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Abstract. We present some new characterizations of some spaces such as stratifiable spaces, MCP-spaces
in terms of real-valued functions.

1. Introduction and preliminaries

A space always means a topological space. The set of all positive integers is denoted by IN. For a space
X, denote by Cx the family of all compact subsets of X. 7 and ¢ denote the topology of X and the family of
all closed subsets of X, respectively. For a subset A of a space, we write A for the closure of A. Also, we use
X, to denote the characteristic function of A.

Let f be a real-valued function on a space X and r a real number, denote {f > r} = {x € X : f(x) > r} and
analogously for the others. f is called lower (upper) semi-continuous [4] if for any real number 7, the set
{f >} ({f <r})is open. We write L(X) (U(X)) for the set of all lower (upper) semi-continuous functions
from X into [0, 1]. C(X) is the set of all continuous functions from X into [0, 1].

Definition 1.1. A space X is called stratifiable [2] (semi-stratifiable [3]) if there is a map p : N X 7° — 7 such
that

(D) F = Nyen p(, F) = Nyew p(1, F) (F = Nyen p(n, F)) for each F € 7°;

(2)if FH € t°and F C H, then p(n, F) C p(n,H) for all n € IN.

X is called k-semi-stratifiable [10] if there is a map p : IN X t° — 7 satisfies the conditions for a semi-
stratifiable space and

(3) For each K € Cx and F € ¢ with KN F = 0, there is m € IN such that K N p(m, F) = 0.

The map p is called the stratification (semi-stratification, k-semi-stratification) for X.

Definition 1.2. ([5]) A space X is called an MCP-spaces (MCM-spaces) if there is an operator U assigning
to each decreasing sequence (F;) of closed subsets of X with empty intersection, a sequence of open sets
{U(n,(F;) : n € N} such that

(1) F, c U(n,(F;)) for each n € N,

(2) if (F;) <(Gj), then U(n,(F;)) C U(n,{G;)) for all n € N,

(3) Muen U, (F)) = 0 (Myen U(n, (Fj)) = 0).
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Definition 1.3. ([11]) A space Xis called a k-MCM space if there is an operator U assigning to each decreasing
sequence (F;) of closed subsets of X with empty intersection, a decreasing sequence {U(n, (F;))},en of open
subsets of X such that

(1) F, c U(n,(F;)) for eachn € N,

(2) if (F;) < (H;), then U(n,(F;)) C U(n,(H,)) for each n € N,

(3) for each K € Cy, there exists m € IN such that K N U(m, (F;)) = 0.

Characterizations of some topological spaces such as stratifiable spaces, MCP-spaces in terms of real-
valued functions which are known to be insertion theorems were studied extensively in literature [8, 9, 12—
15]. Various conditions formulated with real-valued functions which guarantee a space possesses some
corresponding properties were presented. For example.

Theorem 1.4. For a space X, the following are equivalent.

(a) X is stratifiable.

(b) ([8]) There exists an order-preserving map ¢ : L(X) — C(X) such that for each h € L(X), ¢(h) < h and
0 < ¢p(h)(x) < h(x) whenever h(x) > 0.

(c) ([12]) There exist two order-preserving maps ¢ : L(X) — U(X) and ¢ : L(X) — L(X) such that for each
h e L(X), Y(h) < ¢p(h) < hand 0 < p(h)(x) < p(h)(x) < h(x) whenever h(x) > 0.

In this paper, we shall present some new characterizations of some spaces such as stratifiable spaces,
MCP-spaces in terms of real-valued functions. Conditions in these results are simplified and are easier to
be verified.

The following lemma will be frequently used in the proof of the main results.

Lemma 1.5. Let {A, : n € IN} be a decreasing sequence of subsets of a space X. For each x & ()N An, let
ny = min{n € IN : x ¢ A,}. Define amap h : X — [0, 1] by letting for each x € X, h(x) = 0 whenever x € () en An
and h(x) = ;- whenever x & (e An-

(1) If A, is open for each n € N then h € U(X).

(2) If A, is closed for each n € IN then h € L(X).

Proof. (1) Letr € Rand h(x) < r.

Case 1. x € (N,enAn- Then 0 = h(x) < r. There exists m € IN such that % < r. Then A,, is an open
neighborhood of x. For each y € Ay, if y € (e An, then h(y) = 0 < r. If y ¢ (,,en An, then m < 1, and thus
h(y) = niy <l<r

Case2. x ¢ (enAn- lf ny =1, then1 = h(x) <r. Foreachy € X, h(y) <1 <r. If n, > 1, then A, 1 is an
open neighborhood of x. For each y € A, _1, if y € (,,en An, then h(y) =0 < n% =h(x)<r. Ify ¢ NpenAn
then n, — 1 < n, and thus h(y) = n%, < nlx =h(x) <r.

The above argument shows that 1 is upper semi-continuous.

(2) Letr € R and h(x) > r.

Case 1. x € (e An- Thenr < h(x) = 0. Foreachy € X, h(y) >0 > r.

Case 2. x ¢ (,enAn. Then W = X'\ A, is an open neighborhood of x. For each y € W, n, < n, from
which it follows that h(x) = % < nlv = h(y). Thus h(y) > r.

The above argument shows that /1 is lower semi-continuous. [

2. On stratifiable spaces

This section is devoted to the characterizations of spaces having stratifications, such as stratifiable spaces
and k-semi-stratifiable spaces.

Theorem 2.1. For a space X, the following are equivalent.
(a) X is a stratifiable space.
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(b) There exist two order-preserving maps ¢ : L(X) — U(X) and ¢ : L(X) — L(X) such that for each h € L(X),
P() < () and h(x) = 0 if and only if G(n)(x) = 0 = P(h)(x).

(c) There exists an order-preserving map ¢ : L(X) — U(X) such that for each h € L(X) and x € X, if h(x) = 0
then ¢(h)(x) = 0, and if h(x) # O then there exists an open neighborhood V. of x such that inf{¢(h)(y) : y € Vi} > 0.

Proof. (a) = (b) Let p be the stratification for X which is decreasing with respect to n. For each /1 € L(X) and
n €N, let Fn,h) = {h < %}. Then {F(n, h) : n € N} is a decreasing sequence of closed subsets of X such that

Mpen F(11, 1) = h71(0). For each x € X, if x ¢ (e F(n, h) then there exists i € IN such that x ¢ p(i, F(i, h)). Let
ny(h) = min{n € IN : x ¢ p(n, F(n, h))}, my(h) = min{n € N : x & p(n, F(n, h))}.

For each x € X, let ¢p(h)(x) = 0 = (h)(x) whenever x € (,n F(1,h) and ¢(h)(x) = ﬁ(h), Y(h)(x) = %(h)
whenever x ¢ (,cn F(1, h). Since

()61 = () ptn, B(n, 1)) = () pn, Fn, ),

nelN nelN nelN

by Lemma 1.5, ¢(h) € U(X) and y(h) € L(X).

Letx € X. If x € (e F(n, h) then p(h)(x) = 0 = P(h)(x). Ifx & (,en F(1, h), sincex & p(my(h), F(my(h), h)) D
p(my(h), F(my(h), h)), we have that n.(h) < m,(h). It follows that i (h)(x) = #(h) < %(h) = ¢(h)(x). Therefore,
P(h) < p(h).

Let x € X. Then h(x) = 0 if and only if x € (), F(n, b) if and only if ¢(h)(x) = 0 = P(h)(x).

Suppose that hi; < hy. For each x € X, if ¢p(h)(x) = 0 then ¢(h1)(x) < Pp(h2)(x). If Pp(h)(x) = m then
X & Npen F(n, 11). From hy < hy it follows that F(n, hy) € F(n, hy) for each n € IN and thus x ¢ (),,en F(11, h2).
Since x € p(n.(h1), F(nx(h1), 1)) 2 p(ne(h1), F(nx(h1), h2)), we have n,(hy) < ny(h1) and thus ¢(h;)(x) = @ <

it = $(h2)(x). Similarly, Y () < ¢(ha).

(b) = (c) Assume (b). If h(x) # 0 then ¢ (h)(x) # 0 and thus there exists r > 0 such that {(h)(x) > r. Let
Vi = {i(h) > r}. Then V, is an open neighborhood of x. For each y € V,, (h)(y) = Y (h)(y) > r which implies
that inf{¢p(h)(y) : y € Vi) > 0.

(c) = (a) Assume (c). For each F € 1, let hg = 1 — xr. Then hr € L(X).

Foreach F € t°and n € N, let p(n, F) = {¢p(hr) < %}. Then p(n, F) € 1.

If x € F then hp(x) = 0. It follows that ¢(hr)(x) = 0 and thus x € p(n, F) for each n € IN.

If x ¢ Fthenhp(x) # 0. By (c), there exists an open neighborhood V, of x and m € IN such that ¢(hr)(y) > %
for each y € V,. It follows that V, N {¢(hr) < %} = 0 and thus x ¢ p(m, F). This implies that (), p(1, F) C F.

Suppose that F; C F,. For each x € X, if x € F; then hr,(x) = 0 and thus hr,(x) < hr,(x). If x ¢ F, then
x ¢ F1 and thus hr,(x) = 1 = hr,(x). This implies that hr, < hr,. Then ¢(hr,) < ¢(hr,) from which it follows
that p(n, F1) C p(n, F,) for each n € IN.

Therefore, X is a stratifiable space. [

Theorem 2.2. A space X is k-semi-stratifiable if and only if there exists an order-preserving map ¢ : L(X) — U(X)
such that for each h € L(X) and K € Cx, KN h71(0) = 0 if and only if inf{p(h)(x) : x € K} > 0.

Proof. Let p be the k-semi-stratification for X which is decreasing with respect to n. For each h € L(X) and
nelN,let F(n,h) ={h < %}. Then {F(n, h) : n € IN} is a decreasing sequence of closed subsets of X such that
Mpen F(11, 1) = h71(0). For each x € X, if x ¢ (,,en F(n, h) then there exists i € IN such that x ¢ p(i, F(i, h)). Let

nx(h) = min{n € IN : x ¢ p(n, F(n, h))}.

For each x € X, let ¢p(h)(x) = 0 whenever x € (), F(1,h) and ¢(h)(x) = %(h) whenever x ¢ (,en F(1, h).
Since (,en F(11, 1) = Nyen p(1, F(n, b)), by Lemma 1.5 (1), ¢p(h) € U(X).

Let K € Cx. If KN h1(0) = @ then K N (,,en F(1, 1) = 0 and thus K N F(i, ) = 0 for some i € IN. It follows
that K N p(m, F(m, h)) = 0 for some m € IN. Then for each x € K, n,(h) < m and so ¢(h)(x) > % This implies
that inf{¢(h)(x) : x € K} > 0.
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If inf{¢(h)(x) : x € K} > 0, then for each x € K, ¢(h)(x) > 0 which implies that x ¢ (x5 F(12, 1) = h71(0).
Therefore, K N h~1(0) = 0.

That ¢ is order-preserving can be shown analogously to the proof of (a) = (b) of Theorem 2.1.

Conversely, for each F € 1¢, let hr = 1 — xr. Then hr € L(X).

Foreach F € t°and n € N, let p(n, F) = {¢(hr) < %}. Then p(n, F) € 7.

If x € F € 7¢, then hp(x) = 0. It follows that x € h;l(O) and thus ¢(hr)(x) = 0. Hence x € p(n, F) for each
n € N.

Let K € Cx and F € ©° with KN F = 0. Then K N 1:1(0) = 0 and thus inf{((he)(x) : x € K} > 0. It follows
that K N {¢(hr) < %} = 0 for some m € IN. That is, KN p(m, F) = 0.

Suppose that F; c F,. With a similar argument to the proof of (c) = (a) of Theorem 2.1, one readily
shows that p(n, F1) C p(n, F) for each n € IN.

Therefore, X is k-semi-stratifiable. [

Similarly, we have the following.

Proposition 2.3. A space X is semi-stratifiable if and only if there exists an order-preserving map ¢ : L(X) — U(X)
such that for each h € L(X) and x € X, h(x) = 0 if and only if p(h)(x) = 0.

A space X is perfectly normal [4] if and only if there is a map p : N Xt — 7 such that F = (), p(n, F) =

MNuen p(n, F) for each F € 7°.

Theorem 2.4. For a space X, the following are equivalent.
(a) X is perfectly normal.
(b) There exist two maps ¢ : L(X) — U(X) and ¢ : L(X) — L(X) such that for each h € L(X), Y(h) < ¢p(h) and

h(x) = 0 if and only if (h)(x) = 0 = Y(h)(x).
(c) There exists amap ¢ : L(X) — U(X) such that for each h € L(X) and x € X, h(x) = 0 ifand only if $(h)(x) = 0,
and if h(x) # O then there exists an open neighborhood V of x such that inf{¢p(h)(y) : y € Vi} > 0.

Proof. (a) = (b) Let p be the map for a perfectly normal space which is decreasing with respect to nn. For each
heL(X)andn € N, let F(n,h) = {h < %}. Then {F(n, h) : n € IN} is a decreasing sequence of closed subsets of
X such that (,,en F(1,h) = h1(0). For each n € N, let o(n, F(1n, h)) = Mj<n p(n, F(j, h)). Then o(n, F(n, h)) € .
We show that

ﬂ F(n,h) = ﬂ a(n, F(n, h)) = ﬂ o(n, F(n, h)).
nelN nelN nelN

For each n € N and j < n, F(n,h) C F(j,h) € p(n, F(j, h)) which implies that F(n, h) C ijn p(n, F(j,h)) =
o(n,F(n,h)). It follows that (e F(n,h) € Nyeno(, E(n, h)). If x ¢ (,enF(n,h) then x ¢ F(i,h) =
MNuen p(n, E(i, h)) for some i € IN. Then there exists m > i such that

x & p(m, (i, 1) > () plm, E(j, b)) = o(m, Fm, 7).

j<m

Hence (,en 0(1, F(n,h)) € (e F(n, h).
For each x € X, if x ¢ (),,en F(11, h) then there exists i € IN such that x ¢ o(i, F(i, h)). Let

ny(h) = min{n € IN : x ¢ o(n, F(n, h))}, my(h) = min{n € IN : x ¢ o(n, F(n, h))}.

For each x € X, let ¢p(h)(x) = 0 = P(h)(x) whenever x € (,en F(1,h) and ¢(h)(x) = ﬁ(h), V) =
whenever x ¢ (,,cn F(11, h). Since

() FG ) = () o(n, Fon, 1)) = () o, Fln, 1)),

nelN nelN nelN
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by Lemma 1.5, ¢(h) € U(X) and ¢(h) € L(X).

Letx € X. Ifx € (e F(n, h) then (h)(x) = 0 = P(h)(x). Ifx & ,.en F(1, 1), sincex & o(my(h), F(my(h), h)) >
o(my(h), F(my(h), h)), we have that n,(h) < my(h). It follows that ¢ (h)(x) = = ¢(h)(x). Therefore,
9(h) < p(h).

Let x € X. Then h(x) = 0 if and only if x € (N, F(n, b) if and only if ¢(h)(x) = 0 = P(h)(x).

(b) = (c) Similar to the proof of (b) = (c) of Theorem 2.1.

(c) = (a) Similar to the proof of (c) = (a) of Theorem 2.1. [

1 1
i S mm

A space X is perfect [4] if and only if there is a map p : IN X 7° — 7 such that F = [,y p(#, F) for each
Fere.

Proposition 2.5. A space X is perfect if and only if there exists a map ¢ : L(X) — U(X) such that for each h € L(X)
and x € X, h(x) = 0 if and only if p(h)(x) = 0.

3. On MCP-spaces

In this section, we present characterizations of some weak covering properties, such as MCP-spaces
and countably paracompact spaces.
Denote by L*(X) = {h € L(X) : h > 0} and U*(X) = {h € U(X) : h > 0}.

Theorem 3.1. For a space X, the following are equivalent.

(a) X is an MCP-space.

(b) There exist two order-preserving maps ¢ : LY(X) — U(X) and ¢ : L*(X) — L*(X) such that for each
h e L*(X), p(h) < p(h) and {h < %} C{ph) < %}for each n € IN.

(c) There exists an order-preserving map ¢ : L*(X) — U(X) such that for each h € L*(X) and n € N,
{h < 1} c {¢(h) < L) andforeach x € X, there exists an open neighborhood V' of x such that inf{p(h)(y) : y € V} > 0.

Proof. (a) = (b) Let U be the operator in Definition 1.2 such that {U(n,(F;)) : n € IN} is decreasing with
respect to n. For each h € L*(X) and n € N, let F,(h) = {h < %}. Then (F,(h)) is a decreasing sequence of
closed subsets of X with an empty intersection. For each x € X, let

ne(h) = min{n € N : x ¢ U(n, (Fj(h)))}, my(h) = min{n € N : x ¢ U(n, (E; (1))}

Then let ¢p(h)(x) = #h) and Y(h)(x) = #(,l) It is clear that i(h) > 0. By Lemma 1.5, ¢(h) € U(X) and
¥(h) € L(X). Moreover, since n,(h) < (1) for each x € X, we have y(h) < ¢(h).

Letxe {h < %}. Since x ¢ U(n(h), (F;(h))) D Fu,m(h), we have n < n,(h). It follows that ¢(h)(x) = nxl(h) < %
and thus x € {¢(h) < }1}.

Suppose that hi; < hp. Then (Fj(h2)) < (F;(h1)) and hence U(n, (F;(h2))) C U(n,{F;(h1))) for each n € IN.
Let x € X. Since x ¢ U(ny(h1),(Fj(h1))) D U(ny(h1),(Fj(h2))), we have that n(hy) < n,(h1) and thus ¢(h1)(x) <
¢(h2)(x). Therefore, p(h1) < p(hy). Similarly, P(h1) < P(hy).

(b) = (c) Since (h) > 0, for each x € X, there exists ¥ > 0 such that (h)(x) > r. Let V, = {{(h) > r}.
Then V, is an open neighborhood of x. For each y € V,, ¢(h)(y) > ¢(h)(y) > r which implies that
inf{lp(h)(y) : y € Vi} > 0.

(c) = (a) For each decreasing sequence (F;) of closed subsets of X with empty intersection and each
x € X, let

1

nx((F])) =minfne N:x¢F,}, h<p].)(x) = m
x\Fj

Then i,y > 0. By Lemma 1.5 (2), ;) € L(X).
For each n € N, let

UG, ) = (60e) < 1.
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Then (U(n, (F;))) is a decreasing sequence of open subsets of X. By (c), for each x € X, there exists an open
neighborhood V of x and m € IN such that V N {¢(h;)) < %} = (. It follows that x ¢ U(m, (F;)) and thus
(Mnen U(n, <Ej)) = 0.

Letn € N and x € F,.. Then n < n,((F;)). It follows that k¢, (x) = m < 1. By (c), x € {¢p(hgy) < 3} =
U(n,(F;)). Hence F, c U(n,(F})).

Suppose that (F;) < (Hj). For each x € X, since x ¢ Hy ;) D Fumj), we have n((F;)) < n.((H;)) and
thus h<Hj>(x) < h(p])(X). This implies that h(Hj} < h(p].). Hence, (P(h(H,)) < ¢(h<pj>) from which it follows that
U(n,(F;)) c U(n,(H;)) for each n € IN.

By Definition 1.2, X is an MCP-space. [

Theorem 3.2. X is a k-MCM space zf and only 1f there exists an order-preserving map ¢ : L*(X) — U(X) such that
foreachh € L*(X)andn € N, {h < .} C {p(h) < andfor each K € Cx, inf{¢(h)(x) : x € K} > 0.

Proof. Let U be the operator in Definition 1.3 such that {U(n, (F;)) : n € N} is decreasing with respect to n.
For each h € L*(X), define a map ¢(h) € U(X) as that in the proof of (a) = (b) of Theorem 3.1. Then we only
need to show that for each K € Cx, inf{¢p(h)(x) : x € K} > 0.

Let K € Cx. Then there exists m € IN suCh that KN U(m,(Fj(h))) = 0. For each x € K, x ¢ U(m,(F;(h)))
and thus n,(h) < m. It follows that ¢(h)(x) = - (h L Therefore, inf{¢(h)(x) : x € K} > 0.

Conversely, for each decreasing sequence (F; ) of closed subsets of X with empty intersection, define a
decreasing sequence (U(n, (F;))) of open subsets of X as that in the proof of (c) = (a) of Theorem 3.1. Then
we only need to show that for each K € Cy, there exists m € IN such that KN U(m, (F;)) =

Let K € Cx. Then inf{¢(h,)(x) : x € K} > 0. There exists m € IN such that ¢(h))(x) > for each x € K.
It follows that K N U(m, (Fj)) = KN {Pp(hey) < £} =0. O

Similarly, we have the following.

Proposition 3.3. X is an MCM-space zf and only if there exists an order-preserving map ¢ : L*(X) — U*(X) such
that for each h € L*(X) and n € N, {h < } C {¢(h) <

A space X is countably paracompact [7] (countably metacompact [6], countably mesocompact [1]) if and
only if for each decreasing sequence {F, : n € IN} of closed subsets of X with empty intersection, there is a
decreasing sequence {U, : n € IN} of open subsets of X such that F,, C U, for each n € IN and ﬂne]Nm =0
(Myen Un = 0, for each compact subset K C X, there exists m € N such that K N U, = 0).

The following three results can be shown with similar arguments to the proof of Theorem 3.1, Theorem
3.2 and Proposition 3.3 respectively.

Theorem 3.4. For a space X, the following are equivalent.

(a) X is countably paracompact.

() There exist two maps ¢ L*(X) = U(X) and ¢ : L*(X) — L*(X) such that for each h € L*(X), y(h) < ¢(h)
and {h < 1} c {¢p(h) < L} for each n € IN.

(c) There exists a map ¢ : L*(X) — U(X) such that for each h € L*(X) and n € ]N h < clpth) <L =} and for
each x € X, there exists an open neighborhood V. of x such that inf{p(h)(y) : y € Vi)

Theorem 3.5. X is countably mesocompact if and only if there exists a map ¢ : L*(X) — U(X) such that for each
hel*(X)andne N, {h < %} C{ph) < %} and for each K € Cy, inf{¢p(h)(x) : x € K} > 0.

Proposition 3.6. X is countably metacompact zf and only if there exists a map ¢ : L*(X) — U*(X) such that for
eachh € L*(X)andn € N, {h < -} C{p(h) <
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