5[ 2 +2f(2)]_b—aj;f(x)dx‘s 2880

The only drawback of Simpson’s inequality was it can not be applied on derivatives of less than fourth
order but Dragomir reduced this difficulty by expressing the Simpson’s inequality in terms of derivatives
lower than the fourth one.

b-a
< ¥
<3 Il

Theorem 1.2. [10] Suppose f : [a,b] — R is a differentiable mapping whose derivative is continuous on (a, b) and
a+b
3

f" € Lla,b], then
b
> +2f( > —biaff(x)dx

‘ 1 [f(a) + f(b)
provided that: [|f'lli = [ |f'(x)ldx < oo.

Theorem 1.3. [11] Let f : [a;b] — R be a differentiable function on (a, b). If || is convex on [a, b], then we have

b 1
f(a);f()_b_aj;f(x)dx

< b%[lf’(u)l +1f Ol

which is the trapezoid inequality provided that |f’| is convex on [a, b].

Theorem 1.4. [11] Let f : [a,b] — R be a differentiable function on (a,b) and q > 1. If the mapping |f'|7 is convex

on [a, b], then
_b-a J[1f @1+ f b))
-4 2

‘f(%)— =l oo

which is the midpoint inequality provided |f'|7 is convex on [a, b].

The main purpose of this paper is to establish some extended fractional Simpson’s type inequality, providing
some applications to some special means, quadrature rules, f—divergence measures and probability density.
This paper is organized in the following way: After this Introduction in Section 2 some basic concepts and
assumptions are discussed, in Section 3 main results relating to the topic and in Section 4 applications of
the derived results are discussed.

2. Preliminaries and Assumptions

Definition 2.1. [22] Let I C (0, o) be a real interval and 0 # p € R. A function f : I — R is said to be p—convex
function, if

f(¥er+ @ =byr) < tf(@) + 1 - Hf(Y),

provided that x,y € I and t € [0, 1]. If the inequality is reversed, the f is said to be p—concave function. The function,
f:(0,00) = (0, o) defined by f(x) = x* for p > 0, is p—convex.
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Definition 2.2. [29] Let [a, b] be a finite interval on the real axis and f € [a, b]. The right-hand side and the left-hand
side Riemann-Liouville fractional integrals I, f and J' f of order a > 0, respectively, are defined by:

(Jaf) (x ﬁ f x(x - f(bdt, x > a, 1)
1 (7 .
(jf_f) (x) = % jx‘ (t —x)* 1f(t)dt, x < b. )
Raina [31] introduced a class of functions as follows:
o(V),0 G(k) +.
B A0 = §07 0 () = 2:HM+Mk,aAeRAﬂ<m 3)

where the coefficients o(k) € R*, k € INy form a bounded sequence. By using (3) Raina and Agarwal et al.
[5, 31] defined, respectively, the left-side and right-sided fractional integral operators:

(37 1 ae®) () = f (x = OMF [ — P 1B, x > a, (4)

b
(3015 0®) @) = f (t—x)7'F  [w(t - )P 1B, x < b, (5)

where w € R and cj) is a function such that the integrals on right hand sides exit. It is easy to verify that
p At wcf)(x) and J¢ ol p_oP(x) are bounded integral operators on L(a, b), provided that M := i}z 1 [wb-a)P] <
0. In fact, for ¢ € L(a, b), we have

By setting A = a; 0(0) = 1 and w = 0 in (4) and (5), respectively, (1) and (2) are recaptured. Before starting
the main results, we consider some following assumptions to make the representation easier and compact.
Throughout the discussion, let0 # p € Rand € > 0

| < W@ -ayliol; |

S rar® 30|, < WO - 1.

P

v 1 t—al -
L1elx,y,a,b) = IKe(t)I tT’pdt; L, y,a,b) = | ke £ dt.
a? ab bP —ap
(t —a')yf
X8, g1 [w (P —al)P (t —aP)P]te, ab <t <xP;
(t abl —aqa? +2a" )/3
X [w(ahb”fzx” )p(t _ abl—aa’+24” )p]te X <t< aP+bP .
,B+1 2 2 7 — 2 7
Ke(t) := _(zm”jab"+2b” — (6)
2
X(&p ﬁ+1[ (Zyp_;p_bp )p(aul’—agl’+2bf’ _ t)p]te” gP+bP <t< yp
—(P -t
ng,ﬁ+1 [w(bP — yP)P (P - t)P]te, Yy <t
t—a’, a’ <t <xPf;
) -2y sy < g
hap(t) = Qa — 1)t + 267 — SbF’a —ad” aPerhv <t <y
b —t, Yy <t< b
t—a?, ab <t <P
t— ab*’—au*’+2af’, P <t< uV+bp;
hop(t) := =420 ifm? 2
' s e L
t—1br, y<t<bP.
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W —aal +24" P+UP .
() o= p— Wl g < 2D
2p\b) = F— aup—a2b”+2b”, aV-iz-b” <t<DP.

Sl(x/ ]// a, b)

1 v =
P
= f (D — DEF dt

(bP - aﬂ)3 av
_ 1 { P [ QW W L W 2% 4 (0 - 1)
P —ar)3 |2p+2
2+2p
v (2[ p|ar 42- bP] — 2 _ y2+2p]l + gbp [a2+p —aP + bR — bpyZ

2
3aPa + abP —2aP ([ »|aP + bP 5 2P — 3P — aa?
+ w/ x|+ —
2 2 2
P bﬁz
2_ |7 a + L p P\(~2+P _ 24P\ _ n1,2+2p P.,2+p
x{y [\/ > ]H+p+2[(b +aP)(x a=*P) = 2b="F + 207y
3af P — 2aP P+ bp 2y
+(bP(1_20¢)— ravar - a)[(;/a - ] —x2+P]
2 2
2bP — 3pP p P 4+ bp =
+(bﬂ(za—1)_#)[y2+p_(ﬂ/‘%) ]]}

J2(x,y,a,b)

1 v 2-p
= —f hyp(t)(t —aP)t v dt

P —ary Jp
_ 1 p [x2+2p _ P 2 4 (1~ 2q)
(bP —ary® | 2p+2 Y
2+2p
v (2[ p [aP 42- bP] — 2 _ y2+2p]l + gap[apxz — g2 4 bpyz

2
_3a7’a+abp—2ap p/af’+bf’ _ 2 _2b7’—3b”a—aap
2 2 2
P bPz
2 _ ”L L 242p _ n pa2+p P P\(1h2+P _ 1 2+p
x{y [\/ > ]H+p+2[2a 2aPx=P + (a? + bP)(b yP)

2+p
+(3a”0z+0;b”—2a” —a”(l—Za)){[” aF’;bP] —x2+”]

2+p
P —3bPa — adP
+(2b 3b2a aa —ap(204—1))[y2+/”—[p ar’-;bp] ]]}

A(x, y,a,b)

1 v e
14
= f (O — D dt

(bp_aﬂ)3 ar
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_ 1 p 142 1+2 142 142
_(bv—aP)3{2p+1[a+p_x+p+b+p_y+p_(1_2“)

1+2p
p P
x {2( plal +b J — 1+ _ yl+2p]] + pbp [a1+p —a’x + p1tP = bl’y

2

3aPa +abP —2aP ( ,|aP + bP 2 - 3bPa — aa?
M— PR R E—

_pfab +bP p P o V(1P _ 4Py _ ople2p pol+p
[ : ]}er—”[(b +a")(y P — atP) = 261 4 20y

1+p
p P _Dgp [
+(b’”(1—2a)—3a a +ab —2a )[[p aP+bP] —XHPJ
2 2
267 — 3bPar — aa [rw) "
+(bl’(2a—1)_ #)[ynp_(p ‘%] ”

B(x,y,a,b)
1 o Ip
— —aPVt
= W — ) L hllp(t)(t alP)t v dt
_ 1 14 [x1+2p — gty y1+2p + (1 - 2a)
(br —ar)® | 2p+1
1+2p
% {2[ p|ar ;— bl’) — 1+ _ y1+2pﬂ + pap [apx —gltr _pltr 4 bpy
_3apa+ab’”—2ap paP+bP_x _ZbP—SbF’a—aa” _paP+bP
2 V2 2 Y™NT2
L 1+2p _ P 1+p p p 1+p _ 1+p
+p+1[2a 2aPx*P + (aP + bP)(b y'P)

1+p
p P — 0P [ar + bv
+(3ao¢+o;b 2q —a”(l—Za))[[Pa;b] —x“”]

1+p
P —3bPa — aaP
. (Zb 3b2a aa” 720 1)) [y“p ~ ( » [ap -; bv] J]}

A(x,y,a,b) + B(x,y,a,b)
1 v 1
= —f hl,p(t)t P dt

(bP - aP)Z af
_ ; L [x1+p + oyt gltp _plp 4 (1 - 2a)
T a2 \p+l 4
1+p
% [2[ p | aP -; Z’JPJ oyl y1+p] + p[b1+p + gl — bpy —dPx

yaP + bP af + b? » ,laP + bp
+( > x][a > (1 a)a]+(y > ]
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x[(l — Q) —a””;b”]]}

J1(x, y,a,b) + Ja2(x, y,a,b)

1 o e
= m L hlfp(t)t 7 dt

1 4

2
p ar +b? "’ 2+p 2+p
X2 3 — Xy
2
+g [bzw R bpy2 NN 3aPa + a;br’ — 24P (( , /gp ; bp] ~ xz]

2
+2b” 3o —aa’ | , e av + bp
2 Y 2

C(x,y,a,b) :=
21 [ W00+ xW) — 450 - 403 | (d}(x))‘
T (@~ 0 P )| e

()

g e
7 fqb"(x)f(;c())d() f @)

o BP() — Sax(x) = 3ag(x) + 2x(0)) (X (x) + 2¢(x)x(x) — 3Y*(x))
16(x(x) — P(x))*

dp(x)

(Zax(x) - 4x(x) + aP(x)(BX2(x) — 20 ()x(x) — $2(%)) f,(Lp(x))‘ o
16(x(x) — §(x))? @ )|
D(x, y,a,b) =
za 1 (100 +XE@) - 43E) - 430) 1-a
f o ) + L P ()

f (2(x) — Sap(x) — Bax(x) + 2x(0))Bx*(x) — P*(x) — 2¢(x)x(x))
16(y(x) - x(x))*

f (Tap(x) — 4p(x) + ax(0)) (P (x) - 31P2(X)+21P(X)X(X))
16(Y(x) — x(x)

du(x)

du(x)

3. Results

9150

(8)

Lemma 3.1. Let f : I € R* — R be a differentiable function on I°, interior of I, a,b € I° witha < b; p, > 0;

0<a<landweR;let g(&) = /&, &> 0, then

Q(x,y,a,b):=p {(x” - ap)ﬁ‘fyg,ﬁﬂ[w(x” —al)?*] - >

P+ b — 2P \P (2(xP = aP) — a(bP — aP)\’
Xgpﬁ+1|: (a+2 x)((x a)za( a))]}f(x)

Fuwmm—mw—ﬂqﬁ
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[Z(b” - ) —at? - @) r
2

+p {(b” — PP g [ (@ — y)?°] -
2P — gl — bP\P (2(bP — 1P — a(bP — aP)\P
o (0
e (]

_ P _ P _ 1P
R e (e |y

Xf[ \ ap;bp]_p{(3aﬁxp (P — ap)pfog) (@)

abP — aa? + 211”)

+ (S;ﬁ,apzbn_;w( ,ﬂuz;z-zﬂﬂ )Pf ° g) ( 2

ab? — aa? + 2ap)

| ~xo

~0 ad’ — ab? + 2bP
’ Qp’ﬁ'{wzﬂﬁw(zlfﬂfffw )”f °g f

s fo aa”—ab”+2b”)
Prﬁ:yp—;w(izyp‘gp‘h" )p g 2

b
e ’
+ (3 par sty f 0 9) O} = ﬁ kot 7 f (V)
provided that x(t) is defined by (6).

Proof. Integrating by parts and change of variable technique

L = f" (t —ﬂp)ﬁa’yg,ﬁﬂ [w (P —aP)P (t —aP)P]t%pf’ ({/E) dr

p 1-p

— P e
t t—a p]P

X xP —
= [P o -y ) [ S

X
p apP xP —qgP
xP —t t —af
xf'| 1 ar + xP | dt
xP — qgP xP — qgP

=p(t—a )ﬁg’pﬁﬂ[w(x” —aP)P(t - ap)p]f[i/;;p:t 4 t—ar xp]

aP xP — agP

xP

a?

9151



S. Hussain, ]. Khalid / Filomat 37:27 (2023), 9145-9167 9152

xP
- N v oo porel| o/ Xt t—aP
Pj; (t ="y 5 plw(x” —a”)P(t a)]f[\/xp—apap+xp—apxp dt

P

=p( — aﬂ)ﬁg;ﬁﬂ[w(xp - aP)ZP]f(x)

p [ = ot = = I o gt

= P = YT g [0~ VPN ) = P sy f © @) (10)

aP +bP

2 P _ gt p\P o
L :zf (t_ab a;z +2a) tTVf’({/f)
xP

ab + bP —2xP\° ab? — aab + 207\’
g |0 —————| [t-————] |4t

o
X 2 2

p

aP +bP

3 2 (t _ab’ —aa’ + Zap)’g
xP 2

p
av + bp — 2xP av + bp — 2xP

1-
@2 (- )@+ bp)}!’p

. a? + b —2x7\° , ab? — aa? + 24"\’
X @ 2 - 2

o] ap +bp =2t (t — xP)(aP + bP)
P
xf (\/af’+bp—2xf’x T -2 at

_ [ ab? — aa? + 227\’ o ap+bp—2xppt ab? — aa? + 2a” \"
LA Y B o L R I A R

aP +bP
of ab +bp =2t t—x)@ar +br) )| °
p
Xf[\/ai’+bp—2x7’x * ar + bP — 2xp ,
X
s p-1 p P
_ f 2 t_abp—aap+2ap 5 |w al + bP —2x¥ t_ab”—aa”+2a”
P xP 2 PP 2 2
o[ ab +bP =2t (t — xP)(aP + bP)
p
xf[\/ap+bp—2xl’x * ar + bP — 2xP dt
o a’ +bP —2x7\° b’ —a?
- P{ pon [w(—z ) (1 -a)— )f’]

x[(l _a)bp ;aprf[ p/ap;rbp]_ [z(xp _aP);a(bP _ap)]ﬁ

P+ b — 2P \P (2(xP = aP) — a(bP — aP)\’
xgg/ﬁ+1[w(a+2 x)((x a)za( a))]f(x)}
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aP +bP
2

_Kﬁ
p p
ng,ﬁ [w(a” +b/"2—2x”) ( _ab? —0(;17’ +2a”) ](fog)(u)du.

B P »
S e L e e [ |

Xf[  [ap ; bP] ~ [Z(x” —a) ; a(? —a”)]ﬁ

i o2 ()

( ab? — aa? + 24P )ﬁ -
b=

2 2

- ab? — aa? + 2a”
-p (Jg/ﬁ/w;w’_;w(ﬂpwgm )Pf ° {]) (f)

P _ qaf p
ab? — aa +2a) an

0
+p (‘}p,ﬁ,xf’—;w( n}’+b};—2x!’ )/’f °© g) ( 2

Y P _ qbt po o\
I = —f (W_t) tl%f,({/z)

aP +bP

2

. 2y —a? =P\ (aa? —ab? + 207 \°
e (S P

fyp (ocap—ocbp+2bp )’3
= — _ —t
PbP 2

2

. 2y —a? P\ (aa? —ab? + 207 \°
x‘(‘gp,ﬁﬂ w > > —t

LIy
p

« 2t —al — bP - (y? — )@ +bP)
Zyl’—aP—bF’y ZyF’—aP—bP

(2w v @ -t + )
Xf (\/Zyp—gp—bl’yp+ Zyp—al’—b?’ dt

(zxa” — abl +2bF )ﬁ
=-p f —t

" 2yF —aP =P aab — abP + 2bP
S [w( e t)P]
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—aP —b? P — ) (aP + bP
wr 2t—ab —b yp+(y B(a” + bP)
2yP —aP — b? 2yP —aP —bP

B Y cuz”—ozb’”+2b7”_tﬁ_1
P b 2

2

yP

aP +bP
2

Y 2yP —aP — P\ (qaP — ab? + 200\’
xgp/ﬁ w > > —t

2t —aP — bP (yP = t)(aP + bP)
P
Xf[\/ZyP—aP—bep+ Zylf’—al”—bﬁ at

_, {_ [zwp — ") - a(b? - ar’>r

2

2P — gl —bP\P (2(bP — 1P) — a(bP — aP)\P
ng,ﬁ+1[w( / ; ) ( ( y)za( Ll)) ]f(]/)

B _aP —pP\P _p\P
(1—a)—bp;“p] Z,ﬁﬂ[w(—zy’” - bp) ((1-a)bp2“p)]

ol ab + bp V' (P — P + 20P -
f 2 L 2 —

2

+

_gb — p _ p
<, [w(zy” ;zp bﬁ) (cm” asz +20 u) ] (f o g)(u)du
{ 20— y) —a®? —a)|f

2P — gl —bP\P (2(bP — 1) — a(bP — aP)\P
ng,ﬁ+1[w( 4 ; ) ( ( ]/)206( 61)) ]f(]/)

A _ P _BP\P _o\P
05 P -5

p|ab +bP ~o aa? — abP + 2b°
Xf[ 2 ]} F (‘Sp,ﬁ/"”;”"+;w<””‘2"‘”’ v o ) (f

)(aa” —ab’ + ZbF’)
2

+

-P (30 24P —aP —bP f °g (12)

pB Y —w(=——)
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Integrating by parts and change of variable technique

e bﬂ(b” — 15 [0 @ ) @ - bF] E (Ve)at
4

bP 1y
P —t t— y?’ [

_ _ p\Bepo _ P _

- L (bp t) L&P/ﬁﬂ [w (bp yp) (bp t)p] [bP - yP yﬁ + b — yP bp:|

P
’ bP —t t_yp
Xf ({/bp_ypyl’+ bP—bep]dt

o P b —t t- yll
= =" =] o [l - YY" - t)p]f[\/bp —p U P pr

b?

P

bP s , b — ¢ F_ ]/p
—p fy O — P15 [ — )~ t)"]f[\/ T bPJdt
=p’ - yp)ﬂ;}g,ﬁﬂ [w(bp - yp)ZP] fv)

bP
- fy O~ 01 [w® — )0 — )] (f o g)wd

P

= PO = YT o [0 = ] F W) =P (35 oty f © 9) @) (13)
Addition of (10)-(13) yields the desired identity (9). [

Note 3.2. It may be noted that for ,0(0) = 1, w = 0, identity (9) reduces to

b
Yeopab) = apww(l—a)f({/”p;bp]—b,,f = [ o

1 v [
= f o)t T £ (V) dt, (14)
and hence for p = 1, it reduces to identity (2.4) in [11]. For x = a and y = b, it reduces to
bP
3@ = apt P s p - ) ({f25) - 5 [ 0
1 u .
= m fu; I’lz,p(t)t P f ({/Z) dt.

Theorem 3.3. Let f : I € R* — R be a differentiable function on I°, interior of I, a,b € I° with a < b such that |f’|
is p—convex and p, > 0; let g(&) = E E>0,0<a<1,then

1Q(x, y, a, D) < L1l f" @) + Lol £ (D)
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Proof. By p—convexity of |f’| and properties of modulus to (9)

bP -
Q@ y,a,b)| = f wo()t 7 f () dt
aP
b -
< flko(t) ’(%)|t7dt
aP
b
~ b0 -t t—ar
—.leWf[JM_ R wypw
b
< LlKo(f) bP }t”dt

This completes the proof. [J

Corollary 3.4. Let f : I € R* — R be a differentiable function on 1°, a,b € I° such that |f’| is p—convex; let
9(&) = /e for £>0and 0 < a <1, then

Y(x,y,a,b) < —a) [A(x,y,a,b)|f (@) + B(x, y,a,b)|f (b)|] (15)

Proof. The proof directly follows from Theorem 3.3 for 8, 0(0) = 1, w = 0, that is, by properties of modulus,
p—convexity of [f’| and identity (14), we have
1

b -
Ty f hop0t 7 f (V) dt
1 u N
mL lhop (| f (W)‘t’“ dt
1 u o —t t—ar
- bP—aPL o,y (1) | f [\/bv—av”p o bp]

P
< bplﬁﬁ hlp(f){ |f()|+ If(b)l}tvdt

This completes the proof. [

Y(x,y,a,b)

IA

-
£ dt

Theorem 3.5. Let f : I CR* - R be a differentiable function on I°, interior of 1, a,b € I° with a < b such that |f']°
is p—convex and s > 1 such that r = 25; let g(&) = Y&, &> 0;0 <a < land p,p > 0, then

— 1(q)|s 1(h)|s bP H(i-p
mm%%stwpamvgn+v@nd R

Proof. By Holder inequality, p—convexity of |f’|° properties of modulus to (14)
1Qx(x, y, a,b)l

fbp Kot 7 f* (Ve)at

i
Sflm@

aP
r b r(1-p) b
< f lko(t)rt 7 diy f
af aP

(W)| £ dt

o=t t—ao |\
f(\/bp—aP”erbP—avbp]




S. Hussain, ]. Khalid / Filomat 37:27 (2023), 9145-9167 9157

r(1-p) b
S{/ [ko(B)I't 7 dt\/f bP |f (@) + ) }dt

This completes the proof. [
Theorem 3.6. Let f : I € R* — R be a differentiable function on I°, interior of I, a,b € I° with a < b such that |f'°
is p—convex and s > 1; let g(&) = V&, £ > 0;0 < a < 1and p,B > 0, then

|Q(x/ y,a, b)l < (21,0(9(/ y,a, b) + LZ,O(JCr y,a, b))

" L1o(x,y,a,b)If (@)F + La0(x, y,a,b)|f (D)
Lio(x, y,a,b) + Lr0(x, y,a,b)

Proof. By power-mean inequality, p—convexity of |f’|° and properties of modulus to (9)
1Q(x, y,a,b)|
b 1-p
f Ko(H)t 7 (V) dt
a

P

g .
< [ waton] (48] 70
a

P

—1

P = bP ’
. o] bP —t t—a?
’ 14 P
5[ i o (DIt dt] Jﬁ lco(t)l | f [\/bp_up“ * bp_apb]

B b ttﬁdt%s b gl Pt t
P /7 S
<| | o) IO @ +

= (L10(x,y,8,b) + L20(x, y,0,b) 7
XVL1o(x, y,a,b)If @)F + Lao(x, y,a,b)|f ()
This completes the proof. [

-
£ dt

1p
}tr’dt

Corollary 3.7. Let f : I C R* — R be a differentiable function on I°, interior of I, a,b € I° with a < b such that |f'|°
is p—convex and s > 1; let g(&) = E,E>0,0<a<1,then

Y(x,y,a,b) < (B —a")A(x, y,a,b) + B, y,a,b)

X VU, y,a,b)If @F + B(x, y,a,b)|f'B)F. (16)

Proof. The proof directly follows from Theorem 3.6 for 8, 0(0) = 1, w = 0, that is, by power-mean inequality,
p—convexity of |f’|° and properties of modulus to identity (14), we have

Y (x, y,a,b)
bP -
- f hopt)t e (V) dt

T —ap

bP
1 / LP-141)
5 | o) (W)‘tf D

<
br —
=1

1 bP 1-p s
T [ja:’ e dt]
bP $
s p| BP —t t—ab
’ p p
XJL hap(t) | f [\/bﬁ—al’a + bP—an ] t

p

P dt
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s=1

1 b 1-p s
T [f hl,p(t)tndt]
apP

bP
N bP —t 2 S t
x\/f () {m'f @F + 3

This completes the proof. [

—af Lp
—aP|f ) }t P dt.

Theorem 3.8. Let f : I C R* — R be a differentiable function on I°, interior of I, a,b € I° with a < b such that |f’|
is p—concave for 0 < p; let g(&) = /5, E> 0,0 < a < land p,p > 0, then

1Q(x, y,a,b)] < [L10(x,y,4,b0) + L20(x, y,a,b)]
L1 y,a,b)+ L5 1(x,y,ab)

/ P ’p

[ 21,()(3(/ y/ a, b) + Q’Z,O(x/ ]// a, b) ]

Proof. By p—concavity of |f’|, properties of modulus to (9) and Jensen’s integral inequality [30]:

bP -
QG y,a,b)| = f wo()t 7 £ () dt
aP
bP ’ -
< o)L F (V) 1E7 dt
aP
o [ 6 1y (1t
< |:f tV|K0(f)|dt] fl bpl—p—p
@ 7 [rco(t)|dt

af t
This completes the proof. [J

Corollary 3.9. Let f : I € R* — R be a differentiable function on I°, interior of I, a, b € I° with a < b such that |f’|
is p—concave for 0 < p; let g(&) = E,E>0;0<a <1, then

|Y(x/ ]// a, b)| < (bp - ap)[‘ll(x, ]// a, b) + %(x/ }/, a, b)]

I J1(x, y,a,b) + J2(x, y,a,b)
A(x, y,a,b) + B(x,y,a,b) )|’

(17)

Proof. The proof directly follows from Theorem 3.8 for ,0(0) = 1, w = 0, that is, by Jensen’s integral
inequality, p—concavity of |f’| and properties of modulus to (14)

1 v o

1 b .
< o |, Tep]f (V)7 a
<

1 o,
m [f tphlrp(t)dt]
aP

This completes the proof. O

([ 7 ey
U e
E7 (Bt

ab

Note 3.10. 1. It may be noted that for p =1, x = a, y = b Corollary 3.7 coincides with
e [11, Corollary 2.5].
o [11, Remarks 2.6, 2.7] for a = %, %
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o [30, Theorems 1, 2] for o = 1, 0.

2. For p =1, Corollaries 3.7 and 3.9 coincide with [11, Theorems 2.3, 2.12].
3. Forp=1,x=a,y = b Corollary 3.9 coincides with

e [11, Remarks 2.15, 2.16] for a = 3, 3.

o trapezoid, midpoint inequalities in [30, Theorems 3] for a = 1, 0.

4. Fora =1,x =3 and y = 38 Corollary 3.9 coincides with the second inequality in [12, Theorem 1.1]

4. Applications

Here, in this section, we provide some applications on means, f—divergence measure, probability
density function and some quadrature rules by using the results proved in Section 3.
4.1. Application for special means

Here, We shall consider the following special means:

e The arithmetic mean: A(g, b) := %, a,b>0.

e The p—power mean:

plaP + bP
2

M,(a,b) := ,a,b>0.

o The p—logarithmic mean:
a a=ub;

L (a,b) = ' pr+l_gp+l
v { ,p/(ppﬂ)(gp_a), a#bab>0;Rap+-1

Proposition 4.1. Let f(t) = % ;p > 1sothat |f'(t)| is p—concave and g = |, identity function, then all the conditions
of Corollary 3.9 are satisfied and hence the following inequality holds:

laA@!2,617) + (1 - )M, (a,b) - L (@, )

1-p {(M,{j” (a,b) — A@*, bP*1))(2 — 4a)

~bp—ar p+1

+(Mp(a, b) — a)(aA(a”, b’) — (1 — a)a’) + (Mp(a, b) — b)(aA(a”, b") — (1 - ()z)b”)}erl

{(M5+2(a, b) — A(@'+2, 7*2))(2 - 4a)
X
p+2

+

(Bab? + aa? — 207)(M(a, b) — b*) + (3aa” + ab” — 2a")(M;(a, b) — a®) }_p
4
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4.2. Applications on quadrature rules
Let I, be a partition of the interval [a”,bP] such that: (a” :)rg < r’; < ..< (=) and df = er - rf,
& e [rp, kit ], e [ it ], 0 <@ < n—1. Let Sa(f, I, & C) be the extended fractional Simpson

quadrature formula and R,(f, I, &, C) be the associated error of I,(f o g,1,, &, C) by Su(f, I, €, C) for e € [0, 1],
then

I (fogllnrér - fIn/é/ )+R (f IHI(SIC) (18)
provided that:
= 2 ) —ad' ]
Sulf, 1 &,0) 1= Z[{(gP Y g (e - 2)] - I#]
i=0

P =28V (2 -F) - ad' )’

i {5 Pt

. ) [200, - —adl |

+{(I’f+1 Cf)ﬁ%p,ﬁﬂ[ <z+1 Cp) ] [ : 2 ]
20 - =+ 207 -y —ad’\

X 8’;,;%+1 {w[ : 21 J ( ( i+l 21) “ l] ]}f((:z)
R PN

B [w(f] -0y )p]

20— = V(A=Y [a-ad ] [ ]7+7
+gpﬁ+1[ ( i 21 1+1] (( Za) z]]} {( 20()1} f % , (19)

(f o 9,1,,6,0) = Zd”{( e 29) )
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e f [arf’ m’f 1t 27 ]
+1J9 FRRIAY
p,ﬁrcf’_;w( ZC? rZ 'ﬁ-l ) 2

(8 g vatt o °9) )} 20
S
Rfine0 = L5 frp o7 f (V) d. 1)
For a =0, 1,1 in identity (18) we have the following special formulae.

e The generalized fractional mid point formula

So(f, 1 £,0) += Z[{(é’” A g [0 (& = )| - & =y

7+, —2ENE =)
x?sg,ﬁﬂ[w[ —— ’”}f(&)

{0 =P [0 - )| -0 - O

@k ) - DY [ (rer
< o D | o

20 - - YN [T
+8pﬁ+1[ ( i i zldf] ]}[5] f

e The generalized fractional trapezoid formula

Vf’f+
2

i+1

7

2 —d”r

n-1 -
S1(f,1,,¢&,0) == Z {(57 _ r;ﬂ)ﬁ g,ﬁ+1 [w (55, B r?)Zp:I ~ [&#
i=0

Y -2 =27 — d'y Y
xww|p 7, =208 -2 ljﬂﬂ@

4

) =20
+{(rf+1 & Pﬁ+1[ (7’;1 CP)ZF] |%]

20 = =1 @r -2 -d)Y
x Z,ﬁ+1 [w[( i i z+1)E1 i+1 1)] ]}f((;z)}
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e The generalized fractional Simpson formula

n—1 p ~ p _ dp p
S e0=), {(éf =) B [0 - )] - [%]
i=0

@Ay -280068 - -y
X3 g1 {w( ! 7 ] } f(&)

6  —60 —d' ]
+ {(rig =Yg |0 (- )| - {7]

QL) —r} ~ri)6r, 65 —dDY’
XSppn {W[ ST R ] ]}f(c»

N e o B | A R B
i o] [

Theorem 4.2. Let the condition of Theorem 3.6 be satisfied. Let S,(f,1,,&,C), In(f, s, &, C) and Ry(f, 1, &, C) be
defined by (19), (20) and (21) respectively, then

n—

p £10(Ei, Ci, Ti, i) + L2,0(Ei, i, 1, Ti1)
l .

IRa(f, In, &, 01 < max{|f’(a)l, If’(b)l}zd- ’

1
=0

Proof. Application of Theorem 3.6 to the subinterval [, 7/, ], yields the following:

i+

|Ra(f/1n/5/C)|

mlgh e -
=X f Lot T £Vt

i P

= d i 1 Hoo—t t—r! s
<) = koIt |f | 1|27 + A | dt
Loy o f[\/rfﬂ—f' o

< n-1 df] s e ¢ rf+1 —t L \ls t—rf , S tl;ndt
- i=0 ? f"; |KO( )| m'f (rl)l + rp _rplf (7’,+1)|

i+1 i i+1 i
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s=1

[ f @l dt]

1
= Z [L10(&, Gy 1iy Fisn) + L20(&i, Gy 1, Tiv1)]

Xi/i1 0(&i, Cir ri, rix DI (1)l + Lo,0(&i, Ciy 1iy ris) f/ (i) IS

n—-1
_ dp 10(511 Cz/ i, rz+1) + ’82 0(51/ Cl/ Ti, 7’1+1)
- i

i=0 P

X 21 0(51/ Cll 47 rz+1)|f (rz Is + L2 0(51/ Czr i, r1+1)|f (rz+1)|s
Ll O(ézr Cl/ ti, 7’1+1) + 82 0(51/ Cu ti, rz+1)

This completes the proof. [

9163

Theorem 4.3. Let the condition of Theorem 3.8 be satisfied. Let S,(f,1,,&,C), In(f, s, &, C) and Ry(f, 1, &, C) be

defined by (19), (20) and (21) respectively, then

-1

HZ" p L1,0(&i, Cis 1is Tiv1) + L2,0(&i, Ciy T, Tiv1)
el P

Ly 1(&, Ci iy Tiv) + L9 1(E1, Gy T3 Tinn)
X|f' | == z

[ L10(&i, Gy 1i, Tivn) + L20(&i, Ciy T, Tin1) )

IRa(f, In, &, O

Proof. Application of Theorem 3.8 to the subinterval [rf , rf 1l

7’f+1 1-p
|Ra(f/1n/ 5/ C)| = - v KO(t)tTf’ ({/E)dt
i=0 i

i+1 —t p t—?‘f e
[\/rp S ré’rf”]

VAP 4
J £ I (bl
r

n-1 gp "
d. i+1 1;,, rl’
SZFI fw oIt T dt |f| =5
i=0

L
f fr,, £ [io(t)|dt

sZ f el

_ s dp i)/l O(Ez/ Cz/ i, rz+1) + ’82 0(511 Cz/ i, rl+1)

’ p

x|f

) 31,%(51‘, Ci, T, Tig1) + 32,%(51‘, Ci, T, Tis1)
L1,0(&i, Ciy 1, Tig1) + L20(Ei, Gy 1iy Tig1)

O

Note 4.4. Fora =0, 1 3,

yields the following:

1 in Theorems 4.2, 4.3, we get some generalisations of results in [11, 30]
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4.3. f—divergence measures

Let the set ¢ and the o finite measure u be given, and let the set of all probability densities on u to
be defined on Q := {x|x : ¢ — R, x(@) > O,Lx(w)dy(@) = 1}. Let f : (0,00) — R be given mapping and
consider D(x, ¢) defined by:

D¢(x, ¢) :=fx( )f[ ((D;]dy(cv), X, P e (22)

If f is convex, then (22) is called as the Csiszar f—divergence. Consider the following Hermite-Hadamard
(HH) divergence:

(@)

\(D) ()
D)= | x@ w(w)f —du@), x e, )

X@)

where f is convex on (0, c0) with f(1) = 0. Note that DQH(X/ 1) > 0 with the equality holds if and only if
x=1v.

Proposition 4.5. Let f : I € R* — Rbeadifferentiable function onI°,a,b € I° such that |f'| is convex and f(1) =
then

a P(@) + x(@)
EDf(XﬂP)Jf(l—a)LX(@)f(T(@))d (@) - D], (6, )

<C+ D), (24)
€ and D are defined by (7) and (8) respectively.

Proof. Let @1 == {@ € ¢ : P(@) > x(@)}; P> :={@ € ¢ : P(@) < x(@)} and D3 := {@ € ¢ : P(@) = x(@)}.
Obviously, if @ € @3, then equality holds in (24). Now, if ® € @, thenforx =a=1,p=1,b = Eg, g=1,
identity function, in Corollary 3.4, multiplying both sides to the obtained result by x(®) and integrating

over @1, we have

‘(1 ) x( )f(—‘“@2 (@’;“D’)dmng [ X(@)f(%)du(w)

Y@

" find
- o L o) < i m, @)
Dy 1

x@)

21E

provided that:

Ay = du(o)

20 -1 f @Y(@) + x(@)° -4 (@) - 4°(@)
12 Jo, Y (@) - x(@))?

du(@

1 - (20(0) - 5a(®@) - 3ax(@) + 20(@) V@) + 20(@)x(@) - 3r2(@))
o f y@)u(@) + f@ 16(9(@) - 1(@)F

du(®)

, V(@)
/ (X(w))

N f (7ap(@) - 4(@) + ax(@)) BY*(@) - 2¢(@)x(@) — x*(@))
@, 16(¢(@) - x(@))?

581 =

Za—lf [(P(@) + x(@))° - 4x°(@) - 4¢°(@)] du(@)
D

12 (@) — Y(@))?
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1—af (¢< )) ,(w(m))
+ @ —
2 Jo "V @) @)

, 2(@) — 5ax(@) - 3ay(@) + 2x(@)(F*(@) + 2P(@)x(@)) - 3¢*(@)
16(x(@) - Y(@))?

(@) +

du(o)

. f (7ax(@) - 4x(@) + ap(@)) Bx* (@) — P*(@) — 2¢(@)x(@))
®, 16(x(@) — ¢(@))?

y(@)
7 (oo

Similarly, if ® € @,, thenfory=b=1,p=1a= % ; g = 1, identity function, in Corollary 3.4, multiplying

both sides to the obtained result by x(®) and integrating over ®,, we have

$(@) + x(@ v(@
1-a) [ xo (U5 D)+ § [ xors(55)auco

© byt
- o L
@, -1

x(@)

< [W + Byl f/D)I], (26)

provided that:
20 -1 f (@) + x(@)° - 4x°(@) - 4)°(@)
@,

9l — (V@)
o= / (X(cv))

X(@)

o @Y(@) — Sax(@) - Say(@) + 2X(@) (@) + 2P(@)x(@) = 3Y*(@))
16(x(@) - ¢(@))?

12 (@)~ Y@ (@)

+1— (@)

Y(@)
5 ( @ )‘d (@) +

)

du(o)

|

N fq) (7ax(@) = 4x(@) + ap(@)) Bx* (@) = 2¢(@)x (@) — Y*(@)) 41u(@)

16(x(@) - Y(@))?

(@)
f (x(m)

1-2a WY(@) + x(@)) - 4% (@) — 49 (@)
B, = du(®)
T L |¥(@) - x(@)f
1-«a
+T Y(@)du(o)
)

o (24(@) = 5a1/(0) ~ 3ax(@) + 2(@)EL(@) - ¥(@) ~2W@N@) |

16 |p(@) - x@)|’

N L (7ay(@) - 4(@) + ax(@)(*(@) - 3¢*(@) + 2¢(@)x(@)) , Au(@)

16|(@) - x@)|
Adding inequalities (25) and (26), and utilizing triangular inequality, we get the desired result (24). O
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Probability density functions
Let g : [a,b] — [0, 1] be the probability density function of a continuous random variable X with the

cumulative distribution function, F, given by:

0 b b
F(o) =Pr(X < ) = f g(B)dt and E(X) = f tdE(t) = b — f F(t)dt. 27)

a

Then, from Corollary 3.4 for g = J, identity function, p = 1, y = b, x = a, we have the following result:

‘% +(1 —a)Pr(X < “Zb)— ﬁ(b—E(X))

< Clg(a)l + Flg(d)l,

provided that:
¢ . Qa=Dl@+D)—4a — 4]+ 6b(b —)’(1 - )
. 12(b — a)?
. (2b — 5ba — 3aa + 2a)(b? + 2ab — 3a?) + (7ba — 4b + a)(3b* — a* — 2ab)
16(b — a)?
o L@+ bP — 48— 41 - 20) + 6ab ~ e - 1)
o 12(b — a)?
. (7aa + ab — 4a)(b* + 2ab — 3a?) + (2b — 3ba — 5ac + 2a)(3b* — a> — 2ab)
16(b — a)?
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