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Comparison of proper shape and proper shape over finite coverings

Nikita Shekutkovski?, Abdulla Buklla®

“Institute of Mathematics, Faculty of Natural Sciences and Mathematics, Sts. Cyril and Methodius University, 1000 Skopje, N. Macedonia

Abstract. The theory of proper shape over finite coverings, defined in [8], uses only finite coverings to
compare noncompact spaces. In this paper we investigate the relations between this theory and the proper
shape defined by Ball and Sherr in [3]. We show that if two spaces have same proper shape they belong to
the same class in theory of proper shape over finite coverings, but the opposite doesn’t hold in general.

1. Introduction

Homotopy theory is a strong tool for classifying compact locally nice spaces, but it is not very accurate
when dealing with noncompact spaces. For example, the line and point are too distant geometric spaces to
be in a same class. This problem was solved by defining proper homotopy.

For comparing spaces with local problems, shape theory by Borsuk in [4] is shown to be more appropriate
than homotopy.

The proper shape was defined by Ball and Sherr in [3] as shape analogue of proper homotopy for spaces
with local difficulties. There exist different approaches to proper shape, and it is shown that they are
equivalent theories in general [2].

Instead of using the original approach from [3], we will work with the intrinsic definition of the proper
shape from [1], defined by Akaike and Sakai. Actually, we use the modified equivalent definition for the
proper shape from [7]. Some equivalences between these different approaches were established in papers
[6,7].

On the other hand, in [3] a new theory of shape is defined using intrinsic techniques and only finite
coverings of spaces. This theory of proper shape is called proper shape over finite coverings and it is shown
to be more suitable for locally-compact, separable metric spaces with compact spaces of quasicomponents.

2. Proper homotopy over a covering

Along this paper by a covering we mean an open covering of the space.
For arbitrary space W we denote by Covp(W) the set of all finite open coverings of W consisting of sets
with compact boundary and by Cov(W) we denote the set of all open coverings of W.

In this setion we will introduce the intrinsic definitions for proper shape and proper shape over finite
coverings.
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If U,V are two coverings of the space X, then V is refinement of U if for every V € V there exists
U € U such that V € U. We write V < U.

If U € U, then the star of U is the set st(U, U) = U{W € UIW N U # 0} and by stU will be denoted the
collection of all st(U, U), U € U.

Let f : X — Y be a function and let V be a covering of Y. We say that g : X — Y is V-near to f if for
every x € X, f(x) and g(x) lie in the same member of V. It is denoted by f = g.

Definition 2.1. Let V be a covering of Y. A function f : X — Y is V - continuous at the point x € X if there
exists a neighborhood U, of x and V € V such that f(U,) € V. A function f : X — Y is V-continuous on X
if it is V-continuous at every point x € X.

(The family of all such U, form a covering U of X. Shortly, we say that f : X — Y is V—continuous, if
there exists U such that f(U) < V.)

Observation: When X and Y are paracompact spaces, it is enough to take U and V to be locally finite
coverings, since locally finite coverings are cofinal in the set of all coverings.
Now, we define a proper (noncontinuous) function.

Definition 2.2. A function f : X — Y is proper if for every compact D in Y there exists compact set C in X
such that f (X\C) € Y\D.

Definition 2.3. For arbitrary covering V of the space Y, we say that two proper functions f,g: X — Y are
V—properly homotopic, if there exists a proper function F : X X I — Y such that:
1) F: X X I — Y is stV—continuous.

2) F: X x 1 — Y is V-continuous at all points of X x dI.

3) F(x,0) = f(x), F(x 1) = g(x).
We denote this by f ~p 9.

Proposition 2.4. The relation ” 1/,, " is an equivalence relation.
Proof. See [9]. O

Proposition 2.5. Let X, Y, Z be topological spaces, g : Y — Z be ‘W- continuous function and V be a covering of
Y, such that g(V) < W. If two V- continuous functions fi, f» : X — Y are properly V- homotopic functions, i.e.

h (Zp fa, then g o fi qu gofo

Proof. By definitions it follows that the compositions g o fi,g o f, are proper and “W-continuous functions.
Since fi, f> : X — Y are properly V-homotopic, then there exists a function F : X x I — Y such that:

(1) F is proper st(V) - continuous function, which is V- continuous on X X dI;

(2) F(x,0) = fi(x) and F(x, 1) = fo(x) for all points x € X.

Let us consider the function K : X X I — Z defined by K(x,s) = (g o F)(x,s). Since g(V) < ‘W it implies
g(st(V)) < st(‘W). Also, F is st(V) - continuous so there exists an open covering U, such that F(U) < st(V).
We conclude that (g o F)(U) = g(F(U)) < g(st(V)) < st(‘W). Therefore, the function K is st(‘W)- continuous.
Since F is V- continuous on X X dI, g(V) < ‘W and g is ‘W-continuous function then it follows that K = go F
is “W-continuous on X x dI.

From the fact that composition of proper functions is proper it follows that K = g o F is proper.

If x € X is an arbitrary point, then K(x,0) = (g o F)(x,0) = g(F(x,0)) = g(fi(x)) = (g o fi)(x) and
K(x,1) = (g 0 F)(x, 1) = g(F(x, 1)) = g(f2(x)) = (9 © f2)(x)-

Therefore, we showed that the functions g o f;, g o f, are properly -W properly homotopic, i.e., go f qi/p
gefo O
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Proposition 2.6. Let G : Y X I — Z be a proper st(‘W)- continuous function and W- continuous on Y X JI.
Then there exists a covering V of Y, such that for each proper V- continuous function f : X — Y, the function
G(f xid) : X X I — Z is proper and st(‘W)- continuous, and ‘W- continuous on X X J1.

Proof. Similar form of the theorem is proven for compact metric spaces in [9], Theorem 3.0.5. In noncompact
case the proof actually remains the same. The additional condition of functions being proper doesn’t violate
the proof since composition and direct product of two proper functions is a proper function. [J

3. Proper proximate nets. Intrinsic proper shape

Here we will give a short description of proper shape originally defined by Akaike and Sakai in the
modified version given in [10]. That the definitions are equivalent it is shown in [6].

For arbitrary space M we define ordering in the set of all open coverings of M by (CovM,>) by U >
VoU<YV):

Consider two paracompact topological spaces X and Y. Now, we will define proper proximate net from
XtoY.

Definition 3.1. A proper proximate net from X to Yis a family f = (fy|V € CovY) of V - continuous proper

functions fq : X — Y, such that f 1/;, fw whenever W <V

Definition 3.2. Two proper proximate nets f and g from X to Y are properly homotopic if f 1/;, gy for all
coverings V € CovY. We denote f ~, g.

Proposition 3.3. The relation of proper homotopy of proper proximate nets is an equivalence relation. The proper
homotopy class of proximate net f from X to Y will be denoted by [f],.

Proof. Let f = (fy|V € CovY) and g = (g¢|V € CovY) be proper homotopic proper proximate nets from X
to Y. Tt follows that, for all coverir_lgs V € CovY the V- continuous functions f and g are properly V-

homotopic. For every covering V € CovY by Proposition 2.4 the relation of proper V- homotopy fv 1’,, gv
of V- continuous proper functions is an equivalence relation. So, by the definition the relation of proper
homotopy of proper proximate nets is an equivalence relation. [

Now, lets introduce the notion of composition of proper proximate nets f : X — Yand g: Y — Z. Let
f = (fvlV € CovY)and g = (gw|W € CovZ). From the fact that g4y is ‘W-continuous function it follows that

there exists a covering V € Y such that g4y(V) < ‘W. For ‘W we define iiqy = gqy o fyy : X — Z. The function
his proper and ‘W-continuous. Although the definition depends on the choice of V, the next Lemma shows

that for two coverings V,V’ € CovY such that g4y (V), gw (V') < W is true that gqy o fo %/,, g © for.
Lemma 3.4. If f is proper proximate net and V, V' € CovY such that gy (V), gw(V’') < W, W € CovZ. Then
v T

gw © fv ~p gw o for.
Proof. Let V" € CovY be a common refinement of V and V’,ie., V" <V,V’. Since f is proper proximate
net, by definition it follows that f» 1/,7 fv and for (Klr, far. By Proposition 2.5. it follows that g o fq (&/p
gw © fy and gy o fon Wp gw © for. From the transitivity of the proper homotopy we conclude that
gwe fv %y gwo fy. O

Now, we will show that the functions hyy = g o fy generate a proper proximate net i = (hy =
gw o fylW € CovZ),ie., we will show that for every W’ < W it follows that h (»‘i/p hay.
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Let W’ < W. From the fact that (g4y) is proper proximate net, there exists proper homotopy G from
Y to Z such that G is st(‘W)-continuous on Y X I and ‘W-continuous on Y X dI. From Proposition 2.6.
there exists a covering V" of CovY such that for every proper V”-continuous function fy~ : X — Y, the
function G(fy» X id) : X X I — Z is st(‘W)-continuous on X X I and ‘W-continuous on X X dI. It follows that

W

gw: © fyr ~p gw © fr.

Now, consider hqy» = gay» o fq and hqy = gy o fo for some V' € CovY, gy (V') < W’ and a covering
V e CovY, gw(V) < W. By Lemma 3.4., since gy (V), gw (V") < W it follows that:

W
gw o fy ~p gw o fyr (1).
Now, consider a covering V; of Y, such that V; < V', V”. Since gy (V1), gw (V') < W', by Lemma

3.4. it follows that gy o fy, qi/'p gwr © far.

Since W’ < W it follows gy o fo, (E/p g o fy. By Proposition 2.5. and (1) since f is a proper proximate

net then from fv, (K”p yr and gy (V") < W it follows that:

w w w w
g(Wr Of(vf ~p g«-W/ Of"(v1 ~p !7'W' Of(vu Np ng Of(vu ~p g(W Of(v P

i.e., we showed that fiyy Wp hay 1.
Now we will give the following definition about compositions:

Definition 3.5. Let [f],, [g], be two proper homotopy classes of proper proximate nets. We define a com-
position of proper ho_mot?)py classes [f], and [g], by [9], o [f], = [9° f],

From the discussion above in order to show that this composition is well defined we have only to show
thatif f ~, f”and g ~, g’ then i ~, I’, where 1t and /" are the compositions of proper proximate nets f and
g, f" and ¢’, respectively.

Since g ~, g’ by a proper homotopy then for every covering ‘W € CovZ it follows that gy %/,, Iy
and by Proposition 2.5. there exists a covering U € CovY such that gy (U) < W, g, (U) < W such that

for U-continuous function fqy : X — Y it is true that gy o fyy Z‘fp gy © fu. From the definition of the
composition of two proper proximate nets there exists coverings V,V’ of Y such that gy (V) < W and

Jo (V') < W such that hay = gy o fy, b}, = g, © f;,. Since f ~, f’ then fy (l~1p fqu» S0 by this fact, Lemma
3.4 and Proposition 2.5 we can conclude that hqy = gqy o fy W,, Wp Wp
all V € CovZ. Therefore h ~, I

By the definition of the composition of proper proximate nets and - continuous function the following

Theorem is valid.

gw o fu gﬁw o fuy gﬁw oféﬂ = hﬁW, for

Theorem 3.6. Let [f],, [g], and [h], be three proper homotopy classes of proper proximate nets. Then [h], o ([g], ©
[]_(]p) = ([Il]p © [z]p) © []_(]p

In this way we proved that the topological spaces and proper homotopy classes of proper proximate
nets form category of proper intrinsic shape. We say that proper topological spaces X and Y have the same
proper intrinsic shape if they are isomorphic in this category.

4. Proper shape over finite coverings

Now we will give a short description of the category of proper shape over finite coverings from [8].

About the notion of space of quasicomponents, we refer to [8].

Let X be a topological space. By CovrX, we denote the set that represents the collection of all finite
coverings for a topological space X, where each covering is composed of open sets with compact boundaries.

A cofinal sequence of (finite) coverings Vi < V,... < V..., for a given topological space, is a sequence
of (finite) coverings of the space, such that for any covering V, there exists n, such that V,, < V.
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Definition 4.1. A sequence (f,;) of proper functions f, : X — Y is proper proximate sequence over finite
coverings from X to Y, if there exists cofinal sequence Vi > V, > V3 > ... from Covp(Y) such that for every
m >n, f, and f,, are V,— properly homotopic. We say that (f,) is proper proximate sequence over (V,).

Definition 4.2. Two proximate sequences (f,), (9,) are homotopic if there exists a cofinal sequence V; >
V, > V3 > ... in Covp(Y), such that (f,), (9,) are proximate sequences over (V,) and for alln € N, f, and g,
are properly V,—homotopic.

We denote this by (f,) ~pr (gx).

In the paper [5], it is proven that locally-compact separable metric spaces with compact spaces of
quasicomponents and homotopy classes of proximate sequences over finite coverings form a category of
proper shape over finite coverings.

Two spaces X, Y have same proper shape over finite coverings if there exists a proper sequence over
finite coverings (f,) : X — Y and a proper proximate sequence (f,") : Y — X such that:

(fn)(fn*)NpFlY/ (fn*)(fn)NpFlX-
We denote this by Sh,r(X) = Shyp(Y).

5. Comparison

First, we will show that if two spaces X, Y have same proper shape they have same proper shape over
finite coverings.

Theorem 5.1. Let X, Y be locally-compact separable metric spaces with compact spaces of quasicomponents. If
Shy(X) = Shy(Y) then Shyr(X) = Shyr(Y).

Proof. Let Shy(X) = Shy(Y). It follows there exist proximate nets:
(fq/|(V€ Y): X—Y, (gW|WE X):Y — Xsuchthat fog ~,lyand go f~,1x.

We have that for arbitrary coverings V € CovY, ‘W € CovX, there exists coverings V' € CovY, W’ € CovX
such that fy(W’) <V, g (V') < W:

w
f’VgW’('Zpl_Y and gy fy ~p1x (1)
From [8] there exists a cofinal sequence V1 > V, > V3 > ... from Covp(Y).

Fix the covering V. For every point y € Y there exists an integer 1, such that B_1 (y) € V; for some
”1/]/

Vi € Vy. Take V] = {BL Wy € Y}, so from the covering V; we obtained a covering V] consisting of sets
’11/‘/

with compact closure i.e. V] € covY.
Now, fix V; and let y € Y. There exists an integer n,, such that n, > ny, and B_1_(y) C V; for all
ny

Vy e (Vz.
Following the same principle, we obtain a sequence of coverings (V;) such that V| >V, > V. > ...,
V> (V;. for all integers j and (V;. consists of sets with compact closure.

We construct sequence (f,) : X — Y from the net (fy) : X — Y by defining:
fu = fv, foralln € N.

We have that the sequence (f,) : X — Y is proximate sequence over finite coverings (V’,). In similar way
we could construct a proximate sequence (g,) : Y — X over a cofinal sequence Uy > U, > U; > ... from
Covp(X) . From (1) we have that (f,,)(9:)~p1y and (g.)(fi)~p1lx. O

Note. In the previous theorem constructing the coverings with compact closure was not necessary, we
could work with the first cofinal sequence of finite coverings from Covr(Y) and to consider the functions
from the proximate net having those coverings as index.

We need the next theorem from [7] (Theorem 2.1). We assume that spaces are locally compact and
paracompact.
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Theorem 5.2. Let X = ®{X,|a € A}. Then X~,Y ifand only if Y = & {Y, | € A} and Xy~,Y o, for every a € A.

Example 5.3. There are locally-compact separable metric spaces X,Y such that Shyr(X) = Sh,r(Y), but
Shy(X) # Shy(Y).

o<

A

Proof. Take

X ={(5v) [y € 10,11, n € NJUL(0, 1] x {0}] U [{0} x (0, 1]
and
Y =(0,1] x {0}.

First, we will prove that Shyr(X) = Sh,r(Y). We will define cofinal sequence (U,) from Covr(X) and a
cofinal sequence (V,,) from Covr(Y).
Inductively by n, we define a cofinal sequence (U),) from Covr(X) as follows:

U, = {B1 (0,0)} U {Bs, (x}), Ba, (¥2), - Bay (%)}

where U = {Ba” (x{’) ,Ba, (xg) s s Ba, (x?n)} is the covering of the compact part X \ B h 0,0), a1 = }I and for

n>1,a, <min {m, 5”7‘1} and 6,1 is the Lebesque number for the covering '7/12_1.

Now, if By, (x) € Uy it follows that B,,,,(x) € U, for some U, € U,. Namely, if an arbitrary ball
Ba,.,(x) € U1 is not contained in B% (0,0) then B,,,, (x) is contained in X \ Bﬁ (0,0) in which case we have
By,.,(x) € B,, (x'), for some B, (x') € UY € U,. So, Ups1 < U, ie. (U,) is a cofinal sequence from Covp(X) .

On the other hand, the coverings of Y are defined by:

Vi = {B1 (0,0} U{By, (v1) By, (v3) - By, (v})}
where {B,gn (y?) , Bg, (yg) s+ B, (y?n)} is the covering of the compact part Y\ B 1 (0,0), where Bg, = B,, NY.
We will denote by U = {B% ©, 0)} NXand V& = {B% ©, 0)} ny.
It is not hard to see that the sequences (U,,), (V) are cofinal sequences from CovrX, CovrY respectively.
If we fix n € N, then there exists a, € R such that (0,a,) € U;;.

Now, for every n € N we will define functions f, : X = Y, g, : Y — X as follows:

gn(y)=yforallyeY

and
X, if xeY
£ = (px (%),0), if X¢YAX¢{0}x(0,1]
" (@, 0), if X€{0}x (0,11 Apy® >a, ’

(py ¥),0), if xe{0}x (0, 1] Apy(®) <ay,



N. Shekutkovski, A. Buklla / Filomat 37:29 (2023), 9991-9998 9997

where px, py are projections of plane over vertical, horizontal axes, respectively.
It is not hard to prove that (f,)(g:)~p1y and (¢,)(fu)~plx i.e. Shyr(X) = Shpr(Y).

(1). fu is a proper function:

Let D,, C Y be compact. Without losing the generality we can assume that D,, = (Bl (, 0))C ny.

i) If (a,,, 0) € D,, then there exists b,, < a,, such that (b,,0) ¢ D, and for the compgct set C, = X \ By, (0,0)
we have:

fu (X\ (X\ By, (0,0))) = fu (By, (0,0)) C Y\ D,

ii) If (a,,0) ¢ D,, in that case C' = X \ B (0,0) is a compact subset of X and f, (X \ C') cY\D,

(2). fu is V,—continuous function:

It is clear that f,(x) is V,—continuous for x € X \ ({0} x (0,1]) as a projection. Now, let x € {0} x (0,1]. We
have the following situations:

i) If py(x) > a, then there exists a neighborhood Uz X V3 of x such that if some y € V5 it will follow that
y >ayand f, (Uz x Vy) C B%(0,0) ny.

ii) Let py(x) < a,,. There exists a real number b,,, 0 < b, < a, and a neighborhood Us of px(x) such that
(0,b,) € B1(0,0) and f,, (Uz % (0,b,)) €B.(0,0)NY
Thus, f, is V,—continuous function for all x of X.

(3). Homotopies:
For fixed natural number n € N we will construct a homotopy H, : X X I — X with property:

H,(x,0) = 1x and H, (X, 1) = (gx © f»)(X) for every x € X
Letx € Y, in this case we define H,(x,t) = x for all t € [0, 1],
If x € X\ [({0} x (0,1]) U Y], then we define:
H,(x,t)= (1 —-t)x+t-px(x) forall t € [0,1].

If x € ({0} x (0, 1]) then we have the following two cases:

i) For py(x) > a, we define:
H,(x,t)=(1-t)x+1t-(0,0)forallt €[0,1) and H,(x,1) = (a,,0).
ii) For py(x) < a,, we define:
H,(x,t) = (1 -tx+¢-(0,0) for all € [0,1) and H,(X, 1) = (py(x),0).

It suffices to show that H,, is V,,—continuous proper function in X X [0, 1]. Lets firstly show that for fixed
n H, is a proper function.

LetD, = Y\B1(0,0) be a compactsubset of Y. The set B,,(0,0)N X is subset of U7 and H,((B,,(0,0) N X)xI) C
B% (0,00n X. ”flhus, if we choose the compact set C, = X'\ (B,,(0,0)) x I we have H,(X\ C,) C Y\ D, i.e H, is
proper.

Fix nn € N. The function H,, is continuous for all x € X \ ({0} x (0, 1]) as linear combination of continuous
functions.

Let now Xx; € {0} x (0,1].

i) If py(xo) > a, then for the points (xo, ) such that t < 1 the function H, will be continuous again as
linear combination of continuous functions. For the point (xg, 1) we have H,(xo, 1) = f.(Xo0) = (a4,0). From
the definition of H, it is not hard to see that there exists ¢y € (0,1) and a neighborhood Os; of xj such that
H,(x,t) € B1(0,0) for (¥, t) € Oz X (to, 1].

We proved that H,(Og; X (to, 1]) € B1(0,0) N X = U

i) If py(xo) < ay, there exists b, such that py(xp) < b, < a, and for the set By, (0,0) N X as a neighborhood
of Xy we have:

H,((By, (0,0)n X)X I) € B1(0,0) N X = Uyy .

For the opposite part, suppose that Shy(X) = Shp(Yl). Take X = Xo U X; such that Xy = Y and
X1 = {(nl?, y) )y €(0,1],ne N} U [{0} x (0, 1]]. From Theorem 5.2. there exists a disjoint union Y = Yo U Yy
such that Sh,(X;) = Sh,(Y;) for i € {0,1}. Now, from Shy(X;) = Shy(Y1) and from ([8] Proposition 4.9.) it
follows that the spaces X;, Y1 have same number of ends.

From Sh,(Xo) = Shy(Yo) and considering the fact that homotopy preserves connectivity it follows that
Yo must be an interval with one end. Hence, Y1 = Y'\ Y| could not have infinitely many ends. [J
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Conclusion

In [5] it is proved that in the category Sh,r the shape of product space is directly determined from the
shape of component spaces. Also most of the important properties of the category of Sh,, are also valid for
Shyr.

In this paper we proved that this category provides a coarser classification of spaces than the theory Sh,,.
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