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Operators with complex Gaussian kernels: asymptotic behaviours
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Abstract. In this paper we derive Abelian theorems for the operators with complex Gaussian kernels.
Specifically, we establish some results in which known the behaviour of the function and its domain
variable approaches to —co or +o0 is used to infer the asymptotic behaviour of the transform as its domain
variable approaches to +co or —co. For this purpose we use a formula concerning the computation of
potential functions by means of these operators with complex Gaussian kernels. This formula allows us to
analyse the asymptotic behaviour of these operators in both cases: when the variable approaches to +co or
—oo. Our results include systematically the noncentered and centered cases of these operators. Here we

analyse the Gauss-Weierstrass semigroup on R as a particular case. We also point out Abelian theorems for
other kinds of operators which have been studied in several papers.

1. Introduction
In this paper we consider the following operators with complex Gaussian kernels

+00

Bpener N = | f@)exp[-py? — ex® + 20wy + Sy + x| dx,

—00

1)

where y € R, §,¢,0,&,7 € Cand f is a suitable complex-valued function defined on IR.

These operators has been studied in several papers (see [1], [6], [7], [9], [10], [11], [20], amongst others).

Some interesting contributions in the context of this work are given in [13], [14], [16], [17] and [19].

The subject of this paper was originally of interest in the context of Quantum Field Theory (see [2]).
The complex Gaussian operator (1) has an intrinsic interest due to the basic role of the extended oscillator
semigroup introduced by Howe [8] (see also Folland [4, Chapter 5]). In his important paper [9], Lieb extends

the operator (1) to n dimensions and develops an extensive study of (1) in the context of the spaces L*(IR"),
1<p<oo.

Here we use formula (1.1) in [11] given by

+00
Hgeon(y) = f x"exp [—ﬁyz —ex? +20xy + &y + yx] dx

(o)
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21 [n/2] |

& o
= \/gexp[em;)y%(&—y)wi—g >

€ — (n —2m)im!2m

(2(5]/ + .)/)n—Zrn(zg)m—n (2)

for Re >0, y € R, n € N U {0} and where [11/2] denotes the entire part of /2.

In section 2 we obtain Abelian theorems for the operator (1). Specifically, we establish some results in
which known the behaviour of the function as its domain variable approaches to —co or +co is used to infer
the asymptotic behaviour of the transform (1) as its domain variable approaches to +co or —co.

In section 3 we analyse the Gauss-Weierstrass semigroup on R as a particular case (see [1] and [18],
amongst others).

Abelian theorems for other integral operators have been also studied in several papers (see [5], [12], and
[15], amongst others).

2. Abelian theorems for Operators with Complex Gaussian Kernels

The next result establishes the asymptotic behaviour of the transform (1) as its domain variable ap-
proaches to +oo or —co as long as the domain variable approaches to —co.

Theorem 2.1. Set n € N U {0} and Re > 0. Let f be a complex-valued measurable function on R such that
exp (—%exz) f(x) be Lebesgue integrable on every interval (T, +o0), for all T. Assume that

lim [x™"f(x)] = A, ©)
X——00
where A € C. Then

(i) For (R6)* < RBRe, RO < 0and all &,y € C, or alternatively, (RO)> = RBRe, RO < 0.and RERe +
RORy <0, one has

Jim [F() = AHpone00()] = 0.
(ii) For (R6)? < RBRe, RO > 0and all &,y € C, or alternatively, (RO)*> = RBRe, RO > 0.and RERe +
RORy > 0, one has

JAm [Ew) = AHpepipm(v)] = 0.

In both cases F = §pe 5., f is given by (1) and Hg e 5, is given by (2).
Proof. From (3) one obtains that for a fixed ¢* > 0 there exists a T(e*) depending on ¢* such that

sup |x‘”f(x) - )\) <&

—oo<x<T(e*)

Observe that

|F(y) - AHﬁ,e,é,é,y,n(y)l
+00
= 'f (x7"f(x) = A)x"exp [—ﬁyz —ex? +20xy + &y + yx] dx

T(e")
< f |x_”f(x) - )\( [x|"exp [—Rﬁyz — Rex? +2Roxy + Réy + %yx] dx

00

+00
+ f |x_”f(x) - /\| [x|"exp [—%ﬁyz - Rex? +2Roxy + Réy + ‘Ryx] dx
T(e")
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T(e*)
< sup )x‘”f(x) - /\| f Ix|"exp [—%ﬁyz —Rex? +2Roxy + Ry + %yx] dx

—oo<x<T(e*)

+00

+ f |x*”f(x) - /1| Ix|"exp [—‘Rﬁyz - Rex? +2Roxy + Réy + ‘Ryx] dx
T(e*)

< g*f lx|"exp [—%ﬁyz — Rex® +2Roxy + Réy + ‘P\]/X] dx

+00

+f |x’”f(x) - /\| Ix|"exp [—‘Rﬁy2 —Rex? +2Roxy + Réy + ‘Ryx] dx. 4)
T(e*)

Since RO < 0 and taking y > 0, expression (4) is less than or equal to

+00

£'exp [—Rﬁyz + %éy] f Ix|"exp [—%wcz +2Roxy + %yx] dx

0

+00

+exp [—‘Rﬁyz +R&y + 2%6T(e*)y] j; , |x‘"f(x) - /\| Ix|"exp [—‘Rexz + ‘Ryx] dx. (5)

(e

Observe that for n = 0 or n even, one has

+00
f Ix|"exp [—?Rﬁyz —Rex® + 2Roxy + Réy + ‘R)/x] dx = HypRe,R5%ERyn ()

Also, for n odd and by using Mathematica Version 9, Wolfram Research, Champaign, IL., one has

+00
f x|"exp [—‘Rﬁyz —Rex? +2Roxy + Réy + ‘Ryx] dx

2
B mEY%F(H ;r 1)eXP(—9“’\ﬁy2 +REynF1 (” +1. 1 @Roy+Ry) )

2’2 4Re
where 1 F; is the confluent hypergeometric function (see [3, Chap. 6]).
Now, using the conditions on R, Re, RO, RE, Ry, the hypothesis on f and having into account the

behaviour of the function 1F; (see [3, formula (3), p. 278]), expression (5) tends to 0 as y tends to +oo.
Therefore

yl_i)rpw [F(y) - )\Hﬁ,g,a,g,y,n(y)] =0.

This establishes (i).
Analogously one obtains (ii).
0

The next result establishes the asymptotic behaviour of the transform (1) as its domain variable ap-
proaches to +oo or —co as long as the domain variable approaches to +co.

Theorem 2.2. Set n € N U {0} and Re > 0. Let f be a complex-valued measurable function on R such that
exp (—%exz) f(x) be Lebesgue integrable on every interval (—oo, T), for all T. Assume that

lim [x™"f(x)] = A, (6)

x—+00

where A € C. Then
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(i) For (R6)* < RBRe, RO > 0and all &,y € C, or alternatively, (RO)> = RBRe, RO > 0 and RERe +
RORy <0, one has

Jim [F() = AHpope0(0)] = 0.

(ii) For (R6)? < RBRe, R6 < 0and all &,y € C, or alternatively, (R6)* = RBRe, RO < 0and RERe +
RORy > 0, one has

Jim [F(y) = AHgcae ()] =0

In both cases F = §pe 5., f is given by (1) and Hg e 5, is given by (2).
Proof. From (6) one obtains that for a fixed ¢* > 0 there exists a T(c*) depending on & such that

sup |x‘”f(x) - A) <&

T(e*)<x<+00

Observe that
|F(y) - AHﬁ,a,é,é,y,n (y)l

f (x7"f(x) — A)x"exp [—ﬁyz —ex? +20xy + &y + yx] dx

(o)

T(e)
< f |x‘"f(x) - )\‘ Ix|"exp [—‘Rﬁyz — Rex? + 2Roxy + Réy + ‘Ryx] dx

+00

+ f |x’”f(x) - /\| Ix|"exp [—‘Rﬁy2 —Rex? +2Roxy + Réy + ‘Ryx] dx
T(e*)
T(e)
< f |x_”f(x) - )\( [x|"exp [—%ﬁyz — Rex? +2Roxy + Réy + %yx] dx

+ sup |x*”f(x) - A| j;( , [x|"exp [—‘Rﬁyz — Rex? + 2Roxy + Ry + ‘Ryx] dx

T(e*)<x<+00

T(e)
< f |x’”f(x) - )\} Ix|"exp [—KB}/Z — Rex? +2Roxy + Réy + ‘Ryx] dx

+00
+e f x["exp [—%ﬁ]ﬁ — Rex? + 2Roxy + Réy + ?%yx] dx. (7)

Since R0 > 0 and taking y > 0, expression (7) is less than or equal to

T(e")
exp [—%‘Byz + Ry + 2‘R6T(e*)y] f |x‘”f(x) - /\| Ix|"exp [—‘Rexz + %yx] dx

+00
[x|"exp [—%exz +2Roxy + %yx] dx. 8)

(o)

+e"exp [—Rﬁyz + %éy] I

Now, arguing as in the proof of (i) in Theorem 2.1 above, one obtains that expression (8) tends to 0 as y
tends to +co.

Therefore
Jim [F(y) = AHg e ()] =0
This establishes (i).

Analogously one obtains (ii).
O
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Remark 1. The functions on R given by f(x) = Ax", for A € C, n € INU{0}, satisfy the conditions of Theorems
2.1and 2.2.

3. A particular case: the Gauss-Weierstrass semigroup

The Gauss-Weierstrass semigroup on R (see [20]) is given by

(1) 0 = ey [

—00

+00 a2
exp [— 4 4ZX) ] f(x)dx

where Rz >0 (and z # 0).

1
Excepting for the factor (47z)~'/2, this operator corresponds to the case when = ¢ = 6 = — and

4z
In Elliott H. Lieb terminology [9], the kernel of this operator corresponds to a centered Gaussian kernel.
By virtue of Theorem 2.1 (ii) we get

Corollary 3.1. Set n € N U {0} and Rz > 0. Let f be a complex-valued measurable function on R such that

exp (—%xz) f(x) be Lebesgue integrable on every interval (T, +o0), for all T. Assume that

lim [x™"f(x)] = A,

x——00

where A € C. Then for Ra > 0 one has

lim [¢” () ()] = 0.

y——0co

Proof. By using Theorem 2.1 (ii) for the operator with complex Gaussian kernel given by (47z)'/2¢" (ezA f ) ()
one obtains that

yl_i)l}’loo [(47'(2)1/26ﬂy <€ZAf) (]/) —AH1 1 i,a,O,n(y)] =0.

4z74z7 4z

Now observe that

[n/2] |
_ 1/2 ay M omyn-om
Hi11,0,(y) = 4nz) /e mZ:O (n - 2m)!m!Z Y ’

Az 74z 7 4z 7

which tends to zero as y — —oo.
Thus the result holds. [

Now, by virtue of Theorem 2.2 (i) we get

Corollary 3.2. Set n € N U {0} and Rz > 0. Let f be a complex-valued measurable function on R such that

exp (—%xz) f(x) be Lebesgue integrable on every interval (—oo, T), for all T. Assume that

lim [x"f(x)] = A,

X—+00

where A € C. Then for Ra < 0 one has

lim [e“y (ezAf) (y)] =0.

y—+0o
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Proof. By using Theorem 2.2 (i) for the operator with complex Gaussian kernel given by (47z)!/2e" (eZA f ) (v)
one obtains that

Jim [(@72)! 26 (4F) (1) = AH, 11 40,(0)] = 0.

by

Now observe that

[n/2] al
— 1/2 jay Z e _om n—2m
Hy 1 1a00(y) = (412) "€ i (n— 2mymt = Y

which tends to zero as y — +oo.

Thus the result holds. O

Remark 2. The Gauss-Weierstrass semigroup also appears in [1, p. 521], amongst others.

References

(1]
(2]
3]
[4]
[5]
(6]
[7]
(8]
[9]
[10]
[11]
[12]
[13]
[14]

[15]

[16]
[17]
[18]
[19]

[20]

D. Alpay, P. Jorgensen and D. Levanony, A class of Gaussian processes with fractional spectral measures, J. Funct. Anal. 261
(2011) 507-541.

J.C. Baez, L.E. Segal and Z. Zhou, Introduction to algebraic and constructive quantum field theory, Princeton Ser. Phys., Princeton
Univ. Press, Princeton, NJ, 1992.

A. Erdélyi, W. Magnus, F. Oberhettinger and F. Tricomi, Higher transcendental functions. Vol. I. Based on notes left by Harry
Bateman. With a preface by Mina Rees. With a foreword by E. C. Watson. Reprint of the 1953 original. Robert E. Krieger Publishing
Co., Inc., Melbourne, Fla., 1981.

G.B. Folland, Harmonic analysis in phase space, Ann. of Math. (2) 122 (1989).

B.J. Gonzalez and E.R. Negrin, Abelian theorems for Mehler-Fock transforms, Bull. Soc. Roy. Sci. Liege, 66 (5) (1997) 345-—348.
B.J. Gonzdlez and E.R. Negrin, Parseval-Type Relations and LP-Inequalities for the Operators with Complex Gaussian Kernels,
Complex Anal. Oper. Theory, 11 (3) (2017) 603-610.

N. Hayek, H.M. Srivastava, B.]. Gonzalez and E.R. Negrin, A family of Wiener transforms associated with a pair of operators on
Hilbert space, Integral Transforms Spec. Funct., 24 (1) (2013) 1-8.

R.E. Howe, The oscillator semigroup, The Mathematical Heritage of Hermann Weyl (Durham, NC, 1987), Proc. Sympos. Pure
Math., vol. 48, Amer. Math. Soc., Providence, RI, 1988 61-132.

E.H. Lieb, Gaussian kernels have only Gaussian maximizers, Invent. Math. 102 (1) (1990) 179-208.

E.R. Negrin, Operators with complex Gaussian kernels: boundedness properties, Proc. Amer. Math. Soc. 123 (4) (1995) 1185-1190.
E.R. Negrin, Complex Gaussian Operators in dimension one, Bull. Inst. Math. Acad. Sinica 23 (1) (1995) 37-53.

V.D. Sharma and P.D. Dolas, Abelian Theorem of Generalized Fourier-Stieltjes Transform, Int. J. Sci. Res. 3 (9) (2014) 642-644.
H.M. Srivastava, B.J. Gonzédlez and E.R. Negrin, A characterization of the second quantization by using the Segal duality
transform. Appl. Math. Comput. 219 (11) (2013) 6236—6240.

H.M. Srivastava, B.]. Gonzélez and E.R. Negrin, New L¥ —boundedness properties for the Kontorovich-Lebedev and Mehler-Fock
transforms, Integral Transforms Spec. Funct. 27 (10) (2016) 835-845.

H.M. Srivastava, B.J. Gonzalez and E.R. Negrin, A New Class of Abelian Theorems for the Mehler-Fock Transforms, Russ. ]J.
Math. Phys. 24 (1) (2017) 124-126. Erratum to ”A new class of Abelian theorems for the Mehler-Fock transforms”. Russ. ]. Math.
Phys. 24 (2) (2017).

H.M. Srivastava, M.S. Chauhan and S.K. Upadhyay, L}, ~boundedness of the pseudo-differential operators associated with the
Kontorovich-Lebedev transform. Rev. Real Acad. Cienc. Exactas Fis. Natur. Ser. A Mat. (RACSAM) 114 80 (2020).

H.M. Srivastava, F.A. Shah and A.Y. Tantary, A family of convolution-based generalized Stockwell transforms, J. Pseudo-Differ.
Oper. Appl. 11 (2020) 1505-1536.

H.M. Srivastava, A. Singh, A. Rawat and S. Singh, A family of Mexican hat wavelet transforms associated with an isometry in
the heat equation, Math. Methods Appl. Sci. 44 (2021) 11340-11349.

H.M. Srivastava, M. Kumar and T. Pradhan, A framework of linear canonical Hankel transform pairs in distribution spaces and
their applications, Rev. Real Acad. Cienc. Exactas Fis. Natur. Ser. A Mat. (RACSAM) 115 171 (2021) 1-18.

EB. Weissler, Two-point inequalities, the Hermite semigroup, and the Gauss-Weierstrass semigroup, J. Funct. Anal. 32 (1) (1979)
102-121.



