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Hasan Çakıra, Mustafa Özdemirb
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Abstract. The aim of this study is to investigate some properties of hybrid number matrices. Firstly, we
introduce hybrid numbers with some of their properties. Then we prove that any hybrid number has a
2 × 2 complex matrix representation, and we investigate hybrid number matrices using the properties of
complex matrices. Also we give answers to the following basic question “If AB =I, is it true that BA =I for
hybrid number matrices?” Then we define the complex adjoint matrix and the q−determinant of hybrid
number matrices and give some important properties. Finally, we give an explicit formula for the inverse
of a hybrid number matrix by using complex matrices.

1. Introduction

Examining the matrices of different non-field number sets such as quaternions, split quaternions, com-
plex split quaternions, and octanions is one of the topics of interest for mathematicians in recent years.
Each quaternion can be represented by a complex matrix of the 2 × 2 type. Besides, each split quaternion
can be represented by a complex matrix of type 2 × 2 as well as by a real matrix of type 2 × 2 it is. Because
split quaternions are isomorphic to the ring of 2 × 2 real matrices. With the help of these representations,
matrices whose inputs are quaternions and split quaternions can be examined, and the determinants of the
matrices of these non-commutative number sets can be calculated. Especially, Zhang’s study [32] is one of
the most important studies on this subject. Properties and some applications of split quaternion matrices
are examined in detail in the articles [2], [5], [10], [12], [15], [17], [19], [20], [21], [30] and [31]. Moreover, the
analysis was made in case the inputs were complex, hyperbolic and dual numbers ([3], [4], [11], [13], [14],
[18] and [26]).

The set of split quaternions is isomorphic to the set of 2x2 real matrices with

φ : H→M2×2 (R) ,

φ
(
q0 + q1i + q2 j + q3h

)
=

[
q0 + q2 q3 − q1
q3 + q1 q0 − q2

]
[21].

Similarly, the set of hybrid numbers is isomorphic to the set of 2x2 real matrices with

φ : K→M2×2 (R) ,

φ
(
q0 + q1i + q2 j + q3h

)
=

[
q0 + q2 q1 − q2 + q3

q2 − q1 + q3 q0 − q2

]
[22].

2020 Mathematics Subject Classification. 15A54, 15B57, 16S50, 15A66
Keywords. Hybrid numbers, Split Quaternions, Hybrid Number Matrices
Received: 24 January 2023; Accepted: 29 May 2023
Communicated by Dijana Mosić
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Therefore, these two sets of numbers are isomorphic to each other. In split quaternions, the squares of the
units are taken as 1 or -1, while in hybrid numbers 1, -1 and 0 are taken. This provides some advantages. As
a matter of fact, there are split quaternions with a square of 0 and these are called lightlike quaternions in
the literature. Particularly in Lorentzian rotations, split quaternions should be classified. This classification
is lightlike, spacelike and timelike. On the other hand, vector parts are also classified separately. However,
such a classification is not required for hybrid numbers. Hybrid numbers, which are a combination of
dual, complex and hyperbolic numbers, show direct elliptic, parabolic and hyperbolic rotation depending
on the type of number. That is, it has a more natural classification structure compared to split quaternions.
For example, a hyperbolic hybrid number corresponds to a hyperbolic rotation, and an elliptical hybrid
number corresponds to an elliptical rotation [25]. With the help of both split and hybrid numbers, it is
possible to talk about the polar representation of a 2x2 matrix. Thus, calculating the n-th degree roots of a
2x2 matrix can also be easily done with the properties of these two sets of numbers [23]. Because these two
sets of numbers are isomorphic, the properties provided for split quaternions and matrices can be applied
to hybrid numbers and matrices. However, due to the ease of classification of hybrid numbers, we believe
that it will be important to adapt the properties known for split quaternions for the hybrid number set.

The set of hybrid numbers is non-commutative quaternary numbers that combined and generalized the
dual, complex, and hyperbolic numbers. Also, it is isomorphic to the ring of 2 × 2 matrices, like the split
quaternions [22]. With the help of this isomorphism, some applications can be given by classifying the
matrices. For example, explicit formulas giving the n-th roots of any 2 × 2 matrix with the help of hybrid
numbers are expressed by Özdemir [23]. In addition, De Moivre’s and Euler’s formulas for 4×4 matrices of
hybrid numbers were given by M. Akbıyık et al. using trigonometric identities [1]. Since hybrid numbers
combine three well-known number systems, numerous applications can be mentioned in many fields such
as number theory, linear algebra, kinematics, geometry and physics ([6], [7], [8], [9], [16], [27], [28] and [29]).

In this paper, we aim to examine some properties of matrices of hybrid numbers that bring together
the complex, dual and hyperbolic number system, which has attracted great interest recently. First, we
present an introduction of hybrid numbers to provide the necessary background. We define the 2 × 2
complex matrix representation of the hybrid number by proving that any hybrid number is isomorphic to
a particular subset of 2 × 2 complex matrices. We also show that the determinant of this 2 × 2 complex
matrix is consistent with the determinant of the 2 × 2 real matrix. Then we give some properties of matrix
representations of hybrid numbers with their proofs. In the last part, we define hybrid number matrices
and give some of their properties. Next, we define the complex adjoint matrix of a hybrid number matrix
and give a method of finding the inverse of a hybrid number matrix using the complex adjoint matrix. This
is also a method of finding the inverse of a hybrid number. We show that the determinant of the complex
adjoint matrix of an n × n hybrid number matrix is also consistent with the determinant of the 2n × 2n real
matrix representation.

2. Hybrid Numbers

The set of hybrid numbers can be represented as

K =
{
p1+p2i+p3 ε+p4h : i2= −1, ε2=0, h2=1, ih= −hi=i+ε, p1, p2, p3, p4 ∈ R

}
.

The multiplication table of the units i, ε and h is as follows and the product of two hybrid numbers is done
with the help of this table.

• i ε h
i −1 1 − h ε + i
ε h + 1 0 −ε
h −ε − i ε 1

The set of hybrid numbers is a non-commutative ring, so that in general we have to expect pq , qp
for p,q ∈ K. For any hybrid number p = p1 + p2i + p3 ε + p4h, we define Sp = p1, the scalar part of p;
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Vp = p2i + p3 ε + p4h, the vector part of p. The conjugate of a hybrid number is denoted by p, and it is

p = Sp − Vp = p1 − p2i − p3ε − p4h.

The real number

C
(
p
)
= pp = p p =p2

1 +
(
p2 − p3

)2
− p2

3 − p2
4

is called the character of the hybrid number p = p1 + p2i + p3ε + p4h. Besides, the product C
(
p
)
= pp

determines the character of a hybrid number. p is called spacelike, timelike, or lightlike, if C
(
p
)
< 0,

C
(
p
)
> 0 or C

(
p
)
= 0, respectively. Also, using the product of hybrid numbers, one can show the equality

C
(
pq
)
= C
(
p
)

C
(
q
)
.

The norm of a hybrid number is defined as∥∥∥p∥∥∥ = √∣∣∣C (p)∣∣∣ = √∣∣∣p2
1 +
(
p2 − p3

)2
− p2

3 − p2
4

∣∣∣.
The inverse of the hybrid number p is

p−1 =
p

C
(
p
) , ∥∥∥p∥∥∥ , 0.

Therefore, it can be said that lightlike hybrid numbers are not inverted. Detailed information for hybrid
numbers can be found in Özdemir’s article [22].

As with quaternions, right and left product matrices are defined as follows. Consider the transformations

Lp : K→ K
q→ Lp

(
q
)
= pq and

Rp : K→ K
q→ Rp

(
q
)
= qp

for a hybrid number p = p1+p2i+p3ε+p4h ∈ K.With these transformations, 4 × 4 right and left real product
matrices of a hybrid number are obtained as follows, respectively:

Rp =


p1 p3 − p2 p2 p4
p2 p1 + p4 0 −p2
p3 p4 p1 − p4 p3 − p2
p4 −p3 p2 p1

 ,

Lp =


p1 −p2 + p3 p2 p4
p2 p1 − p4 0 p2
p3 −p4 p1 + p4 p2 − p3
p4 p3 −p2 p1

 .
Also, we have detLp = detRp =

∥∥∥p∥∥∥4 [24].
A hybrid number p=p1+p2i+p3ε+p4h can be written as p =x+ yh or p =x+hy as the sum of two complex

numbers, where x = a+(b − c) i ∈ C, y = d+ci ∈ C. Therefore, for p =x+yh and q = u+vh, the multiplication
of p and q can be given by

pq =
(
x + yh

)
(u + vh)

= xu + yhvh + yhu + xvh
= xu + yv +

(
yu + xv

)
h.

The following properties can be easily shown.

Theorem 2.1. For any p,q, r ∈ K, the following properties are satisfied.
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1. hx1 = x1h for x1 ∈ C

2. h (x1 + x2h) = x2 + x1h for x1, x2 ∈ C

3. ph = −hp
4. p2 = S2

p −
∥∥∥Vp

∥∥∥ + 2SpVp

5. pq = q p
6.
(
pq
)

r = p
(
qr
)

7. pq , qp in general
8. p = p⇔ p ∈ R

9. If p2
1 +
(
p2 − p3

)2 , p2
3 + p2

4 then p−1 =
p∥∥∥p∥∥∥2

10. ∀p ∈ K there exists a unique representation of the form p = x1 + x2h ∈ K such that x1, x2 ∈ C.

2.1. The Matrix Representation of Hybrid Numbers
The matrix representation of hybrid numbers is particularly important to facilitate multiplication of

hybrid numbers. By defining an isomorphism between 2 × 2 real matrices and hybrid numbers, and
between a special subset of 2 × 2 complex matrices and hybrid numbers, we can easily operate between
hybrid numbers and prove many of their properties. In [22], by defining an isomorphism between 2 × 2
real matrices and hybrid numbers, the representation of hybrid numbers with 2 × 2 real matrices is given
by Özdemir as

ℵp =

[
p1 + p3 p2 − p3 + p4

p3 − p2 + p4 p1 − p3

]
for p = p1 + p2i + p3ε + p4h ∈ K.

We can give some properties of this matrix as follows. Proofs of these properties will not be given here,
as they can be seen quite easily.

Theorem 2.2. Let p,q ∈ K and λ ∈ R. Then

1. ℵp = ℵq ⇐⇒ p = q
2. ℵp+q = ℵp + ℵq

3. ℵpq = ℵpℵq

4. ℵλp = ℵpλ = λℵp

5. ℵ1 = I2

6. ℵp + ℵp = 2p1I2

7. ℵp−1 = ℵ−1
p , where

∥∥∥p∥∥∥ , 0

8.
(
ℵpq

)T
= ℵT

qℵ
T
p

9.
(
ℵpq

)−1
= ℵ−1

q ℵ
−1
p

10.
(
ℵ

T
p

)−1
=
(
ℵ
−1
p

)T
Also, some properties of right and left product matrices for Hybridian product are as follows.

Theorem 2.3. [24]Let p,q ∈ K and λ ∈ R. Then

1. Lp = Lq ⇐⇒ p = q⇐⇒ Rp = Rq

2. Lp+q = Lp +Lq, Rp+q = Rp + Rq

3. Lpq = LpLq, Rpq = RpRq

4. LpRq = R qLp

5. Lλp = Lpλ = λLp, Rλp = Rpλ = λRp



H. Çakır, M. Özdemir / Filomat 37:27 (2023), 9215–9227 9219

6. L1 = R1 = I4

7. Lp +Lp = 2p1I4, Rp + Rp = 2p1I4

8. Lp−1 = L−1
p , Rp−1 = R−1

p where
∥∥∥p∥∥∥ , 0

9. µRp = Lpµ , µ =
[

1 0
0 −I3

]
In this section, we will examine the representation of hybrid numbers with 2 × 2 complex matrices

together with their properties.

Theorem 2.4. Every hybrid number can be represented by a 2 × 2 complex matrix.

Proof. Let p = p1+p2i+p3ε+p4h ∈ K, then there exist complex numbers x1 = p1+
(
p2−p3

)
i and x2 = p4+p3i

such that p =x1 + x2h. The linear map fp : K→ K is defined by fp
(
q
)
= qp for all q ∈ K. Then, we have

fp (1) = 1 (x1 + x2h) = x1 + x2h
fp (h) = h (x1 + x2h) = hx1 + hx2h

= x1h + x2hh
= x2 + x1h.

Using this map, we may define an isomorphism betweenK and algebra of the 2 × 2 complex matrices:{[
x1 x2
x2 x1

]
: x1, x2 ∈ C

}
We denote above corresponding 2 × 2 complex matrix for any hybrid number p by

Υ
(
p
)
=

[
x1 x2
x2 x1

]
=

[
p1 +

(
p2−p3

)
i p4 + p3i

p4 − p3i p1 −
(
p2−p3

)
i

]
and it is called the complex matrix representation of hybrid number p. Also∣∣∣detΥ

(
p
)∣∣∣ = ∣∣∣detℵp

∣∣∣ = ∥∥∥p∥∥∥2 .

Example 2.5. Let p = 1 − 2ε + 3h and q = −2 + i + ε − h. Then

p = 1 + 2i + (3 − 2i) h and q = − 2 + (−1 + i) h

pq =

[
1 + 2i 3 − 2i
3 + 2i 1 − 2i

] [
−2 −1 + i
−1 − i −2

]
=

[
−7 − 5i −9 + 3i
−9 − 3i −7 + 5i

]
= −7 − 5i + (−9 + 3i) h

qp =

[
−2 −1 + i
−1 − i −2

] [
1 + 2i 3 − 2i
3 + 2i 1 − 2i

]
=

[
−7 − 3i −5 + 7i
−5 − 7i −7 + 3i

]
= −7 − 3i + (−5 + 7i) h.
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3. Hybrid Number Matrices

In this section we will deal with matrices whose inputs are hybrid numbers. The set of m×n matrices with
hybrid number entries, which is denoted byMm×n (K), with ordinary matrix addition and multiplication is
a ring with unity. If m = n, then the set of hybrid matrices is denotedMn (K). The set of hybrid number
matrices can be represented as:

Mm×n (K) = {A = (ast) : ast ∈ K} ,

Mm×n (K) = {A = A1 + A2i + A3ε + A4h : A1,A2,A3,A4 ∈Mm×n (R)}

or

Mm×n (K) =
{
A = C1 + C2h : h2 = 1, C1,C2 ∈Mm×n (C)

}
.

For A = (ast) ∈Mm×n (K) and p ∈ K, right and left scalar multiplication are defined as

Ap =
(
astp
)

and pA =
(
past

)
,

respectively. It is easy to see that for A ∈Mm×n (K), B ∈Mn×k (K) and p,q ∈ K(
pA
)

B = p (AB) ,(
Aq
)

B = A
(
qB
)
,(

pq
)

A = p
(
qA
)
.

MoreoverMm×n (K) is a module over the ringK.
Just as for complex matrices, we associate A = (ast) ∈Mm×n (K) with A = (ast) ∈Mm×n (K) , the conjugate

of A; AT = (ats) ∈ Mn×m (K), the transpose of A; and A∗ =
(
A
)T
∈ Mn×m (K) the conjugate transpose of A.

For a square hybrid number matrix A ∈ Mn (K); if AA∗ = A∗A, then A is called normal hybrid matrix; if
A = A∗, then A is called Hermitian hybrid matrix; if AA∗ = I, then A is called unitary hybrid matrix. For
B ∈Mn (K), if AB = BA = I, then A is called invertible matrix and B is called the inverse of A.

Example 3.1. Let A =
[
i + h 2
i + ε ε − h

]
, B =

[
i h
1 ε

]
∈M2 (K) . By long computations, we find

1. A−1 = 1
4

[
−2 + i + h 2i − 2h − 4ε
2 + i + h 2i+2h

]
and A =

[
−i − h 2
−i − ε −ε + h

]
2.
(
A
)−1
= 1

4

[
−2 + 3i + 3h −6i − 4ε − 2h

2 − i − h 2i + 2h

]
, 1

4

[
−2 − i − h −2i + 2h + 4ε
2 − i − h −2i−2h

]
= (A−1)

3.
(
AT
)−1
= 1

4

[
−2 − 3i − 3h 2 + i + h
6i + 4ε + 2h −2i − 2h

]
, 1

4

[
−2 + i + h 2 + i + h

2i − 4ε − 2h 2i+2h

]
=
(
A−1
)T

4. AB=
[
1+i + ε 1−i − 3ε
−ε −i + ε

]
,

[
1 − i − ε 1 + i − ε
−ε + 2h i + ε

]
= A B

5. (AB)T =

[
1 − i − ε ε

1 + i + 3ε i − ε

]
,

[
1 + i + ε ε − 2h
1 − i + ε −i + ε

]
= BTAT.

Based on these examples, we can express the following Results for hybrid number matrices.
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Corollary 3.2. For any A ∈Mm×n (K) , B ∈Mn×k (K) , C ∈Mn (K) the following properties generally hold.

1.
(
C
)−1
, (C−1),

2.
(
CT
)−1
,
(
C−1
)T

,

3.
(
AB
)
, A B ,

4. (AB)T , BTAT

Theorem 3.3. Let A,B ∈Mn (K) and p ∈ K. Then the followings are satisfied:

1.
(
A
)T
= (AT),

2. (AB)−1 = B−1A−1 if A and B are invertible,
3. (AB)∗ = B∗A∗,
4. (A∗)−1 =

(
A−1
)∗

if A is invertible,

Proof. Let A = (ast) , B = (bst) ∈Mn (K) . Then

1.
(
A
)T
= (ast)

T = (ats) = (AT),
2. If A and B are invertible then

(AB)
(
B−1A−1

)
= A

(
BB−1

)
A−1 = I and(

B−1A−1
)

(AB) = B−1
(
A−1A

)
B =I.

So AB is also invertible and (AB)−1 = B−1A−1.
3. Let A = C1 + C2h and B = D1 +D2h,where C1,C2,D1 and D2 are complex matrices. Then

(AB)∗ =
[
C1D1 + C2D2 +

(
C2D1 + C1D2

)
h
]∗

=
[
C1D1 + C2D2 −

(
C2D1 + C1D2

)
h
]T

=
(
C1D1 + C2D2

)T
−

(
C2D1 + C1D2

)T
h

=
(
D1

)T (
C1

)T
+ (D2)T

(
C2

)T
−

(
D1

)T
(C2)T h − (D2)T (C1)T h.

On the other hand, for A∗ =
(
C1

)T
− (C2)T h and B∗ =

(
D1

)T
− (D2)T h we can obtain

B∗A∗ =
((

D1

)T
− (D2)T h

) ((
C1

)T
− (C2)T h

)
=
(
D1

)T (
C1

)T
+ (D2)T

(
C2

)T
−

(
D1

)T
(C2)T h − (D2)T (C1)T h.

Thus we get

(AB)∗ = B∗A∗.

4. Suppose that A is invertible and A−1 = B. In that case

(AB)∗ = B∗A∗

⇒

(
AA−1

)∗
=
(
A−1
)∗

A∗

⇒

(
A−1
)∗

A∗ = I

⇒

(
A−1
)∗
= (A∗)−1 .
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Proposition 3.4. Let A,B ∈Mn (K). If AB =In, then BA =In.

Proof. Let A =C1 + C2h, B =D1 +D2h,where C1,C2,D1,D2 are n × n complex matrices. Then

AB = (C1 + C2h) (D1 +D2 h)

= C1D1 + C2D2 +
(
C2D1 + C1D2

)
h = In

⇒

[
C1 C2

] [D1 D2

D2 D1

]
=
[
In 0

]
⇒

[
C1 C2

C2 C1

] [
D1 D2

D2 D1

]
=

[
In 0
0 In

]
⇒

[
D1 D2

D2 D1

] [
C1 C2

C2 C1

]
=

[
In 0
0 In

]
⇒ D1C1 +D2C2 = In, D1C2 +D2C1 = 0
⇒ D1C1 +D2C2 +

(
D1C2 +D2C1

)
h =In

⇒ BA =In.

3.1. The Complex Adjoint Matrix of a Hybrid Number Matrix

In this section, we will define the complex adjoint matrix of a hybrid number matrix. After that we will
give a way to find the inverse of a hybrid number matrix by using its complex adjoint matrix. Moreover,
we will give some relations between hybrid number matrices and their complex adjoint matrices.

Definition 3.5. For A =C1 + C2h ∈Mn (K), we shall call the 2n × 2n complex matrix[
C1 C2

C2 C1

]
uniquely determined by A, the complex adjoint matrix or adjoint of the hybrid number matrix A, symbolized χA.

Theorem 3.6. Let A,B ∈Mn (K), then the following properties are satisfied:

1. χIn = I2n,

2. χA+B = χA + χB,

3. χAB = χAχB,

4. χA−1 = (χA)−1 if A−1 exist,
5. χA∗ , (χA)∗ in general.

Proof. Let A =C1 + C2h, B =D1 + D2h ∈ Mn (K) where C1,C2,D1,D2 ∈ Mn (C) . Let In = I be n × n identity
matrix and 0 be n × n zero matrix.

1. By definition of complex adjoint matrix, we have

χIn =

[
I 0
0 I

]
= I2n.
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2. We may write A+B = (C1 +D1)+ (C2 +D2) h.Using the definition of complex adjoint matrix, we have

χA+B =

[
C1 +D1 C2 +D2

C2 +D2 C1 +D1

]
=

[
C1 +D1 C2 +D2

C2 +D2 C1 +D1

]
=

[
C1 C2

C2 C1

]
+

[
D1 D2

D2 D1

]
= χA + χB.

3. Using multiplication of hybrid number, we have

AB = (C1 + C2h) (D1 +D2 h)

= C1D1 + C2D2 +
(
C2D1 + C1D2

)
h.

Thus, we get

χAB =

C1D1 + C2D2 C2D1 + C1D2

C2D1 + C1D2 C1D1 + C2D2

 = C1D1 + C2D2 C2D1 + C1D2

C2D1 + C1D2 C1D1 + C2D2


=

[
C1D1 + C2D2 C2D1 + C1D2

C2D1 + C1D2 C1D1 + C2D2

]
=

[
C1 C2

C2 C1

] [
D1 D2

D2 D1

]
= χAχB.

4. If A is invertible then AA−1= A−1A =I. By properties 1 and 3, we may write

I2n = χIn = χAA−1 = χAχA−1 .

Thus, we get

(χA)−1 = χA−1 .

5. For this property, we give the following example.

Example 3.7. Let A =
[
i + h i + ε − 3h
2 − ε 3 + i−2ε − 3h

]
∈M2 (K). Then the complex adjoint matrix of A is

χA =


i 0 1 −3 + i

2 + i 3 + 3i −i −3 + i
1 −3 − i −i 0
i −3 − i 2 − i 3 − 3i

 .
Furthermore, A∗ =

[
−i − h 2 + ε

−i − ε + 3h 3 − i+2ε + 3h

]
and the complex adjoint matrix of A∗ is

χA∗ =


−i 2 − i −1 i
0 3 − 3i 3 − i 3 + 2i
−1 −i i 2 + i

3 + i 3 − 2i 0 3 + 3i

 .
But

(χA)∗ =


−i 2 − i 1 −i
0 3 − 3i −3 + i −3 + i
1 i i 2 + i

−3 − i −3 − i 0 3 + 3i


Thus, we get, χA∗ , (χA)∗ .
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Theorem 3.8. Let A ∈Mn (K). If χA is invertible then A is also invertible.

Proof. Let A =C1 + C2h ∈Mn (K) ,where C1,C2 ∈Mn (C) . Then the complex adjoint matrix of A is

χA =

[
C1 C2

C2 C1

]
.

Also, suppose that χA is invertible. Then there exists χB ∈M2n×2n (C) such that χAχB = χBχA = I. We can
write the matrix χB in the following form:

χB =

[
B11 B12
B21 B22

]
where Bi j ∈Mn (C) for i, j = 1, 2.

If we use that χAχB = I, we get[
C1 C2

C2 C1

] [
B11 B12
B21 B22

]
=

[
I 0
0 I

]
.

From here we get the following equations:

C1B11 + C2B21 = I
C2B11 + C1B21 = 0⇒ C1B21 + C2B11 = 0

Using these equations, we have

I = C1B11 + C2B21 +
(
C1B21 + C2B11

)
h.

If we take B = B11 + B21h, the equation obtained above is equivalent to

AB = (C1 + C2h)
(
B11 + B21h

)
= C1B11 + C2hB21h+C2hB11 + C1B21h
= C1B11 + C2B21+

(
C2B11 + C1B21

)
h =I.

By proposition 3.4, we also have BA = I. So, we get that A is invertible and B is the inverse of A.

Corollary 3.9. Let A ∈Mn (K). A is invertible if and only if χA is invertible.

Corollary 3.10. Let A = A1 + A2i + A3ε + A4h and A1,A2,A3,A4 ∈ Mn ( R) . Then, since the hybrid number
matrix A can be written as

A = A1 + (A2 − A3) i+ (A4 + A3i) h,

we can write the 2n × 2n complex adjoint matrix and the 2n × 2n real matrix representation of the hybrid number
matrix

χA =

[
A1 + (A2 − A3) i A4 + A3i

A4 − A3i A1 − (A2 − A3) i

]
and

ℵA =

[
A1 + A3 A2 − A3 + A4

A3 − A2 + A4 A1 − A3

]
,

respectively. Therefore, it is seen that

detχA = detℵA = A2
1 + A2

2 − 2A3A2 − A2
4.
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Corollary 3.11. Let A ∈Mn (K) be an invertible matrix. If the inverse of the 2n × 2n complex matrix χA is

χ−1
A =

[
B11 B12
B21 B22

]
where Bi j ∈Mn (C) for i, j = 1, 2 then

A−1 = B11 + B21h.

Now, with the help of this corollary, let’s give an example of how to find the inverse of a hybrid number
matrix.

Example 3.12. Let

A =
[
3 − i + 2h i+2ε − h

1 − 2h 2 − 2ε

]
=

[
3 − i −i

1 2 + 2i

]
+

[
2 −1 + 2i
−2 −2i

]
h.

Then, since the hybrid number matrix A can be written as

A =

[
3 − i + 2h i+2ε − h

1 − 2h 2 − 2ε

]
=

[
3 0
1 2

]
+

[
−1 1
0 0

]
i +
[
0 2
0 −2

]
ε +

[
2 −1
−2 0

]
h

and

A =
[
3 − i + 2h i+2ε − h

1 − 2h 2 − 2ε

]
=

[
3 − i −i

1 2 + 2i

]
+

[
2 −1 + 2i
−2 −2i

]
h

we can write the 4 × 4 complex adjoint matrix and the 4 × 4 real matrix representation of the hybrid number matrix

χA =


3 − i −i 2 −1 + 2i

1 2 + 2i −2 −2i
2 −1 − 2i 3 + i i
−2 2i 1 2 − 2i


and

ℵA =


3 2 1 −2
1 0 −2 2
3 0 3 −2
−2 −2 1 4

 ,
respectively. From here, the inverse of the complex adjoint matrix and real matrix representation of A can be found as

χ−1
A =


−

1
32

9+3i
32

8−i
32

−5+i
32

20−25i
64

1+5i
64

−7+28i
64

11−17i
64

8+i
32

−5−i
32 −

1
32

9−3i
32

−7−28i
64

11+17i
64

20+25 i
64

1−5i
64


and

ℵ
−1
A =


−

1
16

5
16

1
4 −

1
16

3
4 −

1
4 −

1
2

1
4

1
4 −

1
4 0 1

4
9

32
3

32 −
1
8

9
32

 ,
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respectively. So, according to the equality χ−1
A =

[
Bi j

]
, the 2 × 2 complex matrices are found as follows;

B11 =

[
−

1
32

9+3i
32

20−25i
64

1+5i
64

]
, B12 =

[
8−i
32

−5+i
32

−7+28i
64

11−17i
64

]
,

B21 =

[
8+i
32

−5−i
32

−7−28i
64

11+17i
64

]
, B22 =

[
−

1
32

9−3i
32

20+25i
64

1−5i
64

]
.

Thus, using the Corollary 3.11, we find the inverse of the hybrid number matrix A as

A−1 =

[
−

1
32

9+3i
32

20−25i
64

1+5i
64

]
+

[
8−i
32

−5+i
32

−7+28i
64

11−17i
64

]
h

It can also be observed that

detχA = detℵA = −64.

Definition 3.13. Let A ∈Mn (K) and χA be the complex adjoint matrix of A. We define the q -determinant of A by
|A|q = |χA|. Here |χA| is the usual determinant of χA.

Theorem 3.14. Let A ∈Mn (K), then

1. A is invertible⇔ |A|q = |χA| , 0.

2. |AB|q = |A|q |B|q consequently
∣∣∣A−1
∣∣∣
q = |A|

−1
q if A−1 is exist.

3. |PAQ|q = |A|q for any elementary matrices P and Q.

Proof. 1. It is clear from Corollary 3.9.
2. We know from Theorem 3.6 that χAB = χAχB. And so

|AB|q = |χAB| = |χAχB| = |χA| |χB| = |A|q |B|q .

Here, if we let B = A−1 then we can find easily∣∣∣A−1
∣∣∣
q = |A|

−1
q .

3. It is sufficient to observe that |χP| = 1 where P is an elementary hybrid number matrix.

4. Conclusion

In this study, we have given hybrid number matrices. Since hybrid number matrices have complex
matrix representation, the study of this matrix algebra has provided some advantages. We have defined
the 2n × 2n complex adjoint matrix and the 2n × 2n real matrix representation of n × n type hybrid number
matrices and gave some important properties. These properties are very important for the application.
We have also defined the q-determinant of hybrid number matrices and showed that this determinant is
consistent with the 2n × 2n real matrix representation. In addition, we have also given an explicit formula
for the inverse of hybrid number matrices using the complex adjoint matrix.
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