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Relative boundedness in non-Archimedean Banach spaces
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Abstract. This paper treats general unbounded operators, closed operators, and relative boundedness in
non-Archimedean Banach spaces.

1. Introduction

The theory of valuations was begun in 1912 by J. Kiirschdk who defined the valuation axioms as we are
used today. The main motivation was to supply a solid base for the theory of p-adic fields as formulated by
K. Hensel. In 1934, A. Ostrowski published essential contributions to valuation theory. Simultaneous, W.
Krull generalized the notion of an absolute value to that of a valuation. This generalization made possible
applications in other mathematical fields, including algebraic geometry and functional analysis. Since the

early 1940s, non-Archimedean field analysis has been attempted from different perspectives. In 1943, A. F.
Monna [14] outlined the non-Archimedean normed vector spaces.

One of the successful applications of p-adic functional analysis was the use by B. Dwork of an ad hoc
linear operator in his study of the rationality of the zeta function of a hypersurface over finite fields (a
part of Weil conjectures) (see [6]). Immediately, ]. P. Serre has given a general setting of this operator by

constructing the Fredholm determinant of completely continuous operators which applies very well to
Dwork’s operator (see [19]).

1.1. Valuation

The valued fields of the real numbers IR and the complex numbers C are important to several mathematics
theories. Noting that there are two types of valuation, one is the Archimedean valuation, as in the cases
of C and R, and the other is the non-Archimedean valuation. The effects of replacing R or C by the more
general object of a non-Archimedean valued field (KK, | - |) in these theories has long been investigated. In
fact, the study of non-Archimedean analysis is much concerned with the base valued field. The adopted

definition segregates the classical norm from all other the non-Archimedean norm as to avoid carrying out
generalizations.
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1.2. Definitions and some properties

Let K be a field. It’s unit element, we dented by 1. The symbol 1 is the unit element of R.
We start by presentation of the notion of valuation on a field general K. The following concept will play
a key role in this paper.

Definition 1.1. A valuation on Kisamap |-|: K — IR satisfying:

(i) |x| = 0 for any x € K with equality only for x = 0.

(i) [xy| = Ix| - [yl for any x, y € K.

(iif) For some real number C €]1, +oo[, which will be called Artin constant and any x € K, if |x| < 1, then |x+1k| < C.

The following result can be easily derived from Definition 1.1.

Proposition 1.2. Let | - | be a valuation on K. Then, the following hold:

() 1kl = 1.
(ii) Forx e Kand n € IN, if [x"| = 1, then |x| = 1.
(@) | -1kl = 1.

(iv) For all x € K, we have | — x| = |x]|.
(v) For x € K\ {0}, we have |x7!| = |x|7L.

Proof. (i) In view of Definition 1.1 (ii), we may deduce that,

Nkl = Nk X1kl
1| X |1k
= |1k~

Then, we infer that [1x| (1 — |1k]) = 0. Moreover, by using (i) of Definition 1.1, we have that [1x| = 1.
(i7) Let x € K and 7 € IN. According to Definition 1.1 (ii), we have
X" = Jxx...xx
[ —

n times

= x| x...x|x|
—————
n times

= " 1)

Using the fact that |x"| = 1, we infer from Eq. (1) that [x|* = 1. Hence, we obtain

I = /lxf" = 1.

(iii) Observe that
ikl = |- (-1l
= | =1k X -1k
= |-1kP

So, from both (i) and Definition 1.1 (ii), we have | — 1x|* = 1. Hence, by virtue of (ii), we conclude that
| -1kl =1.
(iv) Let x € K. Since —x = —1k X x. then by using Definition 1.1 (ii), we see that

| = x| =1 -1kl xIx].
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The use of (iii) makes us to conclude that | — x| = |x|.
(v) It follows from both Proposition 1.2 (i) and Definition 1.1 (i7) that
1 = [kl

= |Jxxx~
_1|

g
= |xl|x
This implies that |x| = [x"!|*. Hence, we deduce |x™!| = |x|"!. This completes the proof. [

Remark 1.3. (i) The usual absolute values of R and C are examples of valuations.
(i1) Let | - | be a valuation on K. The valuation | - | is called the trivial valuation, if

1 ifx#0
x| =
0 otherwise,

Proposition 1.4. Let | - | be a valuation on K and C €]1, +oo[. Then, the following statements are equivalent:
(i) Forany a € K, if |a| <1, then |a + 1k| < C.

(ii) Forany a, aq € K, |a + 1] < Cmax (lal, Iall).

Proof. First we suppose that (i) holds. Let a, a; € K. Without loss of generality, we may suppose that
a

0 < |a| < |a1]. Hence, - <1, and so we get
1

a
— + 1k

<C )
M

Multiplying the inequality (2), by |a1], we get

la+a1] < Claq|

Cmax (Ial, Iall).

Conversely, let a € K be such that |a| < 1. This entails that,

A

o+ 1k < Cmax(lal, [1x|)

Cmax (Ial, 1)
C.

This completes the proof. [
Definition 1.5. A valuation | - | on the field K satisfies the triangle inequality if for any a, oy € K, we have
la + 1| < laf + |agl.

We start our investigation with the following lemma, which constitute a preparation for the proof of
Theorem 1.8

Lemma 1.6. Let |- | be a valuation on K.
(i) Let p e Nand let oy, ..., a0 € K. Then,

lar + ap + ... + ay| < 2P max|a;l.
1<i<p

(if) Let g € N and let ay, ..., ay € K. Then,

|0z1 tar+.. < 2q1m<ie<1§1|ai|. 3)
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Proof. (i) By induction on p. For p = 1. Without loss of generality, we may suppose that 0 < || < |ay|.

Multiplying by |a|™, then % <1,s0
2
ﬂ + 1]1(‘ < C
an
<

Multiplying by |a,|, we get

oy + an| < 2]y

2 max (Iall, Iazl).
The case |a;| < |a] is handled similarly. Assume the result true up to p — 1. Since

g+ ... +ap| = |lag+...+ap1+agy-1.q + ...+ Xy

< 2max (|0(1 +...+ (sz—ll, |0(2p71+1 + ..+ x]).

Putting

B1=ay-14
B2 = azy-1y;
ﬁzp—l = Qgp-149p-1 = Ay

and applying the inductive hypothesis, on a1, ..., ay-1 and By, . .., fy-1 We obtain

lar + ... + ax| < 2"max|ayl.
1<i<2P

(ii) Let p be an integer such that 27! < g < 27. So, if we take xg41 = Xg42 = ... = x» = 0, we have

|0(1+0(2+...+0(q| = |0(1+052+...+0(q+0(q+...+a2q

< 2’max|a;| (as (©)).
1<i<2p

< 2gmax]al.
1<i<2p

This completes the proof. [J

Remark 1.7. Let n € IN. Then, |n| < 2n. Indeed, if we take x1 = xo = ... = x,, = 1k, then by using the inequality
(3) we obtain |n| < 2n.

Theorem 1.8. Let K be a field and | - | a valuation with Artin constant C (see Definition 1.1 (iii)). Then, | - | satisfies
the triangle inequality if, and only if, C < 2.

Proof. Let |- |be a valuation satisfying the triangle inequality, and let @ € K such that |a| < 1. Then,

la + 1| ] + 1]
1+1

2.

<
<
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Conversely, let a, f € K. Hence, for all n € IN, we obtain that

Z C?aiﬁ”_i

0<i<n

lo + BI"

< 201+ Dmax (ICllalp")
< 4n+ 1)522); (C?’|O€|i|,3|n_i)
< 4n+1) Z (C?Ialilﬁln_i)

0<i<n

= 4(m+1)(al+B)".
Taking n-th root and letting n — oo, we find
lov + Bl < laf + |Bl,
which completes the proof. [
Note that any positive power of a valuation is still a valuation.

Proposition 1.9. Let (K, |- |) be a valued field with Artin constant C, and let A be a positive real number, then
'K - R,

a - o
is a valuation on K with Artin constant C*.

Proof. According to Definition 1.1, the statements (i) and (i) of can be proved easily.
For the statement (i) of Definition 1.1. The fact that |a|* < 1 implies that |¢| < 1. Since | - | is valuation on K
we infer that |a + 1x| < C. Consequently,

la + 1[* < C.

This entails | - |* is a valuation on K with Artin constant C*. [J

The following theorem essentially separates the absolute value on R or C from all other valuations enabling
us to avoid carrying out mere generalizations.

Theorem 1.10. [18, Theorem 1] Let (K, | - |) be a valued field. Then,
(1) K is a subfield of (or isomorphic to) C and the valuation induces the restriction topology on K, or
(ii) the valuation on K satisfies the strong triangle inequality

oy + atal < max (Jaal, lazl)
forall ay, ap € K.

Definition 1.11. Two valuations |- |y and | - |, on the field K are equivalent, if there exists a positive real numbers A
such that | -l = |- 17

Remark 1.12. It follows from Theorem 1.10 that a valuation is either Archimedean as a valuation on a subfield of (or
isomorphic to) C for example that of R and C, or is non-Archimedean.

We define the distance between two elements x, y € K by

dlx,y) = |x = yl.
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The function d(-,-) is called the topological induced by the valuation. Then, (K,d) is topological space.
Define the closed and the open balls on K centered at Ay and with radius ¢, respectively:

Bi(Ag, &) = {A € K:|A = Agl < ¢}
and
B (Ao, €) = {A € K:|A = Ag| < &}
Hence, the fundamental system of neighborhoods of each element A in K consists of the set of element A

such that A — Ag| < €.

1.3. Non-Archimedean Valuations

A fields K to will be considered as a different subfield of (or isomorphic to) C, and all non-Archimedean
valuations to will be considered are non-trivial.

Theorem 1.13. [16, Theorem 1.1] Let | - | be a valuation on K. The following conditions are equivalent:
(?) The valuation is non-Archimedean.

(ii) In 1k| < 1 for every n € IN.

(iif) For all x, y € K, |x + y| < max{|x|, [yl}.

(iv) If x,y € Kand |x| < |y|, then |x — y| = |yl.

Remark 1.14. A valuation | - | is non-Archimedean, if the set {|n 1x| < 1 : n € IN} is bounded, otherwise it is
Archimedean (see [16, Chapter 1]).

In the following, we give one of the most interesting example of the non-archimedean valuation.

Example 1.15. Let Q be a field and p be a prime number. We write every non-zero rational number x as:
= on
X=7p
where n, a, b are integers, and ged(p, ab) = 1 (where ged means the greatest common divisor). Put

il = { pr fx 0 @)

0 otherwise.

Then, | - |, is a non-Archimedean valuation on Q. It is called the p-adic valuation.
Proof. e It follows from (4) that |x[, = 0 if, and only, if x = 0.

olfx = %p” and y = gpm, where n, m, a, b, ¢, d are integers, gcd(p,ab) = 1 and ged(p, cd) = 1(where ged

means the greatest common divisor), then

m+n

ac
Xy = EP ,
and

ged(abed, p) = 1.

Therefore, |xyl, = p‘(”””) = |xl, lylp,- Moreover, xy = 0, if, and only if, x = 0 or y = 0 if, and only if; |x], |y[, = 0.
Then,
|xy|p =0= |x|p |y|p

o We assume x and y are non-zero rational number. If n < m, then

. [ad +p""cb
Xry=p\—7 |
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Hence, we obtain

x+yl, <p™ < max{lxl,,, |y|,,}.
The case m < n is handled similarly.
If x =y =0, then |x + y|, = 0 = max {lep, |y|p}.
If x =0and y # 0, then

I+ yly = [yl < max{jxly, lyl, ).
If y = 0 and x # O, then

[x + ylp = Ixlp < max{lxlp, Iylp}.

So, | - |, is a non-Archimedean valuation, is claimed. This completes the proof [J

Remark 1.16. Let p > 2 be a prime.
(i) The non-Archimedean valued field (Q, | - |,) is not complete.

9797

(i) The completion of (Q,| - |,) is called the field of p-adic numbers and denoted by (Qy, | - |,). Moreover, we have the

following characterization of p-adic numbers: each x € Q, can be expressed as

X = Z aipi,

>n

where0 <a; <p—1,and x|, = p™.

In non-Archimedean theory, there are two kinds of valuations: discrete and dense.

Definition 1.17. Let (K, |- |) be a non-Archimedean valued field.

IK*| = {lx| : x € K, x # 0} is called the value group of the non-Archimedean valuation.

Moreover, |K| is a subgroup of the multiplicative group of positive real numbers.

Definition 1.18. (i) The non-Archimedean valuation is called discrete, if there is a real number 0 < r < 1 such that

K| = {r" : n € Z}.

(ii) The non-Archimedean valuation is called dense, if it is non discrete.

Remark 1.19. (i) If a non-Archimedean valuation is trivial, then it is discrete. Indeed, it follows from Remark 1.16
that for all x # 0, we have |x| = 1. Then, we infer that |K*| = 1. This implies that there is 0 < r < 1 such that

IK*| = {r* : 0 € Z}. Hence, the non-Archimedean trivial valuation is discrete.

(ii) The p-adic valuation on Q, is discrete. Indeed, by referring to Example 1.15, we have for all x € Q},,

n

lxl, = p™".

Clearly, 0 < p~! < 1. Put r = p~L. Hence, we infer that
|Q;| ={r":neZ.

Example 1.20. For nonzero polynomial P € R[X] given by

P(X) =ap+mX+---+ udeg(p)XdW(P),

where deg(P): is the degree of P, ageqpy # 0andag, a1, -+, ageqp) € R. By convention, the degree of the zero polynomial

is —oo.
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Let r be any number greater than 1. For P € R[X], puting

p o TP
1o ifP=0.

We define the map | - |. on the filed of rational function R(X) by
IPQ7!. =PI 1QI™,

where P € R[X] and Q € R[X]\{0}. Then,

(?) | - | behaves like a non-Archimedean valuation.
(@0) | - |« is a non-Archimedean valuation.

(iii) The valuation | - |. is discrete on R(X).

Proof. (i) We will prove that | - | satisfies the axioms of a valuation.
o It is clear that P = 0 if, and only if, |P| = 0.
e Let P, Q € R[X]. Then,

PQ| = {rdey(PQ) if PQ # 0

0 if PQ = 0.
| e 4e9@Qif PQ £ 0
10 if PQ = 0.

We discuss two cases.

First case. If PQ # 0, then we obtain P # 0 and Q # 0. It follows from (6) that

IPQI = 1) 1@ = |py Q)

9798

Second case. If PQ = 0, then P = 0or Q = 0 which yields |P| |Q| = 0. Thanks to (6), we can see that

[PQ| = 0 = |P||Q|. Hence, for all P, Q € IR[X], we conclude that
IPQI =PI Ql.

o Let P, Q € R[X]. Then,
rAegP+Q) - if p £ —Q
PrQl = {0 ifP=—Q.

We discuss two cases.
First case. If P # —Q, then by using (8), we have

P+Q =
< pmaxideg(P)deg(Q)}

Second case. If P = —Q, then by referring to (8), we have

IP+Ql=0< pmaxideg(P),deg(Q)}

Hence, for all P, Q € R[X], we deduce that
IP+Q| < pmaxideg(P),deg(Q)}
max{r#esP) s}

<
< max{|Pl, QI

(7)
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Thus, | - | is satisfy the axioms of the valuation.

(ii) e Let PQ7! € R(X) and [PQ7!|. = |P||QI™! = 0. Then, we obtain |P| = 0. It follows that P = 0. This implies
that
PQ7t=0.

Conversely, let 0 € R(X). Then, 0 =0 Q7! for all Q € R[X]\{0}. Hence, |0]. = |0] |Q]"* = 0.
eletP Ql_l,Png I € R(X). Therefore,
IP1Q;'P,Q5 . = [(P1P2)(Q2Q1) 7!
= PPyl IQil™h
It follows from (7) that

IP1Q; ' P2Q5 P4 P2] (IQal 1Q1])7
= |P1|1Q1I" P2 1Qal ™!
= |P1Q;' IP2Q5

e Let P1Q71, P,Q;" € R(X). So, we have

IP1Q7 + P05 L = (P1Q + P2Q1)(QQ1) 7Y
IP1Q> + P2Q1] 1QxQu ™
In view of (7) and (9) implies that

IP1Q" + P,Qy . < max{IP1Qal, IP2Q1l} 1Q2Qil™
< max{|P1] 1Qal, IP2| [Q1l} 1QaI " 1Q4I™
< max{|P1] Q1|7 IP2| Q2™
< max{|IP1Q;")., IP2Q5 .}

Hence, we conclude that | - |. is a non-Archimedean valuation.
(iii) For all PQ™! € R(X)*, we have
IPQ7Y, = 9D ymdegQ

(r_l )deg(Q)—deg(P)

Put u = r~L. Clearly, 0 < u < 1. Hence, we deduce that
R(X)'| ={u" :n e Z}.
This completes the proof. [
Remark 1.21. |- | satisfies the axioms of a valuation but it is not a valuation, because R[X] is not a field.

Example 1.22. Let I be a field. Consider the formal series by
f= Z a;it™,
i€eN
where (a;); C T and («;); is an increasing sequence of rational number such that o — 400 asi — +oo. It is know
that the set of formal series is a field. We denote it by IK. Let f € Kand a; # 0. We define a non-Archimedean
valuation on K by

{2 iff#0
'f"{o iff=0.
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Then, | - | is discrete on K. Indeed, for f € K*, we have |f| = 27". Then,
IK* = {27",a1 € Q}.
This is equivalent to saying that | - | is not dense which yields is discrete.

Remark 1.23. Let (K, |- |) be a non-Archimedean valued field.

(i) The non-Archimedean valuation on K can be either dense or discrete. This nature of the valuation is closely related
to the nature of the metric that it induces on K.

(iii) The valuation on K is discrete if, and only if, the metric that it induces on K is discrete (i.e., if for any sequence
(X, Yu)n in K? such that the sequence of real numbers (d(xn, yn))n is strictly decreasing and d(x,, y,) — 0 as
n — +00).

(iif) The metric d on K is dense if, and only, if the valuation inducing it is dense (i.e., the value group |K| is dense in
R%).

Proposition 1.24. [18, Proposition 2] Let (K, | - |) be a non-archimedean valued field.

(i) Every ball is both open and closed.

(i1) Two balls are either disjoint or one is a subset of the other.

(iif) Each point of any ball is a center.

Remark 1.25. In general, the closed ball is not compact on non-archimedean valued field. But if Kis a locally compact
field (i.e. every point has a neighborhood which is a compact set) with a non trivial non-archimedean valuation, then
every closed ball of K is compact.

Proposition 1.26. [16, Exercice 1. B] Let K be a field with a non trivial non-archimedean valuation. The following
conditions are equivalent

(i) K is locally compact.
(1) E]K(O, 1) is compact.
(iif) Every closed bounded subset of K is compact.
Notice that the classification of locally compact fields is well known see for instance A. Weil in [20].
Definition 1.27. Let (K, |- |) be a non-Archimedean valued field.
(i) A sequence (x,), of K is said to converge to x € K if, the sequence of real numbers (|x,, — x|) converges to 0.

(ii) A sequence (xy,), of K is called a Cauchy sequence if, for each € > 0 there exists ng € IN such that |x,, — x,| < €
whenever n > m > ny.

(iit) A metric space (K, d) is said to be complete if every Cauchy sequence of elements in K converges.

Definition 1.28. X is called spherically complete if each nested sequence of balls By D By D ... has a non-empty
intersection.

Now, let us assume that (K, | - |) be a complete non-Archimedean filed.

Definition 1.29. Let X be a vector space over non-Archimedean field K. A non-Archimedean norm on X is a map
-1l : X — R, satisfying

(@) llxl| = 0 if, and only if, x = 0.

(@) [|Ax|| = |A| l|x]| for any x € X and any A € K.

(i) |lx + yll < max {|ix]l Iyll}, for any x, y € X.
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Property (iii) of Definition 1.29 is referred to as the ultrametric or strong triangle inequality. The pair (X, || - ||)
is called a non-Archimedean normed space, where X is a vector space over non-Archimedean filed K and
| - || is a non-Archimedean norm on X.

Remark 1.30. (i) The non-Archimedean valuation on K itself is a non-Archimedean norm.
(ii) Let (X, ||.I[) be a non-Archimedean normed space. If x, y € X such that ||x|| # ||yl|, then we have

=+ ylI = max {|lxdl, l1yll} -

(ii) It is clear that the strong triangle inequality implies the triangle inequality. Then, a non-Archimedean normed
space are normed according to the standard definition.

A normed vector space (X, ||.|[) will be considered as a metric space with respect to the metric
dx,y) = llx — yll forany x,y € X.

Then, d(:, -) induces a topology on X. Define the closed and the open balls on X centered x; and with radius
€, respectively :
Bx(xo,€) = {x € X : |lx — xoll <&}
and
Bx(xp,€) ={x e X :|lx — xol| < &}
Definition 1.31. Let (X, ||.|[) be a non-Archimedean normed space and E be a nonempty subset of X.
(i) The set E is said to be bounded, if the set of real numbers {||x|| : x € E} is bounded.
(ii) The set E is said to be absolutely convex, if ax + By € E, for all x,y € E and a,B € Bx(0,1), ie., if E is
Bk (0, 1)-module.
(iif) The set E is said to be compactoid, if for every r > O there exists a finite set F C X such that

E c Bx(0,7) + CoF,
where CoF is a intersection for all closed absolutely convex subsets of X containing F. &
Lemma 1.32. [16, 4.S Exercise] Let (X, ||.[) be a non-Archimedean normed space over a field K.
(i) Every compactoid is bounded.

(ii) If E, F are compactoid of X, then so E + F.
(iii) If K is locally compact, then the compactoids of X are just the precompact set.

Definition 1.33. Let (X, ||.|[) be a non-Archimedean normed space. A sequence (x,), C X converges to x € X, if the
sequence of real numbers (||x, — x||),, converges to 0.

Lemma 1.34. [3, Proposition 2.13] Let (X, ||.|) be a non-Archimedean normed space. If the sequence (x,), converges
in X, then it is bounded. o

Definition 1.35. A non-Archimedean Banach space (X, ||.||) is a non-Archimedean normed space, which is complete
with respect to the natural metric induced by the norm. o
Remark 1.36. (i) A closed subspace of a non-Archimedean Banach space is a non-Archimedean Banach space.

(ii) The space (K, | - |) is a non-Archimedean Banach spaces. Indeed, the fact that (IK, |- |) is complete follows from
Remark 1.30 (i) that it is non-Archimedean Banach spaces.

(iif) The space (K", || - I[) is equipped with the norm defined by
IAll = max{lAi : 1 < < n), forall A= (A); K,

is a non-Archimedean Banach space. Indeed, it follows from (ii) and (iii) that (K", || - ||) is a non-Archimedean Banach
space.
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Example 1.37. Let X be a non-Archimedean Banach space and F be a closed subspace of X. Let P : X — X/ be the
quotient map. Define the norm on the quotient space X/p by
[|IPx|| = d(x,F),x € X
where d(x,F) = 1yr€1Ff lx = yll. Then, this norm is a non-Archimedean norm on X/p. Indeed, we have Px = Py, if and

only if, x — y € F. This implies that the norm is well defined.

e Let Px € X/ such that ||Px|| = 0. Then, d(x, F) = 0 which yields x € F. Hence, we infer that Px = 0. Conversely,
we have ||0|| = ||PO||. The fact that F is a subspace of X implies that d(0, F) = 0. Consequently, ||0]| = 0.

o Let A € K* and Px € X/p. Since F is a vector space, then we have

IAPx| = PG
= infllAx—y
= inf 1=ty
= W inf =27
= JA[IPx.

e Let Px € X/p and Py € X/p. Then, we have
IIPx + Pyll = infllx+y—z. (10)
zeF
Let z1 € F. Then, we have z = z — z1 + z1. Putting zy = z — z1. Since F is a vector space, then z; € F. It follows from
(10) that
IIPx + Pyl|

Zl}rrzlzfep l(x = z2) + (y — z0)l

< inf max{llx -zl lly - zill}
z1+2zp€F
< max{;{;ﬁ [lx — Zzll,zlz%fr ly — z1l}
< max{|[Px]|, [IPyl]}.
It is shown that || - || is a non-archimedean norm.
Example 1.38. [2, Example 7] Let w = (w;); be a sequence of non-zero elements in K. We define {*(IN, K) by
(N, K) = {x = ()i x € K,V i€ Nand x| = sup ol xi < +oo},
i€eN
where (|wi|'/?); € Ry, and it is equipped with the norm

x = (x); € By, [l = sup (|l
ieN

The space (€*°(IN, K), || - ||) is a non-Archimedean Banach space.

Now, let us recall the space [E,, which plays a very important role in the sequel. The reader interested in
this space may also refer to T. Diagana and F. Ramaroson [3].

Definition 1.39. Let w = (w;); be a sequence of non-zero elements in K. We define E,, by
E, = {x=(x)i:x € K,VieNand lim |wil"xl =0},
1—+00
and it is equipped with the norm

x = ()i € Eq, |lxl| = sup (|wif"?fxi). 0
ieN
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We recall the following results due to S. Ludkovsky and B. Diarra [13].
Proposition 1.40. The space (E,, || - ||) is a non-Archimedean Banach space.

Proof. In order to show that (E,,||-|]) is a non-Archimedean Banach space, we will prove that E, is a
closed subspace of {*(IN, K). Let us assume that x € [E,. Then, lim lwil'/? |x;| = 0. This implies that the

i—+00

sequence of real numbers (lwil”?|x;]); is bounded. Hence, we infer that sup xillcwil?

< +o00. It is show that

ieN
E, C {*(IN,K). It remains to prove that E, is a closed. Let (x(n)), C E, such that x(n) — x as n — +oco.
Then, for any € > 0, there exists ny € IN such that for all n > 1y, we have

[lx(n) — x|| = sup |xi(n) — w2 < e.
ieN

This implies that for all i € N and # > n,
lxi(n) — xillwi"? < . (11)
Since the valuation is non-Archimedean, then we have

1 1
xillwi] /2 /2

[xi(n0) — xi(no) + xillw;

IA

max {[xi(no) — xillwil’2, lxi(no)llil'/2} .

It follows from (11) that

|1/2

illod"? < max {e, (o)l /2]

Consequently,

limsup Ixillwi]'? < max {e, lim sup |xi(n0)||a)i|1/2} .
i€N ieN

|1/2 |1/2

The fact that lim sup |x;(no)l|w;

= lim |x;(no)l|w;
icN 1—>+00

= 0 implies that

lim sup [xillwil’? < e.

ieN

By the arbitrariness of €, we infer that lim |xillcwi] 2
1—+00

use of Remark 1.36 (i) and Example 1.38 allows us to conclude that (E,, || - |) is a non-Archimedean Banach
space. [

= 0. This enables us to conclude that x € E,,. Finally, the

Remark 1.41. (i) For x = (x;)i, ¥ = (v;)i, the inner product is defined by
('/'> : ]E(u X ]Ea) — K

+00
(x,v) — Z X;YiW;.
i=0

The space (]Ea,, |- 1,<, -)) is called a non-Archimedean (or p-adic) Hilbert space (see [3, Section 2.4] and Example
1.38).

(iii) E,, has a canonical orthogonal base, namely, {¢; : i = 0,1,2,...} wheree; = (0,...,0,1,0,...) with 1 at the i th
place. For each i € N, we have ||e;|| = Ia)iﬁ (see [2, Subsection 2.3.2]).
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1.4. Gap between subspaces of non-Archimedean Banach spaces

Definition 1.42. Let X be a non-Archimedean Banach space such that || X|| C |K| (where ||X]| = {|lx|| : x € X} and
K| := {|A] : A € K}) and M, N be two linear subspaces of X. Let us define

sup d(x,N) if M # {0}

xeM
5(M,N) = llxll=1
0 otherwise,
and _
5(M, N) = max {5(M, N), 5(N, M)},
where

d(x,N) = inf{d(x,z) 1Z € N} = inf{llx —zll:z€ N}.

:S\(M, N) is called the gap between the subspaces M and N.

Remark 1.43. (i) One of the most difference between the Archimedean and the non-Archimedean theories is that if
X is a normed vector space over K, the set ||X|| may not be the same as |K|. As a consequence, non zero element of
X may be fail to have a scalar multiple of norm 1, in fact, the unit sphere {x € X : ||x|| = 1} may well very be empty.
Indeed, let us assume that || X|| # R.. Consider for r € R \||X|| the norm || - ||, on X by

llxlly = 7=l
This implies that
freX: il =1} =0.

(i1) Accordingly, we added the condition ||X|| C |K| in Definition 1.42. This hypothesis leads to the unit sphere is not
empty, and therefore the existence of 6 and thus that of 6(., .) are ensured.

The following properties of the gap follow directly from the Definition 1.42.

Proposition 1.44. Let M, N be two linear subspaces of a non-Archimedean Banach space X such that ||X]|| € |K]|.
Then, the following properties are hold:

(i) 5(M,N) = 5(M, N) and 5(M, N) = 5(M, N).

(ii) 5(M,N) = 0 if, and only if, M C N.

(i) ;S\(M, N) =0 if, and only if, M=N.

(iv) 0 < S(M,N) < 1and 0 < 5(M,N) < 1.

Proof. (i) The fact that d(x, N) = d(x, N) implies that

Oo(M,N) sup d(x, N)
(et

= supd(x,N)

xeM
[Ixll=1

= supd(x, N)

xeM
[lxl|=1

= &(M,N).
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It follows that
S(M,N) = max{5(M,N);5(N, M)}
= max {5(M, N); (N, M)}
= 5(M,N).
(i) Assume that (M, N) = 6(M, N) = 0. Then, we have

sup d(x, N) = 0.

xeM

[IxlI=1
Hence, for all x € M we getd(x, N) = (. This implies that x € N. Therefore, M C N. Conversely, let us assume
that M c N. Then, for all x € M we have d(x,N) = 0. Consequently, 6(M, N) = 6(M, N) = 0.

(i1i) Let g(M, N) = 0. This is equivalent to saying that 5(M, N) = 0 and 6(N, M) = 0. Then, we can conclude
from (ii) that .
O(M,N) =0 if,and only if, M CN and N C M.

As a result g(M, N) = 0if, and only if, N = M, as desired.

(iv) On the one hand, since the distance is always positive, then it is easy to see that (M, N) > 0. On the
other hand, we have

O(M,N) = sup|inflx-
(M,N) lxﬁ]\lz[yeNH vl
x||=1

sup [inf (maxtlill, 1))
[Ixll=1

IA

If max{||x|l, llyll} = [lx|| = 1, then we can conclude that

0<6(M,N)<1. (12)

If max{||x||, llyll} = llyll, then we have inlgllyll = 0. This implies that
S

0 <6(M,N) <0. (13)
Therefore, by combining (12) and (13), we deduce that 0 < 6(M, N) < 1. As aresult, 0 < g(M, N)<1. 0O

Remark 1.45. (i) It follows from the Definition 1.42 that 6(M,0) = 1, if M # {0}.

(ii) Let us assume that ||X|| € |K|. Keeping in mind that d(cx, N) = |c|d(x, N) for any non-zero element c in K, we
infer that

sup d(x, N) = [c[6(M, N). (14)

xeM
[IxI=lel

2. Linear operators on a non-Archimedean Banach space

In [2], T. Diagana applied the theory of linear operators on non-Archimedean Banach spaces. He
developed this theory and studied its basic properties. It is worth mentioning that the proofs which are
valid for real or complex spaces cannot be given in the same way for spaces over a non-Archimedean
valued field K. Among the works in this direction, we can state, for example ([1, 4, 5]). Furthermore
in [3], T. Diagana and F. Ramaroson developed this theory and used it to study the spectral theory on
non-Archimedean Hilbert spaces.The analysis in and over non-archimedean valued fields is known as
ultrametric (non-archimedean, p-adic) analysis.
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Definition 2.1. Let X and Y be two non-Archimedean Banach spaces and T : D(T) ¢ X — Y. T is called linear, if
D(T), which designates its domain, is a vector subspace of X, and if

T(ax + By) = aTx + Ty,
forall a, p € Kand x, y € D(T).

The symbols R(T) and N(T) stand respectively for the range and the null space of the operator T, which are
defined by

R(T) ={Tx: x € D(T)}, and N(T) = {x € D(T) : Tx = 0.

2.1. Bounded linear operators

Definition 2.2. Let X and Y be two non-Archimedean Banach spaces. A linear operator T : X — Y is called
bounded, if there exists M > 0 such that

ITxl < Mllx|l, for all x € X.

Denoted by L(X, Y), the set of all bounded linear operators to X from Y. If X = Y, then £(X, X) = L(X).
Note that £(X) is a unitary Banach algebra.

Remark 2.3. (i) Let X and Y be two non-Archimedean Banach spaces. For T € L(X,Y), we have

T
1T = sup 20 _SniM > 0 1Tl < Milel, for all x € X) < +oo.

xeX\{0} [[ox]|

(ii) T is continuous if, and only if, ||T|| < +oo.
(iif) The null and identity operators on X will be denoted respectively by Ox and Ix, which are defined by

Ox(x) =0and Ix(x) = x, forallx € X.
Moreover, the operators Ox and Ix are bounded.

Lemma 2.4. Let X be a non-Archimedean Banach space.
WIfT,Se LX)and A e K, then T+ S, A T, TS and ST belong to L(X).
(ii) The space (L(X), || - |) of bounded linear operators on X, is non-Archimedean. o

Proof. (i) Since T, S € L(X), then D(T + S) = X, D(AT) = X, D(TS) = X and D(TS) = X.
e Let x € X, then we have

(T +S)xll = [|Tx + Sx||
< max{||Tx]|, [ISxI[}.

Based on the assumption T, S € £(X), we infer that
(T +S)xll < max{|[TI], [ISII} IIx]l.
o Let x € X, then by the boundedness of the operator T, we infer that
A Dl = IAHITxI]
< AT el
e Let x € X, then by the boundedness of the operators T and S, we have

I(T S| 1] 1Sl
ITIISI 1l

IN A
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e Let x € X, then we have
1S T)xIl < IS T [l

(ii) Let (T,)» be a Cauchy sequence in L(X). This implies that for every ¢ > 0 there exists 1y € IN such that
T, — Tl < &, for all n,m > ny.
Then, for all x € X\{0}, we have,
[|Tux — Tpx|l < € ||x]|, for all n,m > ny. (15)

This means that (T,,x), is a Cauchy sequence in X. The fact that X is a non-Archimedean Banach space
implies that there exists y € X such that ||T,x — y|| — 0 asn — +oo. Setting Tx = y, where T : X — Xisa
linear operator. Letting m — +o0 in (15), we infer that

|IT,x — Tx|| < € ||x||, for all n > ny. (16)

Now, we have

ITx|]l = [ITx = Typx + Tuxl|
< max{||Tx — Tuxl|, I Tux]l}.

Using the fact that T, € L(X) for all n > ny, we deduce from (16) that

ITxll < max{e [IxI|, 1Tl llx]l}
< maxie, ||T,ll} [lxl].

This shows that T is bounded. Moreover, ||T, — T|| < ¢, foralln > ng. This is equivalent to saying that
T, —T|| — 0asn — +o0. [

Remark 2.5. Let X be a non-Archimedean Banach space. If T € L(X), we defined a descent norm by
ITllo = sup [ Tx]l.

xeX

llxll<1
(i) The descent norm || - ||o is equivalent to || - || but need not be identical with it (see [16, Chapter 3]).
(ii) If the valuation of K is dense, then these norms are always equivalent and equal (see [19, Section 2]).
We illustrate Remark 2.5 with the following example:
Example 2.6. Let X = Qs. Consider the linear operator

Ig; = (Qs, I - lls) — (Qs, |- 1s)

where ||x||s := 2|x|s, for all x € Qs. Then, the norms || - ||s and | - |5 are equivalent but not equal. Indeed, it follows from
Remark 1.19 (ii) that | - |5 is discrete. Moreover, we have

Nl = sup 10 = qup P _1
’ x€Q5\{0} llxlls xeQs5\{0} 2xls 2
Hence,
1
IHgsllo = sup |xls = sup |x|s = =
xeQs xeQs
[Ixlls<1 2lx5<1

Hence, we infer that

N[ O

lgsllo < Mgl < alllgsllo, for all a >

Thus, the norms || - ||5 and | - |5 are equivalent but not equal.
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Remark 2.7. Let X be a non-Archimedean Banach space over K.

(i) In the non-Archimedean theory, the set ||X|| := {||x|| : x € X} may not be the same as |K| := {|a| : @ € K} i.e., we
can find x € X\{0} and o € K\{0} such that ||x|| # |a|. As a consequence,

-1 -1 -1
lla™ x|l = fa™" | llxll = la™ [lxll # 1,

in fact, the set {x € X : ||x|| = 1} may well very be empty.
(ii) Assume that ||X|| C |K|. Let T € L(X). Then, the operator norms || - || and || - ||o are equivalent and equal. Indeed,
let x € X\{0}. The fact that ||X|| C [K| implies that there exists ¢ € IK\{0} such that |c| = ||x||. Setting y = c™'x we
implies that y € X and ||y|| = 1. Hence,
Tl = sup [[Tx]|| = [[Tllo-
xeX
[IxllI=1

Remark 2.8. Let K be a quadratically closed field (i.e., every element of K is a square). Then, we have

Eq |l < K.
Indeed, the fact that K is a quadratically closed and w; € K for all i € IN implies that a)i% € K forall i € N. Then,

(] Y

||
= |w?
= |w
1 1
Taking square root yields |w?| = |cu,-|%. It follows from Remark 1.41 (iii) that ||e/l| = |w}|. This enables us to conclude
that ||E,| C |K].
Proposition 2.9. Consider, for T € L(X,Y), the decent norm || - ||o defined by
ITllo = sup [ITx]|.
xeX
[Ixl<1
Then, || - llo is a non-Archimedean norm equivalent to || - ||, i.e.,

1
ITllo < 1] < ZIITllo, (17)

where C = sup{|A| : A € Kand |A] < 1}.

Proof. 1t is clear that || - ||p is a non-Archimedean norm on £(X, Y). On the one hand, since for all x € X, we
have
T[] < [ITlIIl,

then, we obtain
[ITx|| < ||IT]|, for all x € X such that ||x|| < 1.

This implies that
ITllo < IIT1|. (18)

On the other hand, if A € K such that 0 < |A| < 1, then the fact that 11111 A" =0and lim |A|" = +o0 implies
n—+oo n—-oo
that

R: =] ar].

nez.
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Hence, for x # 0, there exists m € Z such that

AP < Jlxl| <A™ (19)
This is equivalent that |A| < |[A™x|| < 1. This implies from definition of the descent norm that

ITA" )11 < [ Tlo- (20)
Based on the assumption [|T(A™"x)|| = [IA7"Tx|| = |A|7"||Tx||, we infer from (20) that

7|l < IA™IITTlo-

Thus, the use of (19) makes us conclude that

[ITx|| < % [ITlo, forallx # 0.

This leads to deduce that

1
IT|| < o (ITllo, forallA e KandO < [A] < 1. (21)

As a result, by using (18), we infer that (17) holds. O

Proposition 2.10. Let T € L(X,Y). Then, the norms || - ||o and || - || are equal if one of the following holds:
(i) The valuation of K is dense.
(@) 11X € K]

Proof. (i) If the valuation of KK is dense, then there exists a sequence (1,),»1 such that|A,| < 1and lirP Al =1.
This implies that sup{|A,| : (A4)n>1 € Kand |A,| < 1} = 1. This leads from (17) to

ITllo < 1Tl < {[TTlo-

(ii) If |IX]| € |KI|, then there exists ¢ € K" such that [[x|| = |c|. Then, setting x; = ¢ 'x € X one indeed has
[lx1]] < 1. This implies that
ITIl = sup [ITx|l = || Tllo-

xeX
[Ixll<1

As aresult, || - |lp and || - || are equal, as desired. [

Definition 2.11. Let X be a non-Archimedean Banach space. If T € L(X), then
(i) T is said to be injective, if N(T) = {0}.

(ii) T is said to be surjective, if R(T) = X.

(iii) T is said to be invertible (or bijective), if it is both injective and surjective.

Remark 2.12. Let X be a non-Archimedean Banach space and let T € L£(X). If T is invertible, then its inverse T~
is a bounded operator. This is the famous Banach inverse bounded operator theorem.

Lemma 2.13. Let X be a non-Archimedean Banach space and let T € L(X).

D) IFIITI < 1, then (Ix — T) is an isometric operator, (Ix — T)™! = Ix + T" and
4

n=1
I(Ix =D =1.

(ii) If E € L(X) such that {Tx : T € E} is a bounded set in X, for every x € X. Then, E is a bounded set in L(X).
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Proof. (i) Let n € N. Since T € £(X), then we have
T < ITII".
Based on the assumption ||T]| < 1, we infer that

|IT" — 0 asn — +oo.

This implies that the series Z T* is absolutely convergent. Putting
k=0

k=0
we have
n n
Sy(Ix—T) = Z T - Z Th+
k=0 k=0
— IX _ Tn+1,
and
n n
(Ix —T)S, = Z T - Z Th+
k=0 k=0

= Ix-T".

It follows from (23) and (22) that T"*! — 0 as n — +o0. Letting n — +o0 in (24) and (25), we obtain

(Ix — T)i Tk = i TH(Ix - T) = Ix.

k=0 k=0

On the other hand, one sees that

Y. T < suplTl
n=1 n>1
= max||T"|
n>1
< 1.
Therefore
(=7 = flx + Y T
n=1
lax-D7Y = |ix+ Z K
n=1

= 1

A consequence of these observations is that Ix — T is an isometric operator.

9810

(22)

(23)

(24)

(25)



A. Ammar / Filomat 37:29 (2023), 9791-9821 9811

(i7) Let E ¢ L(X) be such that for every x € X the set {Tx : T € E} is bounded. For each positive integer , let
F,={xeX: forall T € E,||Tx|| < n}. (26)
Clearly, F,, is closed in X. Then, X = U F,, one of F,, has nonempty interior. Hence, there exists n € IN and

n
& > 0 such that Bx(y, €) C F,. Moreover, each F, is a group. Therefore, we obtain Bx(0,¢) C F,. Letc € K
such that 0 < |c| < 1. For every x € X there is an m € Z for which

elef < fel™|lxll < e. (27)

This implies that ¢"x € Bx(0, €). By virtue of (27) and (26), we have

ITxll = [T(c™c"x)l|
= ™ IT (")l
< g™

n
< = Il
&l

This implies that E C {T e L(X):||T)| < %} . This completes the proof. [J

Remark 2.14. Let X be a non-Archimedean Banach space. Then, L(X, K) which is called the dual of X and denoted
X', is a non-Archimedean Banach space. &

The following result may be found in [16]

Theorem 2.15. Let K be spherically complete. Let T be a closed absolutely convex subset of a locally convex space X.
For any non zero x € X and x ¢ T, there exists x* € X’ such that x*(x) = 1, |x’(T)| < 1.

2.2. The adjoint operator on E,,

Definition 2.16. Let T € L(EE,). The linear operator S is called the adjoint of T if (Tx, y) = (x, Sy), forall x,y € E,,
where (-, -) is the inner product of E,,.

Remark 2.17. Let T € L(IE,). Then,

(i) In the classical Banach space, any bounded linear operator admit an adjoint, but in the non-Archimedean Banach
space, it is not true.

(ii) The adjoint of an operator T is denoted by T*. If T* exists, then it is unique.

(i1i) Let (e;); € N the canonical basis of (E,). Then, T* is an adjoint for T if, and only if, (Te;, e;) = {e;, T"e;), for all
i,j€N.

(iv) If M is a subspace of E,,, then M+ = {x € E,, : (x,y) =0, forall y € E,}.

The collection of all bounded linear operators on E,, whose adjoint operators do exist is denoted by L(E,).
Furthermore L(E,) is a closed unitary subalgebra of L(EE,).

Proposition 2.18. [3, proposition 3.20] If T € L(E,,) and for A € K, then

DA+Ty =A+T"

@) [ITI = 1Tl

Lemma 2.19. If T € £(E,), then N(T*) = R(T)*.

Proof. Let us assume that x € N(T*). Then, we obtain T*x = 0. This leads to (y, T*x) = 0, for all y € E,,.
Consequently, (Ty, x) = 0, for all y € E,, which yields x € R(T)*. Itis show that N(T*) ¢ R(T)*. Conversely,
let x € R(T)*. Then, we infer that (Ty,x) = 0 for all y € E,. This implies that (y, T*x) = 0, forall y € E,,.
Hence, we deduce that x € N(T*). O
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Definition 2.20. Let X be a non-Archimedean Banach space and let T € L(X).

(i) A sequence (T,), of bounded linear operators mapping on X is said to be norm convergent, denoted by T,, — T, if
T, = T|| - 0asn — co.

(i) A sequence (Ty)n of bounded linear operators mapping on X is said to be pointwise convergent to T, denoted by
TnLT,zfllT”x—Txll—>Oforevery xeXas n— oo, ¢

3. Non-Archimedean closed and closable linear operators

Since we are going to deal with graphs of linear operators, it will be necessary to consider the cartesian
product X X Y which is a non-Archimedean normed space with the usual definition of addition and
multiplication by scalars. The norm is defined by

7

||(x, y)” = max{Hx yH} forallxe Xandy € Y.

Definition 3.1. Let X and Y be two non-Archimedean Banach spaces. An unbounded linear operator T : D(T) C
X — Y is said to be closed if its graph

G(T) = {(x, Tx) e Xx Y : x € D(T)},
as a subset of X X Y, is closed.

The following proposition gives a characterization for closedness of unbounded linear operator T acting
from X into Y.

Proposition 3.2. Let T : D(T) € X — Y be a closed linear operator. If (x,,) € D(T) such that ||x, — x|| — 0 and
ITx, —yll = 0asn — oo, for some x € Xand y € Y, then x € D(T) and y = Tx.

The collection of closed linear operators from X into Y is denoted by C(X, Y). When X =Y, this is simply
denoted by C(X).

Remark 3.3. Note that if T € L(X,Y), then it is closed. Indeed, since T is bounded, then D(T) = X. Moreover, if
(xn) € X such that x, — x on X as n — oo, then by the boundedness of T, we infer that Tx,, — Tx as n — oco. This
implies that (x,, Tx,) — (x, Tx) on X X Y as n — oo. Therefore, G(T) is closed.

Example 3.4. Let D be a linear operator on IE,, defined by De; = Aje; for all j € N and whose domain is
D(D) = {x = (xj)jen € Eq j1_i)1+rlo A llxjlle;ll = 0}-

More precisely, if x € D(D), one has Dx = Z Ajxjej. Then, D is closed. Indeed, let (x,)uen C D(D) such that
jEN
Xy, — x and Dx, — yasn — oo, for some x, y € E,,.

Write
X, = Za;?e]», x = Za]-ej and y = Z bje;,

jEN jEN jEN

where a;.’,aj, bj € K, foralln, j € N and

lim |a7|llejll = Lim |ajlllej]l = lim |bjllle;l| = 0. (28)
jotoo j—+oo jo+oo
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The fact that x, — x and Dx, — y as n — oo implies from [3, proposition 1.40] that
Ia;‘ —ajl = 0 and |/\]-a;‘ —bjl >0, asn — oo and forall j € N.
This yields that Aja; = b; for all j € N. It follows from (28) that

Lm [Ajllajlllejll = Hm |Ajajlllejl] = lim [bjllle;l| = 0.
j—o+oo jo+oo jo+oo

Consequently, x € D(D) and

Dx = ZA]'H]‘EJ‘ = Zb]€] =Y.

jEN jEN
As a result, D is closed linear operator, as desired.

Definition 3.5. Let T and S be two unbounded linear operators acting from X into Y such that D(T) € D(S) and
Tx = Sx for all x € D(T), then S is called an extension of T.

Definition 3.6. An unbounded linear operator T : D(T) C X — Y is said to be closable, if it has a closed extension.

Remark 3.7. When T is closable, there is a closed operator T with G(T) = G(T). It follows immediately that T is the
smallest closed extension of T.

Proposition 3.8. Let X, Y and Z be non-Archimedean Banach spaces. Assume that S € L(X,Y) and T is an
unbounded linear operator.

(i) For S + T to be closed it is necessary and sufficient that T : X — Y is closed.
(ii) For S + T to be closable it is necessary and sufficient that T : X —> Y is closableand S+ T = S+ T.
(iif) Let T : Y — Z be a closed linear operator (respectively, closable). Then, TS is closed (respectively, closable).

(iv) Let T : X — Y be a closed linear operator (respectively, closable) and S be an invertible bounded operator such
that D(SY) = Y. Then, ST is closed (respectively, closable).

Proof. (i) Let (x,,) be a sequence of D(T + S) such that

Xn = X,
(T+S)x, —y.
Since D(S) = X, then we have D(T + S) = D(T) N D(S) = D(T). Based on the assumptions x, — xand Sis a

bounded linear operator, we get Sx, — Sx. Hence, by writing, Tx, = (T + S)x, — Sx, and using the fact that
T is a closed operator, we deduce that

x € D(T),
y—Sx=Tx.

(i) If T is a closable operator, then T + S admits the closed extension S + T. It follows from (i) that S + T is
closable and

S+TCS+T=5+T. (29)

By replacing in (29) Tby T + S and S by —S, we infer that T ¢ T+ S — S. So

S+TcS+S+T-S=S+T.

Asaresult, S+ T =S + T, as desired.
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(iif) We have D(TS) = {x € D(S) : Sx € D(T)}. Let (x,,) be a sequence of D(TS) such that

Xy — X

(TS)xn =y
Let us show that x € D(TS) and y = (TS)x. Since S € L(X,Y), then we have Sx, — Sx. Hence, the fact that
T(Sx,) — y and T is a closed operator implies that

Sx € D(T),
y = TSx.

Therefore, TS is closed. Moreover, if S is closable, then ST admits the closed extension ST.

(iv) Let (x,,) be a sequence of D(S™'T) such that:

Xy — X
(S T)x, — y.

Our purpose is to show that x € D(S™!T)and y = S™'Tx. As we have (S7'T)x, — y and S is a linear bounded
operator, so Tx, — Sy. Since T is a closed operator, then one obtains

x € D(T),
Tx = Sy.

This implies that
x e D(T),
Tx € DS,
y=(S"T)x.

In addition, if T is closable, S~'T admits the closed extension S™'T. [

For more details related to the results of non-Archimedean linear operators, we may refer to [2, 3].

4. Relative Boundedness in non-Archimedean Banach spaces

Let us give the definition of the gap between two non-Archimedean closed linear operators. We proceed
in the same spirit as in Tosio Kato’s book [12], but extend the definition to closed linear operators in a
non-Archimedean Banach while T. Kato in his monograph [12] limits himself to the case of closed operators
in a classical Banach space.

Definition 4.1. Let X and Y be two non-Archimedean Banach spaces such that [| X X Y|| C |[K|. Let T,S € C(X, Y).
Then, we define

5(T,S) = 5(G(T),G(S)) and &(T,S) = 5(G(T), G(S))
More explicitly,
5(T,S) = sup | inf (max {jlx = yll ITx - Syl})]-

xeD(T) ~YED
[1Ge, Tx)lI=1

Atthislevel, we shall introduce a new concept of K-relatively bounded linear operators on non-Archimedean
Banach spaces.
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Definition 4.2. Let X, Y and Z be three non-Archimedean Banach spaces and T, S be linear operators from X to
Y and from X to Z, respectively. Then, S is called T-IK-bounded (or K-relatively bounded with respect to T) if,
D(T) € D(S) and there exist non-negative constants ag and bs, such that

ISl < max {as|lx|l; bslITx|l}, forall x € D(T). (30)

In that case, the infimum Bs of the constant bs which satisfies (30) is called the T-IKK-bound of S (or K-relative bound
with respect to T).

Remark 4.3. (i) The concept of relative boundedness over a Banach space can be found in the literature (see [12]).
(i) Obviously, if S is T-K-bounded, then S is T-bounded i.e.,
1Sx| < asllxl| + bslITxl, forall x € D(T). ¢

Remark 4.4. (i) A bounded operator S is T-K-bounded for any T with D(T) C D(S) and T-K-bound equal to zero.
(ii) If max {asllxll; bgllTxll} = agllx||, for all x € D(T) and D(T) € D(S), then S is a bounded operator on D(T).

Proposition 4.5. Let X and Y be non-Archimedean Banach spaces and K, S, T, V be linear operators from X to Y.

(1) If S is T-IKK-bounded with T-IK-bound By and T is V-IK-bounded with V-K-bound B, then S is V-K-bounded with
V-K-bound p15.

(i1) If S is T-KK-bounded with T-KK-bound B, and K is T-IK-bounded with T-K-bound B3, then S + K is T-K-bounded
with T-K-bound max{f1; f3}.

B1

1-B1°

Proof. (i) Since S is T-IK-bounded and T is V-IK-bounded, then there exist positive constants as, ar, bs and
br such that D(V) c D(T) C D(S),

(iii) If S is T-K-bounded with T-K-bound p1 < 1, then S is T + S-K-bounded with T + S-IK-bound less than

ISl < max {as|lx|l; bsl|Txll} for x € D(T), (31)

and f; the infmum of the constant bs which satisfies (31).

ITx|| < max {arllxll; br|[Vxll] for x € D(V), (32)

and p, the infmum of the constant b; which satisfies (32). Combining (31) and (32), we infer for x € D(V)
that

A

ISxll - < max{as|lxll; bs max {ar x|l brl Vxll}}

IN

max{max {as, bsaT}llxll; bst||Vx||}.

Thus, S is V-K-bounded with V-K-bound ;.

(i) The fact that S is T-K-bounded and K is T-K-bounded implies that there exist positive constants as, ag,
bs and bk such that D(T) C D(S) N D(K)

ISl < max {as|lx|; bs||Tx|l} for x € D(T) and (33)

IKxd| < max {ax|lxll; bil|Txll} for x € D(T). (34)
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and f3; the infmum of the constant b; which satisfies (34). On the one hand, we have D(T) € D(S) N D(K) =
D(S £ K). On the other hand, by using (33) and (34), we conclude for x € O(T) that

IS = Kl < max {|ISxl; 1Kl
< max{as|lll; axlxll bsl| Txl; bl T}
< max{max{as;aK}IIxII;max{bs;bK}IITxII}.

Therefore, S + K is T-K-bounded with T-K-bound max{fi; 3}

(iif) Let us assume that D(T) C D(S) and there exist non-negative constants as and bg, such that for all
x € D(T), we have

ISl < max {as|lx|; bsl| T}
< max{as|lxll; bslI(T + S)xl; bsl|Sxl]
< max { max{as|lxil; bslI(T + S)qll}; bslISxll}
< max {asllxll; bslI(T + S)x|l} + bs||Sxl.
This implies that

11 < (1~ bs)™" max {aslixl; bslI(T + )1}

This completes the proof [

Remark 4.6. Let X, Y and Z be non-Archimedean Banach spaces. Let S : D(S) € X — Z be a linear operator
and T € C(X,Y) such that D(T) C D(S). By the same reasoning as [12, Remark 1.4, p. 191], we can conclude that
(D), Il - lpry), with the graph norm

Ixllor = max {lixll; ITxl}, for all x € D(T),

is a non-Archimedean Banach space. Obviously, S is T-K-bounded if, and only if, S is a bounded operator from
O, I llory)-

Theorem 4.7. Let X, Y and Z be non-Archimedean Banach spaces. Let T : D(T) € X — YandS : D(S) X — Z
be two linear operators with O(T) € D(S). If T is closed and S is closable, then S is T-IKK-bounded.

Proof. Suppose that Sy be a restriction of S to D(T), that is, Sp : (D(T), || - llpr)) — Z defined by Sou = Su
for u € O(T). In order to show that S is T-K-bounded, it suffices to show that Sy is bounded. By referring
to [16, Theorem 3.5], it is enough to show that Sy is closed. Fix any sequence (x,) C D(Sp) with x, — x in
norm || - [[pr) and Spx, — y in the norm of Z as n — co. Using the fact T is closed, we infer that x € D(T)
and Tx,, — Tx.

Noting that

Ihw — llory = max {llx, — xl; I Tx, = Txl} for n 20,

we get that x, — x in the norm of X. In addition, we have Sox, = Sx, for (x,) C D(T). By the assumptions
that S is closable and x € D(T) C 9(S), we conclude that

y = Sx = Sx = S

Thus, Sy is closed. This completes the proof. O
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Remark 4.8. Let X, Y be two non-Archimedean Banach spaces and T, S be two linear operator from X into Y.
Assume that T is closable operator. If S is T-K-bounded, then we get S the extension of the operator S to the domain
D(T) U D(S). Indeed, let (x,) € D(T) such that x, — x € D(T) and Tx, — y. This implies from (30) that (Sx,)
is a Cauchy sequence in the non-Archimedean Banach space Y. Then, there exists z € Y such that Sx, — z. This
z is uniquely determined, which is a consequence of the closability of the operator T. By setting Sx = z, we get an

extension of S to the domain D(T) U D(S).

In the following result, we shall study stability of closedness and closability for linear operators under
K-relatively bounded perturbation. This result is useful in the perturbation theory, which was studied by
T. Kato in the classical Banach spaces (see [12]).

Definition 4.9. Let X, Y be two non-Archimedean Banach spaces and let T be a linear operator from X into Y. A
sequence (x,) € D(T) is said to be T-convergent to x € X if both (x,) and (Tx,,) are Cauchy sequences and x,, — x.

Theorem 4.10. Let X and Y be two non-Archimedean Banach spaces. Let T, S be two linear operators from X to Y.
If D(T) € D(S) and there exist positive constants ag and bs such that bs < 1 and we have

ISl < max {as|lx|l; bslITx|l}, forall x € D(T), (35)
then, S+ T is closable if, and only if, T is closable. In this case, the closure of T and T + S have the same domain.

Proof. On the one hand, for all x € D(T + S) = D(S) N D(T) = D(T) we have

I(S + T)x|l

IA

max {{[Sxll; | Tl

< max { max{as|lxl; bslI Tdl}; I T

< max {as|lxll; max{L; bs}II Tl

< max {as|lxl}; I T} (36)

On the other hand, we can write

|Tx|] = ||Tx+ Sx— Sx||
< max {|(T + S)x; 1S~}
< T + S)xll + [1Sx]

Hence, for all x € D(T) we have
Tl = ISl < II(T + S)xll.

In addition, it follows from (35) that

ITxll = ISxll > [ITx|| — max {as]lx||; bs|I T}
> ||Tx|| - (aslx|l + bs||Tx|)
> —aslixll + (1 - bs)[ITx. (37)

Combining (36) and (37), we deduce that for any x € D(T)
—as|lxll + (1 = bs)|ITxl| < (T + S)xl| < max {as|lx]; [ Txl}. (38)
Let (x,,) be a sequence in D(T+S) = O(T) such thatx, — 0and (T +S)x, — y. By applying the first inequality

in the left hand side of (38), we infer that (Tx,) is a Cauchy sequence in the non-Archimedean Banach space
Y. Therefore, there exists 1y € Y such that Tx, — yp. Since T is closable, then 1y = 0. It follows from the
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second inequality in the right hand side of (38) that (T + S)x, — 0, which yields that y = 0. This implies
that T + S is closable. Similarly, T is closable if T + S is also closable.

Let T and T + S be the closures of T and T + S, respectively. Our purpose is to show that D(T) = D(T + S).
Let x € D(T + S), then there exists a sequence (x,,) € D(T + S) such that x, — x and (T + S)x, — (T + S)x.
This implies that (x,) is (T + S)-convergent to x. By using the first inequality of (38), we deduce that (x,) is
T-convergent to x. This implies that x € D(T), so that D(T + S) c D(T). Similarly, the opposite inclusion is
proved. [J

The following result is a direct consequence of theorem 4.10.

Corollary 4.11. Let X and Y be two non-Archimedean Banach spaces. Let T, S be two linear operators from X to'Y
and S be T-K-bounded with T-IK-bounded smaller than 1. Then,

S+ T is closed if, and only if, T is closed.

Remark 4.12. (i) Let us assume that the hypotheses of theorem 4.10 are satisfied. If S is bounded with D(T) € D(S),
then

(T, T+ S) <|IS|I. (39)

Indeed, if S is bounded with D(T) C D(S), then it follows from Remark 4.4 (i) that S is T-K-bounded with as = ||S||
and bg = 0 in (30). Hence, (39) holds.

(ii) The results of theorem 4.10 extend those of [12, theorems IV.1.1 and 1V.2.14] for linear operators on Banach
spaces to linear operators on non-Archimedean Banach spaces.

The following result is obtained from Theorem 4.10.

Theorem 4.13. Let X and Y be two non-Archimedean Banach spaces such that || X X Y|| € [K|. Let (S,) be a sequence
of linear operators from X into Y and let T be a closable linear operator from X into Y. Let (S,) be T-K-bounded and
satisfy that

||S,x]| < max {anllxll;bnllTxll}, for every x € D(T) and for each n > 1.

Ifa, - 0andb, — 0asn — oo, then T, = T + S, are closable for sufficiently large n and T, 5T
Lemma 4.14. Let X and Y be two non-Archimedean Banach spaces and let S, T, and K be three operators from X into
Y satisfying D(T) € D(S) € D(K). If

(7) there exist two constants a,b > 0 such that

[1Sx]| < max (a||x||, bIITxll) forall x € D(T),

(ii) there exist two constants e,d > 0 such that i = max(b, bd) < 1 and
K| < max (ellxll, dISxll) for all x € D(S).

Then,
ITxl| < (1 = @)~ max (IS + T + Kxl, vilxll),

where v = max(a, ad, e) > 0.
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Proof. Letx € D(S + T + K) = D(T). We have

IS+ T+Kxll < max (|ISxll, I, 1K)
< max  max(allxll, bITl), I Txll, max(elll, dliSxl)))
< max (max(a, e, da)|lxll, max(1, b, bd)| Tx|)). (40)

Similarly, we have for all x € 9(T)

IS + Kyl < max [ISx], IIKodl)

< max ( max(allx], b Tx[), max(elldl, dliSxl))
< max ( max(a, e, da)||x||, max(b, bd)llTxlI). 41)
Since,
ITx]] = [I(S+ T+ K)x—(S+K)x|
< max (|I(S + T + Kx|l (S + K)ll)
< ma

x(II(S + T + K)x||, max ( max(a, e, da)||x||, max(b, bd)[I Tx]|))
max (||(S + T + K)xl, max(a, e, da)|[x||, max(b, bd)| Tx]|)

IA

max ([|(S + T + K)x||, max(a, e, da)llxll) + max(b, bd)|| Tx]|,
which yields (1 — max(b, bd))||Tx|| < max (||(S + T + K)x||, max(a, e, da)llxll). So, we deduce that

1Tl < (1= )™ max (IS + T + K)xl, v,
where y = max(b, bd) and v = max(a, ad, ). This completes the proof. [
Theorem 4.15. Let X and Y be two non-Archimedean Banach spaces and let S, T, and K be three operators from X
into Y satisfying D(T) c D(S) ¢ D(K). If

(7) there exist two constants a,b > 0 such that
IS < max (allx|l, bITx|l) forall x € D(T),
(ii) there exist two constants e,d > 0 such that i = max(b, bd) < 1 and

[IKxd| < max (ellxll, dISxll) for all x € D(S).

Then,
S+ T+ K isclosable if and only if T is closable.

Further, if | X X Y|| C K|, then D(S + T + K) = D(T) and
5(S+T+K,T) < (1-w) " max(y,v), (42)

where v = max(a, ad, ) (v > 0) and &(., .) is the gap between two operators.
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Proof. Let (x,)zen be a sequence in D(S + T + K) = D(T) such that x, — 0. and (S + T + K)x,, — x. By using
lemma 4.14, it follows that (Tx,),en is a Cauchy sequence in the Banach space Y and therefore, there exists
W, € Y such that Tx,, — Wj. Since T is closable, then W; = 0. It follows from (40) that (S + T + K)x,, — 0.
Then, x =0and S + T + K is closable. Similarly, T is closable if S + T + K is also closable.

In order to prove that

DS + T + K) = D(T).

Suppose thatx € D(S + T + K), then there exists a sequence (x,)nen such that (x,)uen is (S+T +K) —convergent
to x. From lemma 4.14, we deduce that (x,,),en is T — convergent to x. Hence, x € Z)(T). As a result, we get
D(S + T + K) € D(T). The opposite inclusion can be checked in the same way.

Now, let ¢ = (1, (S + T + K)u) € G(S + T + K) with ||p|| = 1, it follows that

max (i, (S+ T+ K)u) = [lgll = 1. (43)

Since, G(S + T + K) = G(S + T + K), so there exists a sequence ¢, C G(S + T + K) such that ¢, — ¢. Then,
On = WUy, (S+ T+ K)uy,) with u, € D(S+T+K), u, — uand (S+ T + Ku, — (S+T + K)u. Next, let
Yy = (uy, Tu,) € G(T) By using lemma 4.14, we deduce (1) is T — convergent to u. Then,

¥n — o € G(T).
Based on lemma 4.14, we get

llon =¢ull = IS + Kjul
< (1= max (gll(S + T + K)uyll, viluyl).
We obtain when n — oo
lkp = tpoll < (1 = )™ max (S + T + Kpull, vlul).
Using Eq. (43), we infer that
llp = voll < (1 = )™ max (,v).

Hence,
dist(¢p, GT)<(1- /.1)_1 max (y,v).

The fact that ¢ is arbitrary in the unit sphere of G(S + T + K), then
OS+T+KT)<(1- [J)_1 max (y, v).
Similarly, we can estimate 6(T, S + T + K). As a consequence, we get (42). This completes the proof. [J

Remark 4.16. If the hypotheses of theorem 4.15 are satisfied, then

S+ T +K is closed if, and only if, T is closed.
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