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Abstract. In this paper, we show a multiple-term refinement of Young’s type inequality and its reverse
via the Kantorovich constants, which extends and unifies two recent and important results due to L. Nasiri
et al. (Result. Math (74), 2019), and C. Yang et al. (Journal. Math. Inequalities, (14), 2020). An application

of these scalars results we give a multiple-term refinement of Young’s type inequalities for operators,
Hilbert-Schmidt norms, traces and the unitarily invariant norms.

1. Introduction and preliminaries

1.1. On (the scalar) Young’s type inequality and its refinements

We start by reviewing some important facts concerning some Young's type inequality.
The famous Young inequality (for scalars) says thatifa,b > 0and 0 < a <1, then
a*b'"™ < aa + (1 — a)b. (1)
Even though this inequality looks very simple, it is of great interest in operator theory. Refining this
inequality has taken the attention of many researchers in the field, where adding a positive term to the left
side is possible.
The first refinements of Young’s inequality is the squared version proved in [3] as follows

@b + r3(a — b)* < (aa + (1 — a)b)?,

()
where 79 = min{a, 1 — a}.
Later, Kittaneh and Manasrah [6], obtained the other interesting refinement of Young’s inequality
a“b" + ro(Va— Vb2 < aa + (1 - a)b, 3)

where 19 = min{a, 1 — a}.

J. Zhao and J. Wu [12], obtained the following refinement of inequality (1) as follows:
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1. f0<ac< %,then
a0 + a(Va - Vo) + r1(Vab - Vb)* < aa+ (1 - a)b. @)

2. Ifl <a<1, then
a0 + (1= a)(Va = Vb)? +ri(Vab - Va)’ < aa + (1 -, ©

where g = min{a, 1 — a} and r; = min{2ry, 1 — 2r¢}.

Throughout this paper, we will us the notation o = min{a,1 - a}, r, = min{2r,_1,1 — 27,4}, Ry =
max{a,1—a}, and K(t, 2) = % the Kantorovich constant and for /, k € IN, we define the functions fj«(x, v)

by

fiuoy) = (Vx5 =7 = Yy Y

In [2], D. Choi showed a multiple-terms refinement of Young’s inequality as follows:
Theorem 1.1. Let a and b be two positive numbers and 0 < a < 1. Then we have

N-1 2!

N-1 rn(a) —
K("V2) et + Y @) Y e, b 5@
1=0 k=1
< aa+(1-a)l. (6)

where h = .

In a recent work, Kai [5] gave the following Young type inequality:
[(@@)* b2 2 o 11(@) + @ [(1 = PP 2 x 1 1y (@)] + 7@ = b)? < @?a® + (1 - a)P?, )

where rp = min{«&, 1 — a} and x;(«) the charcteristic function.
Recently, Nasiri et al. [10] obtained the following reverses refinement of inequality (7) using the
Kantorovich constants as follows

Theorem 1.2. Let a and b be two positive numbers and 0 < a < 1. Then we have
(1) If0<a <1, then
a?a® + (1 - a)’b* <K(h, 2)_ra2“[(1 —a)b> + (1 - a)*(a - b)?, (8)
— i _ (-
where r = min{2a, 1 - 2a} and h = ——.
(2) If 3 <a <1, then
a’a* + (1 - a)’b* < K(h, 2)_7(0101)2%2_2“ +a%(a - b)?, )

where r = min{2a — 1,2 — 2a} and h = 9.
The same authors in [8] showed the following refinement of inequality (7).

Theorem 1.3. Let a and b be two positive numbers and 0 < a < 1. We have
(1) If0 < a < 3, then

(0@ B> + a*(a — b)* + rb(Vaa - Vb)* < a?a® + (1 — )PP, (10)
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where r = min{2a, 1 — 2a}.

(2) If 3 <a <1, then

(1 - )b + (1 - a)*(a - b + ra(Va — (1 - a)b)® < a®a® + (1 — )P, (11)
where r = min{2a — 1,2 — 2a}.

A reverses inequalities using the Kantorovich constants of the above theorem is given in [9].
In 2020, C. Yang and Y. Li [11] showed the following refinement of inequalities (8) and (9) and its reverses
as follows:

Theorem 1.4. Let a and b be two positive numbers and 0 < a < 1. We have

(1) If0<a <1, then

(a2 + a*(a—b)* +2ab(Vaa — Vb)* + rb(Vaab — Vb)?
< a*?+(1-a)’h?
< @1 - )b + (1 - a)*(a - b)* = 2aa(Va - (1 - a)b)®

— ra(+\(1 — a)ab — Va)?, (12)

where r = min{4a, 1 — 4a}.
(2) If% <a< %,then

)2ap22a a2(a - b + (1 - 2a)b(Vaa — Vb)* + rb(Naab — Vaa)?
a?a® + (1 - a)?V?
A [(1 = )b + (1 - a)*(a - b)* — (1 - 2a)a( Va - (1 - a)b)®
— ra(+/(1 — a)ab — /(1 — a)b)?, (13)
where r = min{2 — 4a, 4o — 1}.
(3) If% <a< i,then

+

(aa

IA

IA

A [(1- b2+ (1-a)*a-b)* + Q2a - Da(va - (1 - a)h)®
+ ra(y/(1 - a)ab— /(1 — a)b)
< ad??+(1 -
< (@)D + a*(a — b)? — (2a — 1)b(Vaa — Vb)?

rb(Vaab — vaa)?, (14)

where r = min{4a — 2,3 — 4a}.
(4) If 3 <a <1, then

(1 - )b+ (1-a)(a—-b)*+ @2 - 2a)a(Va— (1 -a)by’
+ ra(+/(1 - a)ab - Va)?
< d*a’+ (1- oc)zb2
< (aa) b2 + o%(a - b)* — (2 - 2a)b(Vaa — Vb)?

rb(Vaab — Vb)?, (15)

where r = min{4 — 4a, 4o — 3}.
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1.2. Inequalities for operators and Hilbert-Schmidt norms

We list in this subsection some recent operator inequalities which concern our work.

Let B(H) denote the C*-Algebra of all bounded linear operators on a complex Hilbert space H. An
operator A € B(H) is called positive, denoted as A > 0 if (Ax,x) > 0 for all x € H. The set of all positive
operators is denoted by B(H)*. The set of all invertible operators in B(H)*, is denoted by B(H)**.

Let M,,(C) be the space of n X n complex matrices. A norm |||.||| on M,,(C) is called unitarily invariant if
IIIAV]|| = [lIAlll for all A € M,,(C) and all unitary matrices U, V € M,(C).

For A = (a; ;) € M;,(C) the Hilbert-Schmidt norm is defined by [|All> = /Zijl aij.

Itis well known that the norm ||.||2 is unitarily invariant. Let A, B € B(H)** and a € [0, 1]. The a—weighted
operators geometric mean of A and B, denoted by Af,B, is defined as

AfB = AV (ATPBATR) A,
and the a—weighted operators arithmetic mean of A and B is defined as
AV,B =(1-a)A+ aB.

If a = 1, these operators can be rewritten by simplification as AVB and A#B.
The operators version of Young’s inequality states as follows:

A#,B < AV,B.

Recently, several important operators inequalities were established. Next we recall some of them.
The following theorem is proved by C. Yang and Y. Li in [11].

Theorem 1.5. Let A,B € B(H)*™*, and a € [0, 1]. Then we have
1. Ifa €0, %], then

a®(Ath-oB) + o*(A+B-2A4B)+ 2a(a(A#B) + B -2 \/E(Aﬂ%B))
+ r(VaA#; B+ B -2YaAl; B) < a?A + (1 - a)’B,

where r = min{4a, 1 — 4a}.
2. Ifa €[4, 3], then
a®(At-aB) + o(A+B—2AHB)+ (1 - 2a)(a(AB) + B - 2 Va(A#; B))
+ r(VaA#; B+ aAfB - 2VaPAY; B) < a®A + (1 - a)’B,

where r = min{2 — 4a, 4 — 1}.
3. Ifa€[3,3], then

(1-a? ™ (Af.B) + (1-a)*(A+B-2A4B)
+2a = 1)((1 - @)(A#B) + B -2 V1 — a(AH#; B))
+r( V1= aAf; B+ (1 - )AHB - 24/(1 - )®All; B) < &?B + (1 - a)?4,

where r = min{da — 2,3 — 4a}.
4. Ifa €[3,1], then

(1- ™ (Af.B) + (1-a)*(A+B-2AB)
+(2 = 2a)((1 - @)(A#B) + B—2V1 - a(Aﬂ%B))
+r( V1 —aAf;B+B-2V1—aAf;B) < @®B+ (1 - a4,

where r = min{4 — 4a, 4o — 3}.
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The following theorem proved by L. Nasiri et al. [10].

Theorem 1.6. Let A,Be M*,(C)and X e M,(C)and 0 < a < 1.
1. f0<a<3i,then
leAX + (1 - )XBlZ > K7'(1-aPTIA*XB"|2 + (1 — a)*||AX — XB|[3
+ 2a(1 - a)l|A*XB?|,

(1-a
Ai

where K = min{K(
2. If1 <a<1,then
laAX + (1 —a)XBl; > K7a®|A*XB"™|; + o?||AX — XBIl;
2a(1 - )| A2 XB? |2,

)Hj,z), 1<1i,j<n}and r = min{2a,1 - 2a}.

\%

+

where K = min{K(”‘y—i‘_",Z), 1<i,j<n}andr =min{20 - 1,2 - 2a}.

The purpose of this work is devoted to generalize and unify some new important results (and other
previous results) concerning both scalar and operator versions of Young’s inequality and provide several
applications.

In section 2, we establish in Theorem 2.1 a new multiple-term refinement of Young’s type inequality
involving the Kantorovich constants. This theorem will generalize and unify the result (see Theorem 1.2)
obtained by L. Nasiri et al. [10] and the result (see Theorem 1.4) obtained by C. Yang [11].

Section three is devoted to certain applications of the main results of the second section to obtain new
and general operator inequalities. This section contain one of the main results of this work (see Theorem
3.2) and (see Theorem 3.3). These theorems is considered as two of the main results of this paper.

In the fourth (and last) section, we give a multiple-term refinement of Young’s type inequalities and its
reverses for the Hilbert-Schmidt norms (see Theorems 4.1, and 4.2), we end this section by give a multiple-
term refinement of Young's type inequalities for unitarily invariant norms and traces (see Theorems 4.4 and
4.5).

2. Refinement of Young’s type inequalities via the Kantorovich constants

In following theorem we present a multiple-term refinement of Young’s type inequalities due to Kai,
Nasiri, and Yang ([5], [8], and [11]) via the Kantorovich constants.
The first result to be proved in this section is the following theorem.

Theorem 2.1. Let a and b be two positive numbers and 0 < a < 1. Then for all a positive integer N > 2, we have

N2 [ a \N@) _ N2 [ b (@) _
[K( : ,/aE,Z) (an)**b? 2“)((0,%] + K( ’ ﬂaE,Z) a*[(1 - a)b]? 2“)((%,1)]

2 2
+ry(a —b)
N-1 21

+ 2 1@ Y (0fir1 0, Bx s (@) + afir (1 = b, DX ot 11 (@)

=1 k=1
< a?a® + (1 - a)?b?. (16)

Proof. Suppose that 0 < a < 1. We claim that

N-1 21
20 a rN(O() o —z
K( N-2 ,(XE,Z) ((111)2 pr2e 4 a2(g - b)z + ZZ‘ ri(a) kZ‘ bfi-1x(aa, b)X(kz;Il/ZLI)(CY)
=1 =1

< a?a® + (1 - o) (17)
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By using Theorem 1.1, we have

@+ (1=l — a*(a—b) = 2a(aab) + (1 - 2a)0”

K( ZN}Z /a %, Z)rNil (za)(aab)Z“bz(l_za)

v

N-2

+ r;(2a)Zﬁk(aab b? ))((m k)(Za)
1=0

_ N2 | A _\'n(@) 2a1.2-2

= K( aE,Z) ()2 >
N-2

g rl+1(oz)2bﬁkaa DX(s4, ) (@)
=0

So,
_ (@)
o+ (1-aPt* > K™ a%,Z) (a2 4 0 (a — by

N-1 21

£ Y n(@) Y bfiaxaa B 5 (@):
=1 k=1

Ifa €[1,1], then1—a € [0, 3]. So by changing two elements 4, b and two weights a, 1 — a in inequality (17),
and not that /(1 — &) = r/(a) the desired inequality is obtained. [J

The next theorem shows a reverse multiple-term refinement of Young’s type inequalities due to Nasiri et
al. and Yang et al. ([9], [10] and [11]) involving the Kantorovich constants.
The second result to be proved in this section is the following theorem.

Theorem 2.2. Let a and b be two positive numbers and 0 < a < 1. Then for all a positive integer N > 2, we have

oN-2 b —rn(a
[K( Y= @2,2) e - g @)

+K( \/% 2) " (a2, @)

N-1 21

Zn(zx)Z bfia (0, DX s s (@) + afi k(1 =~ )b, ) s 1 (@0)
I=

a?a® + (1 - o)’ < R%(a -b)?+

Proof. Suppose that 0 < a < 1. We claim that

P+ (1-alt? < K7y (1—a)g,z) MO0 = B2+ (1 a)(a - b
N-1 211
n(@) ) afr1x(1 - b, X 1)(@). (18)

I=1 k=1
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By using Theorem 1.1, we have
(1-a)@-b? - a**-(1-a)?
2a[(1 — a)ab] + (1 — 2a)a® — 2(1 — a)ab

K( M )" - b - 201 - agab

ol

+ Y na) Y fil(1 - a)ab,a)x e 1)(20)

1=0 k=1

N
oN-2 b rn(a) 5_n 5
= K("4Ja- a)E,Z) 2722[(1 — )b - 2(1 — a)ab
N

2l

Y @) ) afi(1 - @b s (@)

v

1=0 k=1

= k("ya- a)Z,Z)rN(a)aZ‘Z“[(l — )b = 2(1 — a)ab
N-1 2/

Y@ Y afirx(1- b @) 1 ().
1= k=1

By using the AM-GM inequality we have

K( NM 2) " a1 -
+K( m 2) " aag - a2
a

> 2(1 — a)ab.
So,

P+ (1-aP < KTy~ a)Z,Z)_rN(a)az“[(l — @b + (1 - a)(a — b)>

-1 21

= Y @) Y afial( - by ().
k=1

I= -

If a € [3,1], then 1 — a € [0, }]. So by changing two elements 4, b and two weights @, 1 — a in inequality
(18), and not that /(1 — ) = r;(«x) the desired inequality is obtained. [J

3. Inequalities for operators

In this section, we are concerned by the investigation of further refinements of some operator inequalities.
Our results will use the results of the first section.
Before stating and proving our results, we need to recall the following basic lemma.

Lemma 3.1. Let T € B(H) be self-adjoint. If f and g are both continuous functions with f(t) > g(t) for t € Sp(T)
(where the sign Sp(T) denotes the spectrum of operator T,) then f(T) > g(T).

The first main result to be proved in this section is the following theorem.

Theorem 3.2. Let A,B € B(H)**, and 0 < a < 1. If all positive numbers m,m’ and M, M’ satisfy either of the
following conditions 0 <ml < A<m'l <M'I <B<MI,0<ml <B<m'l <MI<A<ZMI. Then for all positive
integer N, we have
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1
1. If0<a < 5, then

- @
K( " Va?h,2) "o AfB + oP(A+B-2AB)

N-1 21
kL e %1
+ ZZ: () kz_; (az’-l Aﬁkz;llB + @21 AﬁZL’B —2a 7 Aﬁ%B)X(%%)((x)
<(1-aPA+a’B

where h = 4
2. If1 <a<1,then

K( N-1 A=, z)rw(a)(l _ a)z_zaAﬂaB + (1- a)z(A + B — 2AHB)

2l-1

+Zn(a>[2 (1= ) Aty B+ (1 - )T A B

k=1
21 - )T A g1 B) X s 211 (@)
2l+1 ( ol 77 ol )
<(1-a)A+a’B

- M
where h = .

<1 we claim that

Proof. Suppose that0 < a < 3,

oN= rn(a)
K("Verh,2)" a2 A8B + oP(A+B-244B)

N-1 21
k1 k 21
+ ; () ; (0{2’*1 Aﬂkz;I]B + @2 AﬂZ%B —2a 7 Aﬂ;%B»((kz;Il,;kI)(a)

<(1-a)’A+a’B,
Taking b =1, a?2 = t > 0 in Theorem 2.1, then we have

N-1 T ( )
At+(1-a)? > K( ’ Va?t, 2) v a* Y+ a( Vi - 1)?
2[ 1 )
L = ko ko
5 0 T (RN AN g0
HN-1 N(@) ) )
= K( Va2t,2) a2+ a2(t - 2VE+ 1)

2l-1

L L _k_ k 21 2k=1
+Zr’(“)z Tt o a2 Tt — Qg o ta+l )X(kz;/lrf)(a)'

So,

N-1 rn(a@)
At+(1-a)? > K( “Vazt, 2) T gRaga

+a2(t —2Vt+1)
2]1

gu LL 2k-1  2k-1
oY Y o5 a2 20 0

682

(19)

(20)

(21)
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For X := (A"/2BA712), under the first condition, we get I < hl = M < X <K' = I"f—,’, and then Sp(X) C
[, 1] € [1, +o).
Then by Lemma 3.1, we have

(1-a)’l +a*A?BA7Y? >
N1 (@)
min K( ’ Va?t, z)rN “ a2a(A—1/2BA—1/2)a

h<t<h’
+a2(ATPBATY2 ~ 2 VATPBAT + )
N-1 -1 . o ) k
+ Z ri(a) Z (azfl(A—uzBA—l/z)z—l + T (ATV2BA2)d
I=1 k=1

20T (A72BATR) S et 1 (@).
2l 7ol

Since the Kantorovich constant K(t, 2) = % is an increasing function on (0, +0), then
(1 - a)’ I + a?A712BA7Y2 >
k(" Van,2)" a2 am12p a7 20
+a?(A7V2BAY?2 — 2 VA-12BA-1/2 4 ])

N-1 21
k1o YNt ko RN
+;rl(a)kz;(azl-l (AV2BAT2)T 4 a7 (ATV2BATY2)Y

20 (ATVPBATV T )y i 1 (@),
72l

F

’

In a similar way, under the second condition, we have I < ,111 =ul=X< L1 = ™ and then Sp(X) €
1, <),
By Lemma 3.1, we have

(1-a)’l +a?A7V2BA7Y2 >

N-1 [ 2 (@) _ _ «
K("y52) e @aA)

+L¥2(A_1/2BA_1/2 _ 2"A—1/2BA—1/2 + I)

N-1 21—1
+ Z r(a) Z (ozzkfll(1¢1—1/2BA—1/2)§—,1 + azl%l(A‘l/zBA‘l/Z)ﬁ
=1 k=1

20T (ATV2BATR) T ot 1 ().
2l 7ol

So, multiplying the above inequality by A? on the left-hand side and on the right hand side, we can deduce
the result.

Ifa € [4,1], then 1 - € [0, 1]. So by changing two operators A, B and two weights a, 1 — a in inequality
(21) and not that Af#},B = B#li_4A, r1(1 — a) = r/(«) the desired inequality is obtained. [

The next theorem show a reversed multiple-term refinements of Young’s type inequalities for operators.
Theorem 3.3. Let A,B € B(H)**, and 0 < a < 1. If all positive numbers m,m’ and M, M’ satisfy either of the

following conditions 0 <ml < A<m'[ <MI<B<MI0<ml<B<m'l<MI<A<MI Then for all positive
integer N, we have
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1
1. If0<a < 5, then

N-1 —rn(a)
@A+(1-a)?B < K(TVA-aPh2) " a®Afy_oB+ (1 - a)X(A + B - 2A#B)

N-1 21
=Y @[ Y (- ) Ay B+ (1 - )77 Ay B
I=1 k=1 2 2
2k=1
—2(1-a)7 Aﬁzn;ﬁm B)] X Xzt 1(@),
(22)
where h = 4.
2. If1 <a <1, then
N-1 —rn(a)
PA+(1-aPB < K Va2h,2) (1 - a)* 2 Af-oB + 0X(A + B~ 2A1B)
N-1 21
k-1 _k_ 2k=1
- ; () kz_; (az’* Aﬁkz;llB + @21 A%B —2a 7 Aﬁ%B)X(%,Z%)(a)
XX(%,%)(OC)I (23)
where h = M.

Proof. Using the same method of Theorem 3.2, we can get Inequalities (22) and (23) by Theorem 2.2. [J

4. Inequalities for matrix

In this section, we focus on the matrix version of Young’s type inequality for the Hilbert-Schmidt normes,
traces and the unitarily invariant norms.

4.1. Refinement of Young’s type inequality for Hilbert-Schmidt norms

In this subsection, we are concerned by establishing a new refinement of Young’s type inequality for
Hilbert-Schmidt norms.
The following shows matrix inequalities corresponding to Theorem 2.1.

Theorem 4.1. Let 0 < a <1andlet A,X,B € M,(C) be such that 0 <ml < A,B < MI. We set h = % Then for all
a positive integer N > 2, we have

1. f0O<a<3,then

N-2 (a)
leAX +(1-XBE > K(* Vah,2)"" | A°XB" |} + o?|AX ~ XBI}

_ -1

= : k=1 k=1 1-k1 2 _k_ s 1-k 2
+ rl(a)Z(azlflllAzl XB'"T |2+ a3 T|| AT XB A |2

=1 k=1

%t 2kl g kel
20 AT XB' T )t 1 (@) (24)
2l 7ol

2. If3 <a <1, then

- (a)
leAX +(1-XBR > K(*VI-ak2)""

+(1 - a)*|AX — XB|?

(1 - @) A XB |3

N-1 211
+Y n@ Y (- @) IAT T XBT IR + (1 - )T TI|AT 2 XB |
=1 k=1

ol g2l %1
=201 =) ¥ AT XBI )y o s (@) (25)
ol 7ol



M. A. Ighachane, M. Akkouchi / Filomat 37:3 (2023), 675-688 685

Proof. Since A and B are positive matrices, then by the spectral decomposition theorem, there exist uni-
tary matrices U,V € M,(C) satisfying A = UD,U*, B = VD,V*, where D; = diag(a,ay,...,a,), Dy =
diag(by,ba,...,by), (4 20,b; 20, i=1,2,...,n). Suppose that Y = U"XV = [y; ;], we have

aAX+ (1 —-a)XB=U@D1Y+ (1 —-a)YDy)V* = U((awa; + (1 — a)b]-))y,-,j)V*

ACXB' = U(@b} ™y, )V', AX - XB = Ul(a; - by, V", ALXBY = UGa}bly; ) V"

_k1 k=l

_ k=1
Ty )V and A TXBT = U(a £ b, Tyipv

k=1 k=1
AT XB"T = U@ b b,

2k-1 _2k-1

2k-1 _2k-1
A2 XBYT U(az”lb Ty v

Now by the Theorem 2.1 and the unitarily invariant of the Hilbert-Schmidt norm, one obtains that

n

leAX + (1= a)XBIE = ) (ag; + (1 - a)b))ly;;P
i,j=1

v N( )
> K( 2! ],2 2(1 Z(aabl cv |yi,j|2
i,j=1

+2a(1 - a) Z‘mzwﬂyz,ﬁ +a Z(az — b1y

i,j=1 i,j=1
N-1 211 k1 .
+Z l(oz)Z aﬂlaz’ - +adTa?p, ¥
1 1 1
=1 k=
2k-1 2k—l

21+1
20T b )X(I;Tl/z%)(a)

where t,'/j = %.
]
According to the conditions 0 < ml < A, B<Ml.and 0 <a <1, 57 = % <tj=
property of the Kantorovich constant, we have

S E

'Sh=%andthe

]

leAX + (1= a)XBIE = ) (ag;+ (1 - a)b)ly;;P

ij=1
N-2 rn(a) 1
20 —
> K( " Vah,2) e Y @by
ij=1
+2a(1—a)Z(a2b2)2|y1]l2+a Z(az—b) lyi
i,j=1 i,j=1
N-1 211
- kz;’l 17]{2;’1 o 1 2l
+ rz(a)Z(azﬂai b, * +a*Ta’b,
I=1 k=1
2%k-1 2k+l 2k+1
—2a zllb 211) X k)(D()
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So,

N-2 ()
laAX + (1 - )XBI3 = K(* Vah,2)"" aIA*XB|2 + a?|AX — XBI}

_ -1
= & Lokl g kel ko kg koo
+Y (@) (@ IAT XB T | + a7 AT XBY |
=1 k=1

P S R =
—2a'7 ||A2T XBT A ||2))((k;11 %)(a).
2l 72

By the same process we can show the inequality (25). This completes the proof of our result. O

A direct consequence of Theorem 2.2, we get the following reverses refinement of Young's type inequality
for the Hilbert-Schmidt norms.

Theorem 4.2. Let 0 < a < 1andlet A,X,B € M,(C) be such that 0 <ml < A,B < MI. We set h = % Then for all
a positive integer N > 2, we have

1. If0<a <3, then

- -rn(a)
leAX + (1 -a)XBIZ < K(* Vah,2) " (1 - a2 AXB"IR
+(1 — a)*lAX — XB|?

N-1 211
+Y n@ Y (- @) IAT T XBT IR + (1 - )T TI|AT T XB |
=1 k=1

2k

~2(1 = a) 7 IATE XBE ) e 1 (@)
2. If1 <a <1, then

N N (

leAX +(1-XBRE < K(*VI-oh2)"
+(1 - a)’lAX — XBli3

@)
azallA“XBl_“Ilg

_ -1

= : Lokl g kel ek ko
+Zrl(az)2(azl-1||Azl XB'"T |2+ a3 7| AT XB A |2

=1 k=1

2k-1 2k-1 1— 21 2
207 (|4 XBT T R)x g (@)
ol 7ol

Proof. Utilising Theorem 2.2, and employing the same ideas as used in the proof of Theorem 4.1, we can
get the desired result. [

4.2. Refinement of Young’s type inequality for unitarily invariant norms.

In this subsection, we are concerned by establishing a new refinement of Young's type inequality for
traces.
To prove our result we need the following lemma.

Lemma 4.3. [7] Let A, B € M,,(C) be positive semidefinite matrices and X € M,(C). Then we have
IIA*XB' Il < IAXII*IIXBIII' . (26)
In particular

tr|A®B%| < (trA)*(trB)' 2. (27)
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Theorem 4.4. Let 0 < o < 1and Let A, B € M,,(C) be positive semidefinite matrices and X € M,,(C). Then for all a
positive integer N > 2, we have

v [ AXI] @ -
K" Vaqxayrd) @ MATXB P (@)
IXBIL @ o -
(A - @ 2) A= R IAXB Py @)

+r(IAXII = IXBII + 2a(1 = a)IAXIIIXBII
2I—1

N-1
+ 3 @) Y [IXBIlfis (@l AXIL B i, 5 (@)

=1 k=1
HIAXI i1 = IXBIL IAXINC s i (@)]
o 7ol
< (allAXI + (1 - 2)IIXBI)2.

Proof. By using Theorem 2.1 and Lemma 4.3, we have

v [ IIAX] @) _
K( 2 QMrZ) a2“|||A“XB1 a|”2

+r5(IAXII = IXBII® + 2a(1 = a)IAXIIIXBII

N-1 211
+ 3 @) Y IXBIfias(allAXIL WXBIx o £ (@
I=1 k=1

v [AXI]yw@ -
<K("oqxpprd) o IAXIPIXBIF

+r(IAXII = IXBI® + 2a(1 = a)IAXIIIXBII
2I—1

N-1

+ 3 @) ) [IXBIlfisx (@l AXINL B i, £ (@)
=1 k=1

(by Lemma 4.3)

< (@llAX]l] + (1 = &)|IXBII)? (by Theorem 2.1).

Employing the same ideas as used in the proof in the case 0 < a < 1, we can get the desired result for the
case 1 < a < 1. This completes the proof of our result. []

4.3. Refinement of Young’s type inequality for traces

We end this paper by giving an inequality for traces by using Theorem 2.1. Precisely, we show the
following result.

Theorem 4.5. Let 0 < a < 1and Let A, B € M,,(C) be positive semidefinite matrices. Then for all a positive integer
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N > 2, we have

oN-2 tT’(A) (@) 20 apl-ap2
Koy A A @)
-2 | tr(B) (@) 2-20 apl-ap2
K( ‘/“tr( A),z) + (1= a2 (A Py 1 1) (@)]

+r(2)(tr(A) — tr(B))* + 2a(1 — a)tr(A)tr(B)

N-1 211
) ri@) Y [trA) i atr(A), 11B)x o (@)
=1 k=1

+tr(A) fi1((1 — a)tr(B), tr(A))X(%zl%)(a)]
<[trteA +(1- a)B)]z.

Proof. Suppose that 0 < a < 3, by using Theorem 2.1 and Lemma 4.3, we have

w2 | tr(A) @) 2a apl-apn2
Koy @ ras™

+r(2)(tr(A) — t1(B))? + 2a(1 — a)tr(A)tr(B)

N-1 2/
+ 3 1@ Y [ fiea(atr(A), 1B 5 (@)
=1 k=1

w2 | tr(A) @ . 2a 2-2a
<K(*yJaggy2) @Ay ®

+r(2)(tr(A) — t1(B))? + 2a(1 — a)tr(A)tr(B)

N-1 2
£ (@) Y A fio @A), tr(B) e (@)
=1 k=1

(by Lemma 4.3)
< [tr(aA +(1- oz)B)]2 (by Theorem 2.1).

Employing the same ideas as used in the proof in the case 0 < a < 1, we can get the desired result for the
case 3 < a < 1. This completes the proof of our result. []
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