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On the Gaussian curvature of timelike surfaces in Lorentz-Minkowski
3-space

Siimeyye Giir Mazlum?

*Department of Computer Technology, Giimiishane University, Giimiishane, Tiirkiye

Abstract. In this study, the various expressions of the Gaussian curvature of timelike surfaces whose
parameter curves intersect under any angle are investigated and the Enneper formula is obtained in
Lorentz-Minkowski 3-space. By giving an example for these surfaces, the graphs of the surface and its
Gaussian curvature are drawn.

1. Introduction

Euclidean geometry, which ruled for thousands of years, left its place to new geometries with the
discovery of non-Euclidean geometries that did not provide the parallelism axiom, [1]. Euclidean geometry
makes sense for plane geometry, but the shape of the Earth we live on conforms to non-Euclidean geometry.
Mathematicians such as Lobachevski, Gauss, Bolyai and Riemann, who set out with this idea, agreed on
non-Euclidean geometries. Thus, new geometries emerged, such as Riemann (elliptical) geometry and
Lobachevsky (hyperbolic) geometry. These geometries are the most used by NASA today. Even Einstein’s
theory of relativity is a product of Riemannian geometry. One of the broad areas in the study of Euclidean
or non-Euclidean geometry is differential geometry. The most popular subject of differential geometry is the
theory of surfaces. One of the tools used when examining the geometry of a surface is the curvature of the
surface. The method of calculating the curvature of a surface was defined by Carl Gauss in the 19th century
and is therefore called Gaussian curvature. To explain Gauss’s method of calculating surface curvature, it
is first necessary to understand how the curvature of curves is calculated. Accordingly, the curvature of a
curve is inversely proportional to the radius of the circle of curvature at a point on it. Therefore, the smaller
the radius, the larger the curvature, while the larger the radius, the smaller the curvature. That is, since
the radius of the circle of curvature of the line is infinite, its curvature is zero. The product of the principal
curvatures at a point on a surface gives the Gaussian curvature of the surface at that point. If one of the
curvatures is zero, it means that the Gaussian curvature of the surface at that point is zero. If a surface has
zero Gaussian curvature, the surface is developable. Therefore, surfaces with zero Gaussian curvature can
be said to be isomorphic to the plane. The Gaussian curvature of surfaces that have a nonzero curvature
are expressed as either positive or negative. In cases where both circles of curvature are on the same side
of the surface, there is positive Gaussian curvature at that point, and negative when one is on the opposite
side. On a surface, the sum of the interior angles of the triangle in areas with zero Gaussian curvature is 180
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degrees, the sum of the interior angles of the triangle in areas with positive Gaussian curvature is more than
180 degrees, and the sum of the interior angles of the triangle in areas with negative Gaussian curvature is
less than 180 degrees, Figure (1).

Negative curvature Zero curvature
Positive curvature

Figure 1: Interpreting the Gaussian curvature’s value

Points with zero Gaussian curvature on a surface are called “parabolic points”, points with positive Gaussian
curvature are called “elliptical points” and points with negative Gaussian curvature are called “hyperbolic
points”, [2]. Thus, if the Gaussian curvature at each point of a surface is zero, that is the surface is flat, the
surface is related to Euclidean geometry, if the curvature at each point of the surface is positive, the surface
is related to Riemannian geometry, and if the curvature at each point of the surface is negative, the surface is
related to Lobachevsky geometry. The subject of surfaces is also important in architectural studies. Surfaces
built in architectural studies may have only zero, only positive and only negative Gaussian curvature, as
well as these three situations can be found in different parts of the surface, [3]. Nordpark Train Station
(Austria), built by architect Zaha Hadid Architects, can be given as an example of structures with three
different Gaussian curvatures in different parts of its surface, Figure (2).

Figure 2: Nordpark Train Station

(Accessed on 13.11.2017, used under Creative Commons CCO license, https://pixabay.com/en/architecture-modern-zaha-hadid-1618100/ )

The Lorentz-Minkowski geometry is one of the best known of the non-Euclidean geometries, [4-8].
There are many studies on curves or surfaces in Lorentz-Minkowski 3-space [9-23], which is named with
the defined Lorentz metric

(Y RXR SR, (z,y)= ziy1 + 22y2 — 23Y3,

where z = (z1, 2o, z3) and ¥y = (1, Y2, V3) € R3. Some of the studies on the Gaussian curvature of surfaces
in this space are [3, 24-29]. In this study, the different expressions of the Gaussion curvature of timelike
surfaces which are examined under six cases in [30] is examined and Enneper formula is obtained for all
cases.
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2. Preliminaries

The causal character of a vector z in Lorentz-Minkowski 3-space is timelike if (z,z) < 0, spacelike if
(z,z) > 0orz = 0 and lightlike if (z,z) = 0, z # 0, [6]. Similarly, the causal character of the all tangent vectors
of any curve is the same as the causal character of the curve. As for surfaces, they are named according to the
characters of their normal vectors at each point. If The normal vector at each point is timelike (spacelike), the
surface is spacelike (timelike), respectively. Addition, the norm of the vector z is ||zl]| = V[(z,z)|. If ||z]| = 1, z

is a unit vector. The unit timelike vectors create the hyperbolic unit sphere ]Hé = {z € ]Ri’ | (z,z) =- 1}

and the unit spacelike vectors create the Lorentz unit sphere $7 = { zeR [(z2) =1 } Forz,y € RS,
if (z, y) = 0, the vectors z and y are called Lorentzian ortgonal vectors. Besides, just like the inner product
function, the vectorial product function in this space is defined differently from that in Euclidean space
also:

(4] e —€3
A ]R‘;’XIRf—HR“;’, ZAY=—| 21 Z2 Z3
Vi Y2 Y3

This fuction is called Lorentz vectorial product of z and y vectors. The causal characters of the vectors
in ]R“;’ also affect the result of the vector products of these vectors with each other, and this effect causes
various cases on a timelike surface. Depending on these cases, the Darboux frame is shaped in various
ways according to the characters of the elements that creat the frame. For example, let’s take the Darboux
frame {t,g, N} on a timelike surface. Here the normal vector N is a spacelike, by definition of a timelike
surface. Let’s assume that vector g is also spacelike. So, this vector is defined by g = —N A t, here the vector
t is timelike. In the present case, Darboux vector of this frame is [21]

W= — - —. 1)

Let the parameter curves (c1) and (cz) of a timelike surface be two curves that intersect at any angle. Let any
curve (c) pass through the point where (c;) and (cy) intersect. Six different cases appear on these surface
with different combinations of the characters of the elements of the Darboux frames of (c), (c1) and (c3), [30].
Many equations have been obtained for these six cases on the surface. I do not see any harm in adding only
the following ones, which will be used in this study, to this section. There is the equation below between
the Darboux vectors w, w; and w; of (c), (c1) and (cz) on the timelike surface, respectively,

Case 1.

sinh (6 — h d
_sinh( ¢MH“E¢M—EN @)
cosh 6 cosh 6 ds

w =
For other cases, you can examine the paper [30]. For radii of principal curvature R; and R, of (c1) and (c2)

and radii of geodesic and normal be R, and T, of the surface, there are the equations below:
Case 1.

sinh (6 - ¢) sinh (9 - Qf)) cosh (Q B ¢)

R R, T, 3)
h .
cosh ¢ _ cosh ¢ N smhqb, @
Ry R, T,
Case 2.
cosh (6 - qb) cosh (6 - qb) sinh (6 - qb)

R ®a @) ©
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sinh¢ sinh¢ cosh¢
R, Ry)y
2 (Rn)o (Tg)o

(6)

For other cases, you can examine the paper [30]. Let radii of normal curvature be (R,);, (R,), and radii
of geodesic torsion be (T?)V (Tg)2 of the curves (c1) and (cz) on x = x(u, v), respectively. For the geodesic
torsion at the direction ¢, there are following equations:

sinh (6 - (p) sinh¢p cosh (9 - ¢>) cosh¢ sinh (9 - d)) cosh¢ sinh (6 - d)) cosh ¢
), (),  ®x T R

1 1
Casel.— =
ase T, cosh©

7

7)

1

cosh (6 - q,‘)) cosh¢g sinh (6 - qb) sinh¢ cosh (6 - qb) sinh¢@ cosh (6 - qb) sinh ¢
(Tg)o ~ cosh 6 - -

Case 2. (Tg)l (Tg)2 + (Rn); (Rn),

(®)

For other cases, you can examine the paper [11]. Let radii of normal curvature be (R,);, (R,), and radii of
geodesic torsion be (Tg)l, (Tg)2 of the curves (c;) and (c2) on x(u, v), respectively. For the normal curvature
at the direction ¢ of the surface, we get:

1 1 1 1 . sinh (6 - qb) sinh¢ cosh (9 - qb) cosh ¢
Case 1. R = o [(Tg)l + (Tg)2 ] sinh (6 - qb) cosh ¢ + & + &), , 9)
1 1 1 ) cosh (9 — qb) cosh¢ sinh (6 — qb) sinh ¢
Case 2. & = o (Tg)1 + (Tg)2 cosh (6 - <¢>) sinh @ + &) + &,

(10)

For other cases, you can examine the paper [11]. Let radii of principal curvature of (c;) and (c;) be R; and Ry,
the radius of normal curvature be R, the radius of geodesic torsion of (c) be T, and the radius of geodesic

torsion of (cg) perpendicular to (c) be (Tﬁ)o on x(u,v), respectively. Then, we get:

1 1 )( 1 1 ): cosh(@—(p)sinh(p 1

Case 1. (— - — = - .
Ry Ry sinh (9 - (j)) cosh¢ Tg

R & (11)

For other cases, you can examine the paper [11].

3. On Gaussian Curvature of Timelike Surfaces in Lorentz-Minkowski 3-Space

In this section, the various expressions of the Gaussian curvature of the timelike surface are obtained and
special cases are examined. Let the Gaussian curvatures of the curves (c) and (co) perpendicular to (c) be
K and K on the surface x(u, v), respectively. Let the hyperbolic angle between the tangent vector t; of the
parameter curve (c;) and the tangent vector ¢ of any curve (c) be ¢, and the tangent vectors t; and ¢, of
parameter curves (c;) and (cp) intersect under the hyperbolic angle 6 on timelike surface x = x(u, v).
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Theorem 3.1. Let radii of principal curvature of (c1) and (cz) be Ry and Ry, radii of normal curvature and geodesic
torsion of (c) be R,, and T, radii of normal curvature and geodesic torsion of (co) perpendicular to (c) be (Ry), and

(T9)0 on x(u,v), respectively. The Gaussian curvature is given by follows:

Cases 1- 2.
fofs Rlle T, (1Tg)0 "R, (;n)o ) (Tlg)1 (le)2 ’ (Rln)l (Rln)z * :2?2 (;rlg)1 (Ri)z ’ (le)z (Rln)1 - (12)
Cases 3 - 4.
Kegoo L1 1 1 1 1 1 sinhof1 11 1|
RiRy ~ 1,(1,)  Re®o (1) (1), Ri(Rz coshO|(r,) R (1,) Rok
Cases 5 - 6.
Kok L o1 1 1 1 1 1 esho 1 1 1 1|
RiRe  1,(T,) Re®do (1,) (7,), Rr Rz sinhO|(1,) R~ (1,) Rok
Proof.

For Cases 1 - 2. Firstly, if we multiply (3) and (6) side by side, we get

sinh (6~ ¢)sinh¢  sinh (0~ ¢)sinh¢p  cosh (0 —¢)cosh¢y

RiR, ) Ry (Ru)o " Ty (Ty)o )
and if we multiply the expressions (4) and (5) side by side, we get
cosh (6 - qb) cosh ¢ _ cosh (6 - ¢) cosh¢ sinh (6 - (1)) sinh ¢ 19
RiR, Ry (Ry)o T, (T9)0 ‘
So, if we add the expressions (13) and (14) side by side, we have
1 1 1 (15)

RiR: " RiRy ' 7,(1,)

On the other hand, if we multiply the expressions (9) and (10) side by side, we get

2
Ry " oy |0 (0 9)coshpsinh (0-g)sinhg [[(Tlg)1 i (Tlg)z] ’ (Rt)% ' (Ri)%]
. cosh (6 - ¢)sinh (6 — ¢) (cosh? ¢ + sinh” ) [ (N ]
(Ru)y (15), (o),
. coshgsinho (cosh? (6 — ) + sinh? (6 - ¢)) { 1, ]
(Ru)a (1,), (7o),

+ (Cosh2 (9 - qb) cosh? ¢ + sinh? (9 - qb) sinh? ¢) ﬁ] (16)
nJ1 n)2
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and if we multiply the expressions (7) and (8) side by side, we get

1 . . 1 1 1 1\
T, (Tg)o T cosh20 —cosh (6 — (P) cosh ¢ sinh (9 - CP) smhqb[(Tg)1 + (T9)2 + ((Rn)l - (Rn)z) ]

cosh (6 - qb) sinh (6 - ¢>) (cosh2 ¢ + sinh? ¢) ( 11 )
), R R,

cosh ¢ sinh ¢ (cosh2 (6 - qb) + sinh? (9 - (P)) ( 1 1 )

' (), ®: R,
+ (cosh2 (9 - qb) cosh? ¢ + sinh? (6 - qf)) sinh? qb) 1 . (17)
(T9)1 (T9)2
So, if we add the expressions (16) and (17) side by side, we have
1 . 1 __1 1 N 1 1 +sinh6 1 1 N 1 1 (18)
Ri®Ro " T,(1,)  ®Roi®a: (1) (1), " coshb((r,) Rz " (1,) Roi)

From the equality of (15) and (18), the proof is obtained. The proof of other cases is done in a similar
way. [

Proposition 3.2. Ift; and t, are Lorentzian orthogonal vectors in Theorem 3.1, then for the Gaussian curvature, we
obtain:

Special Cases 1 -2 - 3 and 4.

1t 1t 1111
" RiRy R, (Ry) T, (Tg)o ~ (R Ra), (Tg)1 (Tg)z'

K:KO

There is no special cases 5 - 6.

Corollary 3.3. Another expression of the Gaussian curvature in Theorem 3.1 is as given below:
Cases 1 - 2.

_ _ 1 _ oty oty 3_1]1 (95]2 sinh 0 |/ dt; (9_1]2 ob 35]1
K=Ko= RiR, [<851' 852> * <851 " Jsy * cosh 0 |\ds1” ds» * dsy” 9sy [’ (19)

Cases 3 - 4.

K—K—L—_%%.F%% _M %aﬂ_‘_%%
a O_R1R2 h 851/852 851,352 cosh 6 851,852 852,851 !

Cases 5 - 6.

_ _ 1 _ ot; dtp 9g1 892 cosh 0 |/ dt (9572 oty 891
K= KO h R1R2 B [<(951 ! (952> * <(951 ! 852 * sinh 6 (951, (952 * (952’ (951 '
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For Cases 1 - 2. From the Darboux derivative formulas, we know the following equations:

o 1 1 11
T R) TR T (7)Y
5 5 (20)
71 1 1 92 1 1
— = t1+ ——N, - =-—Hh—--—N,
%1 (R?>1 1 (T?)l %2 (R?)z 2 (Tg)z
[21]. From the expression (20), we write the following equations:
<% @> <% 8&>: 2sinhg 1 1 1)
ds1” 9s; ds1’ dsy (Rg)l <R9)2 Ri)y Rn)y (Tg)1 (Tg)zl
ot 8g2> <&t2 8g1> _ 2cosh® 1 1
oh 992\ | [9t I _ . 22)
o) ) @i o wm

If (21) and (22) are substituted in (19), the expressions (12) and (19) appear to be equal. So, the proof is
completed. The proof of other cases is done in a similar way. [

Proposition 3.4. If t; and t, are Lorentzian orthogonal vectors in Corollary 3.3, for the Gaussian curvature, we
obtain the equation below:

Special Cases 1 -2 - 3 and 4.

_ _ 1 _ oty ot 8_1]1 agZ
K_KO_R1R2 __|:<&511852>+<851,&52 ’

There is no special cases 5 - 6.

Theorem 3.5 (Enneper Formula). Let radii of geodesic torsion of (c) and (co) perpendicular to (c) be T, and (Tg)o
on x(u, v), respectively. There is the relation below between the torsion T (or To) of the asymptotic lines of the timelike
surface passing through a point P and the Gaussian curvature on the surface at the same point:

Case 1.
cosh (9 - (j)) sinh¢ q cosh (9 - qb) sinh¢ q

k= _sinh (6 - 4)) cosh ¢ T_§ ) _sinh (6 - ¢)) cosh ¢ T’
Case 2.
sinh (6 - qb) cosh¢ 1 sinh (6 - ¢) cosh¢ q
Ko =- ; 77" T
cosh (0 - @) sinh b (), cosh (6 - ¢)sinho Tg
Case 3.
o _sinh(@ - qb)coshqb 1 _sinh(@ - (b)coshcpl
cosh (0 - ¢)sinhp T; cosh (6 - ¢)sinhp T’
Case 4.
Ko = _cosh(@ - ¢) sinh¢ 1 _ _cosh (6 - qb) sinh¢ 1

2

\ sinh (9 - (i)) cosh ¢ T_él

sinh (9 - qb) cosh ¢ (Tg)
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Case 5.
. _cosh(e - <p)cosh<pl _ _cosh(@ - <p)coshgbl
sinh (0~ ¢)sinhg T; sinh (0 - ¢)sinh¢p T*
Case 6.
. sinh (0 - ¢)sinh¢ 1 . sinh (0 — ¢) sinh ¢ 1
cosh (0 — ¢) cosh (Tg)z cosh (0 — ¢) cosh ¢ Tg
Proof.

9648

1
Case 1. We know that R 0 on the asymptotic lines. Besides, since the hyperbolic angle between the

n

1 1
principal normal of an asymptotic line and the normal of the timelike surface is always constant, T =7 is

obtained, [21]. If these values are substituted in (11), the proof is obtained. The proof of other cases is done

in a similar way. [

Proposition 3.6 (Enneper Formula). If t; and t, are Lorentzian orthogonal vectors in Theorem 3.5, that is 6 = 0,

then, for the Gaussian curvature, we obtain follows:

Special Cases 1 - 3.

1 1
K:—:—
2 27
T3 T

There is no special cases 5 - 6.

Theorem 3.7. Let the Darboux vectors of (c) , (c1), (c2) and (co) perpendicular to (c) be w, w1 , wy and wo on x(u, v),

respectively. If normal vector at any point P of the surface is N, the Gaussian curvature is given as below:

Cases1-2-3and 4.
K = Ky = (N, wy, w) cosh? 8 = (N, wy, w;) cosh 6,
Cases 5 - 6.

K = Ky = (N, w, wp) sinh? @ = (N, w,, w;) sinh 0.

Proof.
Cases 1 - 2. From the following vectors
_ At
~ cosh@’
o1 = — 1 N sinh 6 - t N N
' (1), cosh® Ry 1" Cosh 6 (Ry), (Rg)l'

(23)
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and
” h N [ 1 N sinh 6 ] ; N
D = 2= ’
cosh 6 (Ry), (T9)2 cosh 6 (Ry), (Rg)z
[30], we get
1 1 1 1 1 sinh@| 1 1 1 1
(N,wy Awy) = + + [ + J : (24)
ho R, (R, h 6 R, R,
cos (T9)1 (T9)2 Rkt Ru)y -+ cos (T9)1 (Ra (T9)2 R
Considering the expression (12) in the expression (24), we obtain
K Ky
(N, w2 Atwr) = cosh®  cosh6’ 25)
Besides, from the expression (23) and the vectors
sinh (9 - (P) cosh ¢ do
=— - —N, 2
cosho ' oshe ™ T s (26)
cosh (6 - ¢) sinh ¢ do
W= oo T cosho 2T EN’ @7)
[30], we get
1 1 1 1 1 sinh@| 1 1 1 1
(N, w A wg) = > + + [ + ] . (28)
cost? 6| (1), (1,), (R Rz " cosh | (7} W)z ™ (r,), (Rl
Considering the expression (12) in the expression (28), we have
(N,w A wp)cosh6 = K _ K (29)

cosh® ~ cosh®’

From the equation of (25) and (29), the proof is obtained. On the other hand, from vectorial product of
vectors in (26) and (27), we get

Wy A Wy cosh(60 — ¢) + sinh(6 — ¢) sinh ¢ — cosh ¢ do
Aw= - A — T |w, AN|—.
YA = osho [( cosh 0 Wi AN+ cosh 0 w2 AN ds (30)
And if we inner product both sides of (30) with N, we have the following equation:
(N, wy A w)cosh 8 = (N, w1 A wy). (31)

From the equation of (29) and (31), the proof is obtained. The proof of other cases is done in a similar
way. [

Proposition 3.8. Ift; and t, are Lorentzian orthogonal vectors in Theorem 3.7, then for the Gaussian curvature, we
get:
Special Cases 1 - 2 - 3 and 4.

K= KO = (NerI w) = (N/ w1, wZ) .

There is no special cases 5 - 6.
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Corollary 3.9. If normal vector at the point P of timelike surface is N, then there is the following relationship between
of the normal vector, its derivatives and the Gaussian curvature:

Cases1-2-3and 4.

K=Ky = —(N N aN)COSh@,

" 51" Js2
Cases 5 - 6.
JON oN
K=Ky =|N,=s—,5—|sinh 6.
0 (N, Y 852)51 0
Proof.
Cases 1 -2 -3 and 4. We know the following equations
JON JON
-— = A -— = A 2
&51 w1 N and &52 wy N, (3 )

[30]. From the expressions (25) and (32), we write

ON ON K Ko
&_Sl A a—sz = (w1 /\N) A (w1 /\N) = (N,wl,ZUz)N = COSh@N = COSh@N' (33)

If we inner product both sides of (33) by N, the proof is completed. The proof of other cases is done in a
similar way. [

Proposition 3.10. If t; and t, are Lorentzian orthogonal vectors in Corollary 3.9, that is O = 0, for the Gaussian
curvature, we obtain:

Cases 1-2-3and 4.
JON ON
K=Ky=-|N,—,=—].
0 ( ! 851 ! (952)
There is no special cases 5 - 6.

Theorem 3.11. The Gaussian curvature is expressed by E, F and their derivatives on x(u,v) as follows:
Cases 1 - 2.

K=K, = D(tlrt2) _ 1 -i (\/E)u+Sinh6(\/E)v _i <\/E)U_Sinh6(\/a)u
T T DGy,sa) VEG |9 VE dv VG ’
Cases 3 - 4.
Dty 1 [ 9 ((VC), =sinh6(VE)) 5 ((VE),+sinh6(VG),
"0 T DGsi,sa) VEG | oH VE v VG '
Cases 5 - 6.
e Dty 1 [a((VG), ~coshO(NE) ) g ((VE),~cosho(C)
T " D(si,s)  VEG |ou VE v VG

Proof.
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Cases 1 - 2. We know the following equality

dt ..

=wj At ,7=12, 4
s, wi At 1] (34)
[30]. From the expressions (25) and (34), we get

w1 ANtp W Aty
K =Ko =(t1 Ay, wp Awr) = =, wo)(to, wr1) + {t1, w1 ){tr, wo) =

wy Atp wy Aty

ot 8t2>_<9fz 8t1>_ D(t, 1) (35)

K:“:<$?%; 351 95| ~ Disy,s2)

Besides, we write the following equalities

o w1 _dn 1
dsy  Ju \JE' dsi  du \E
N U R Y
ds, v VG 9% T oo VG’
[30]. If these values are substituted in (35), considering the equation
a a1'2 a atZ a ( \/E)v - Sil’lh 9 ( \/a)u a - ( \/a)u B sinh@ ( \/E)U
il 5e)- 7l )= % e "o VE '

v
[30], the proof is obtained. The proof of other cases is done in a similar way. [

Proposition 3.12. If t; and t, are Lorentzian orthogonal vectors in Theorem 3.11, that is © = 0, for the Gaussian
curvature, we have:

Cases 1 - 2.
K=K, = D(tlrtZ) — 1 i ( )u _ i (\/E>v
" DGi,%)  vEG|ou| vE | 90| G ||
Cases 3 - 4.
K=K, = D(tlrtZ) _ 1 _i (\/E)u i (\/E)v
T DGsi,s)  NEG| ou| ~E | 90| G

There is no special cases 5 - 6.

Corollary 3.13. Let the Darboux vectors of (c1), (c2), (¢) and (co) perpendicular to (c) be wy , wz, w and wy on x(u, v),
respectively. There is the following relation between of the Darboux vectors and the Gaussian curvature:

Cases 1 - 2.

ds ds
K= Ko = —(ZU,ZU1,ZU2) cosh 9% = —(wo,w1,w2)cosh 9%,

Cases 3 - 4.

ds ds
K= Ko = (w,wl,’(/U2)COSh9% = (wo,wl,wz) COShQ%,
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Cases 5 - 6.

K = Ky = (w, w1, wy) sinh 9— (wp, wy, w,) sinh 6—
dep dop-
Proof.
Cases 1 - 2. From (26), we get
sinh (9 - ‘P) cosh ¢ do

d¢
cosh 6 o cosh 9w2 - d_N w1 A w2> ds (N, w1 A w2) (36)

(w, w1, wp) = — <—
and from the expression (27), we get

cosh (9 - 975) sinh ¢ do
w1y + Wy — —
cosh 6 cosh 6 ds

d
(wo, w1, wy) = —< N, w1 A w2> = d_(i) (N, w1 Awy). (37)

Considering (25) in (36) and (37), the proof is obtained. The proof of other cases is done in a similar way. [J

Proposition 3.14. If t; and t, are Lorentzian orthogonal vectors in Corollary 3.13, then for the Gaussian curvature,
we get equation below:

Cases 1 - 2.
ds ds
K=Ky =~ (w,w,ws) prs = — (wo, w1, ws) b’
Cases 3 - 4.
K =Ko = (w, wl,wz) d‘i’ (w01w1/w2) d‘P‘

There is no special cases 5 - 6.

4. Example

Let’s consider the timelike surface

o) = cos[(n — 1):]_ccl)s[(n —1)v]  cos[(n + 1);1]4_(:(1)5[(11 + l)v]l

cos[(n — Du]sin[(n — 1)v]  cos[(n + 1)u]sin[(n + 1)v]
n-1 B n+1

,sinusinv]|.

The tangent vector of the parameter curve v = constant of the surface is

x, = (=sin[(n —1u]cos[(n — 1)v] + sin[(n + 1)u] cos[(n + 1)v],
—sin[(n — 1)u] sin[(n — 1)v] + sin[(n + 1)u] sin[(n + 1)v], cosu sinv), (38)

and the tangent vector of the parameter curve u = constant of the surface is

Xy, = (=cos[(n—1)u]sin[(n — 1)v] + cos[(n + 1)u]sin[(n + 1)v],
cos[(n — 1)u] cos[(n — 1)v] — cos[(n + 1)u] cos[(n + 1)v],sinu cosv). (39)

From the inner product of the expressions (38) and (39),

(xy,%y) = 3cosucosvsinusinov # 0
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is obtained. Thus, it seen that the parameter curves of the timelike surface x(v, ) do not intersect perpen-
dicularly. The graphs of its parameter curves and this surface for certain intervals of the parameters u and
v are given in Figures 3, 4, 5 and 6.

imelike surface
he parameter curve v=constant
he parameter curve u=constant

[ Timelike surface
The parameter curve v=constant
s Thee parameter curve u=constant

1177/,

0 -0.50.4 02 0 02

Figure 3: Timelike Surface x(u,v) for u = —n/64n : /120 : /64n and v = —711/24n : 1/120 : 70/24n

[ Timelike surface
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= The parameter curve u=constant [ Timelike surface \
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Figure 4: Timelike Surface x(u, v) for u = —m/64n : /120 : 1/64n and v = —71/8n : /120 : 7/8n
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imelike surface  parameter curve V=constant
0.5 - 'he parameter curve v=constant e parameter curve u=constant
The parameter curve u=constant
044 [ Timelike surface
s —— The parameter curve v=constant

= The parameter curve u=constant

0.2

-0.5

Figure 5: Timelike Surface x(u,v) for u = —n/32n : /120 : ©/32n and v = —11/24n : /120 : 7©/24n
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Figure 6: Timelike Surface x(u,v) for u = —m/32n : /120 : ©/32n and v = —1t/8n : ©/120 : 7/8n
The Gaussian curvature of the surface is
4(2A + C)? cos(nu) sin(nu)(B cos u sin u + D cos(n) sin(niz))
+4B cos u sin u(BD cos usin u + (2A + C)? cos(nu) sin(nu))

—161nAC cos?(nu) cos u sin u(B cos u sin u + (2A + C) cos(nu) sin(nu)) + 16n2A3 cos*(nu)
16A* cos*(nu)(4 sin®(nu) — 1)

where A = cos? usin? v — sin? u cos? v, B = cos(2nv) — cos(2nu), C = cos(2v), D = sin? u sin? v — cos? 1 cos? v.
The graphs of the Gaussian curvature of the timelike surface x(u,v) are shown in Figure 7 and 8 in cases
where u = constant and v = constant for various n values, respectively. In addition, the distribution function
of the curvature is given in Figure 9.
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Figure 7: The Gaussian curvature of x(u, v) for u = constant and n = 0,5,7,9, respectively
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Figure 8: The Gaussian curvature of x(1, v) for v = constant and n = 0, 3, 4, 8, respectively
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Figure 9: The distribution functions of the Gaussian curvature for u = constant and v = constant, respectively

5. Conclusions

We have shown in our [30] study that six different situations occur according to the causal character of
parameter curves that intersect at any angle on a time-like surface. In this paper, various expressions of
the Gaussian curvature on the timelike surface are examined, new theorems and new equivalents of well-
known formulas are given. This study can also be studied in spaces other than the Lorentz-Minkowski
3-space. At the same time, this paper can be studied by including studies in other related disciplines such
as architecture, physics, astronomy, singularity theory and submanifold theory, and interesting results can
be obtained, [15, 16, 31-35].
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