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Starlikness associated with limacon

Khadija Bano?, Mohsan Raza®

*Department of Mathematics, Government College University Faisalabad, Pakistan

Abstract. Let S;, represent a subclass of analytic functions f defined in the unit disk such that Zﬁ? lies
2
in the interior of the region bounded by the limacon which is given by the equation [(u —1 + 2 - 1] -

2
2 [(u -1+ %) + v%| = 0. For this class, we obtain the structural formula, inclusion results and some radii

problems for subclasses of starlike functions. Furthermore, we obtain sufficient conditions and coefficient
bounds for this class of functions.

1. Introduction

Let A denote the class of functions f of the form

f@)=z+ ianz”, zeD, (1)
n=2

which are analyticin the openunitdiskID ={z : |z| < 1, z € C}. Let S denote the subclass of analytic functions
A which are univalent in D. A function f is in class S* of starlike functions if it satisfies Re (zf" (z) / f (z)) > 0
in ID. Similarly, a function f is in class C of convex functions if it satisfies Re (1 + zf” (z) /f' (z)) > 0in ID. A
function f is said to be subordinate to a function g written as f < g, if there exists a Schwarz function v with
w (0) = 0 and |w(z)| < 1 such that f(z) = g (w(z)). In particular, if g is univalent in ID and f (0) = g(0), then

f (D) c g(ID). Ma and Minda [11] gave a unified presentation of various subclasses of starlike functions by
using subordination, where they introduced

S'(Y) = { feA: Z}C(S) < ¢(z)}.

Here ¢ is an analytic and univalent function in ID such that i (ID) is convex with ¢ (0) = 1 and Re {¢"(z)} > 0,

z € ID. For particular choices of function 1, we obtain several classes of analytic and univalent functions.
Some are given as follows:

i S'[A,B]:=8"(14), -1<B<A<1,seel5].
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i. S; =801+ sin(z)) , see [3].
iii. 8L := 8*(V1 + z), see [23].

iv. Spy = (V2= (V2= 1) [ ) see [14]

V. S*C =8 (1 + 432 + %), see [21].

vi. §; := 8 (€%), see [15].

vii. 8! := 8" (cos (z)), see [2].

viii. 8} 1= 8*(V1 + 22 + z), see [18].

ix. B§(@) =S (1+ 1=%5), 0<a<1,see[6]

X. S;C =8(Vl+cz, 0<c<1, see[22].

xXi. L) =S(a+(1-a)V1+2), 0<a <1, see[l0].
Also see [8, 20, 26, 27,29, 31].

Let the class M(p) consist of functions f € A satisfying Re( f((z)) <pB, p>1. Let

> 1+Az
P[A,B]::{p(z)=1+;cnz :p(z) < 1+BZ,—1§B<A§1}.

In particular, P[1 - 2a, 1] := P(a), (0 < a < 1) and P(0) := P, the well-known class of analytic functions
with positive real part in ID. MacGregor [12] studied the class ‘W of functions f € A such that f(z)/z € P.
Recently, Masih and Kanas [13] have studied the class S7 . (s) defined as

z2f'(2)
f@)

The function IL; maps ID onto a domain bounded by a limacon given by

STL(S)—{feﬂ <L (z) = (1+s2), 0<SS%}.

Diim (8) = {u+iv eC: [(u—l)2 +vz—s4]2 = 45? [(u—l +sz)2+02]}.

The class S;, = STL(%) is studied in [33] and defined as

@) ( 1f
= EA: <L =1+ —z] ;.
Izm {f f( ) 1 ( ) \/E
A function f is said to be in the class Sj,  if there exists an analytic function , satisfying h(z) < ho(z) =

2
(1 + %z) such that

f(z) = zexp (fo me) - dt) (2)

We now give few examples of the functions in the class S, . Letq1(z) =1+ 3, q2(2) = 2;:}22 and g3(z) =

1 + sin(z). The function IL 2 (z) is univalent in ID, k; (0) = IL 2 0)=1G=1,2, 3) and ; (D) c IL L (D). This
2 2 2
implies that &; (z) < IL% (z). Hence by using (2), we obtain functions in the class S, corresponding to every
2

function ; (z), (i = 1,2,3) respectively as follows:

z+21 S A

z 18 z
f@ =zt @) =z(7) p@=zeRe TG-S .

2 9 72
If we take h(z) = IL 3 (z), then the function
2

fi(2) = ze VB 3)
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plays the role of extremal function for many problems in the class Sj, .
We use the following lemma to establish our results.

Lemma 1.1. [19] If p € P[A, B], then, for |z| =1,

1 - ABr?
1 - B2%r2

(A-B)r
< .
= 1-B2

%@—

In particular, if p € P(«), then, for |z| =1,

1+ @1 =-2a)| 21 -a)
‘p(z)— 1-1r2 1-r2 7
and
zp'(z) < 2(1 - a)r
p@) |~ A-rn1+@1-2a)y)

2. Inclusion Results

853

This section deals with inclusion relations between the class S;l.m and certain subclasses of starlike

functions.

Theorem 2.1. For S;, , the following inclusion relations hold:
(i) SL@ S, fora> 22
(i)) St € S, for 0 < ¢ < 202718,

(i) S1-a,01C S, ,for 3_22‘ﬁ <ac<l.

Proof. (i) To show the function f € SL"(«) lies in the class S;.., we use the result due to Khattar et al. [10,

Lemma 2.1], which gives

z2f'(2)
f@@)

a<Re( )<a+(1—a)\/§.

The function f € §j,  if either a > %ﬁ ora+(1-a)V2< %ﬁ Thus, f €S

(ii) Let f € S; (0 < c <1). Then £ < VT+czand

V1-c¢ <Re(z}cé§)) < Vl+ec.

We see that V1+c< V2 <2< %ﬁ Thus the function f € S, if V1-c > %ﬁ This gives ¢ < 12{%.

(iif) Proceeding as in part (ii), we see that the function f € §*[1 — a, 0] lies in the class S;, if

3+2V2
2 7

3-2V2 <a< Re(zf’(z)

> <a f(z))<2—as

which holds for a > 3_22‘5. O
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3. Radius problems for the class S;m

Lemma 3.1. Let 3_22‘/5 <a 3+2‘f . Then the following inclusions hold:

{wGC:Iw—a|<ra}§Dnm(L)§{w € |lw—al <R},
V2

where
r_{a—3_22‘5, 3_22‘6<11S%,
27 3422 3 3422
T2oT4 gsas< Ty
and R, be given by
3+2V2 3-2v2 443V2
=¥ g <ac<
2 ’ 2 = 44227

R, = [a(2a-1)2 443V2 _ . 3422
4(a-1) 7 4422 ~ T2
Proof. Let us first consider the square of distance from (g, 0) to a point on the boundary Djiy, (%), which is

given by
2 2
h(t) = (a - (1 + V2 cos(h) + %cos(Zt))) + (\/E sinf) + %sin(Zt)) , —m<t<m.

In order to show that |w —a| < 7, is the largest disk contained in Djim (%), we need only to show that

(glti<n h(t) = r,. Since h(t) = h(—t), it is sufficient to consider the range 0 < t < . We suppose that
SISTU

(3 -2 \/5) [2<a< (4 +3 \/E) / (4 +2 \/E) . It is easy to see that /’(t) = 0 has two roots 0 and 7. Also I’(t) < 0
for 0 < t < r. This implies

min Vi) = Vh(r) =a — g + V2 and max Vh(t) = \h(0) = = + V2 -a.
<t< <t<m

We also suppose that (4 +3 \/E) / (4 +2 \/E) < a < 3/2. Then I’(t) = 0 has three roots namely 0, t, € (0, )
and 7. The root ¢, depends upon a. The graph of /’(t) shows that I’(t) > 0 for (0, ty) and /' (¢) < O for (to, 7).
Hence we conclude that

min Vh(t) = Vh(n) =a - g + V2.

0<t<m

After simple calculations, we obtain to = cos™! (_ Z(El(:)z ”)) . Therefore

max V() = Vil = |

Now for 3/2 < a < #, the equation #’(t) = 0 has three roots namely 0, t; € (0, m) and 7. The root #;
depends upon a. The graph of h(t) reveals that it is increasing in the interval (0, t;) and decreasing in (t1, 1)
but & (0) < h (). Hence

mm \/IT Vh( = + V2-a and max \/lT Vh(ty) = 61(2&—_11;2

0<t<

This completes the result. [
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Theorem 3.2. The radius of starlikeness of order « for the class S;, is given by

V1 - 2a, O<a
Rs- (a)(Slmz = \/_(1 \/_) }IS

Proof. Let f €S, . Then f € §* (), where ¢ (z) = 1 + V2z + z%/2 and we notice that

2f'(2) 1-V2r+%, r<
Re=ry 2 minRey (2) = { l1-p), r>

1
Sz,
<

Sl
=

Case(i) Let0 < a < %. Then % < p <1, where p:= Rsgu(Sj,,) Letlzl =r<p. Ifr < Lz’ then we have

Ifp>r> then from (4), we write

‘fl

zf'@)
o C2

Case(ii) Let 1 <a < 1. Then0 < p < \f Let |z] = r < p. Then by using (4), it follows that

Re (1—r2)_§(1 p?) =a.

Re ]J:(() >1—\/_r+—>1—\/_p+—:

The result is sharp for the function f. given by (3). O

Theorem 3.3. The SL -radius for the class S;, is given by
Rsr(S,,) = — V2 +2i ~0.2676.

Proof. Let f € S; . Thenforz = re, —m < 6 < 1, we can write

v @) - 1|2 = }11’2(12 +4V2cos(t) +8) < (V2-1)%

This implies that

zf'(z)
f@)
Now using a result due to Ali et al. [1, Lemma 2.2], we have the required result. Result is sharp for the
function f. given by (3).

[

—1‘< V2-1, |zl =r<—-V2+2% ~02676.

Theorem 3.4. The M(B)(B > 1) radius for the class S;, is given by

V2(JB-1), 1<p< ¥V
p==5E

7

RM(ﬁ) (Slzm) - {



K. Bano, M. Raza / Filomat 37:3 (2023), 851-862

Proof. Let f € S}, . Then it is easy to deduce that
1
ﬁﬂwww=¢m=1+vz+§ﬂ
z|=r

To prove our result, we have the following two cases:
Case(i). If 1 < B < %ﬁ, then for |z| = 7, we have

Z}C;ij) < ﬁZicRezp (z) < B.

Solving above relation, we obtain 7 < V2( \/ﬁ -1).
Case (ii). If g > %&, then for |z| = r, we have

Re

ReZJJ:;S) <1+ V2r+ %rz < 3+T2\/§ <B.

This result is sharp for the function f, given by (3). O

Theorem 3.5. The Sl*l.m radii for the classes SL7, S}‘{L, S*C, S;C, SL(a), BS(a) and ‘W are given by

(DRs; (SL£) = 2V ~ 0.99264,

(ilRs; (Spy) = 32 ~ 0975287,

i

(iii) Rs; (Sp) = =22 % 0.9675671,
(Zv) RS;im (S;L) = 4\2_5’

(v) Rs. (SL(a)) = %’
(vi) Rs (BS(a)) — _1_2\5_'_%
lim

856

7a 4
.. _ V13-4V2-2
(i) Rs, (W) = 55—
Proof. (i) For the functions f € SL*, we have ij((g) < V1 + z. Thus for |z| = , we have by Lemma 3.1 that
2@ |y ViTr<1-372Y2
f@) 2

whenever the inequality r < 12{# holds. The result is sharp for the function

_4zexp(2V1+z-2

f2)

(1+ V1+2z2)?
Since ij?((zz)) =Vl+z= # at pointz = Rs; (SL).
(ii) For functions f € Sy, , we have

zf'(z) 1-z
@ V2-(V2-1 \1+2(v2- 1)

This implies that
zf'(2) 147 2V2-1
—-1{<1-V2 2-1
f(@) S1-V24(V2 )\/1—2(\F2—1)rS 2
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provided

63 V2 + 65 .
r< =z =Rs, (S

To show the sharpness of the result, we consider the following function defined as

T

where

1-z
= V2-(V2-1) | ———.
W@ = V2= (V2-1) 1+2(V2 - 1)z

At point z = Rg;, (Sg,), we have

20 s o= [ 1-z  3-2V2
fz(Z)_\/E (V2-1) 1+2(V2-1)z 2

This shows that the result is sharp.

2f(2)

(iii) For the functions f € S7., we have <1+%£+ % Thus for |z| = r, we have by Lemma 3.1

857

f@
’ 2
z2f'(2) ‘gﬂ+2is3+2\/§—1
f(2) 3 3 2
whenever the inequality r < M holds. Consider the function
4z + 7*
f3(z) = zexp 3
Since LY =14+ % 4 2 50 f; € St and at point z = Rs: (S%), we have 258 1 = 231 Hence the result is
o 3773 c p e 38) 2
sharp.

iv)ForO<c¢<1- ﬂ, the S, -radius for the class 8¢ is 1 by Theorem 2.1 (ii). Let us now assume
2 lim e y

that1-(3-2V2)/2 <c<1.Since f € S, we have

z2f'(2) —
W - 1’ <1- VI1-cr

By using Lemma 3.1, we get 1 — V1 — cr < (3 —2V2)/2 and this simplifies to r < 4‘466_5.
(v) Let f € SL(a). Then 4O gt 1-a) \/Zl + z). Now we have

@
3-22
o

z2f'(2)
f@)

This holds for r < %ﬁ?—z”). The result is sharp for the function

f4(Z) =z eXP(L ql(t:)l_ldt),

where g1(z) =a+ (1 —-a) \/Zl +z)and zf'(z)/ f(z) = 3_22‘ﬁ forz = %jg?—m.

-1

<o+ -0 ViFz-1<a-00-Vi-n<1-




K. Bano, M. Raza / Filomat 37:3 (2023), 851-862 858
(vi) For f € (BS(@), we have zf'(z)/ f(z) < 1 + z/(1 — az?, which gives

z2f'(2) _1’ LT
f(2) T 1-ar?

—1-2V2+ V9+4 V2+49a

for|z| < r. By using Lemma 3.1, we get r/(1 —ar?) <1-(3-2 \/i)/Z and it simplifies to r < 7 =
Rs: (BS(a)), for 0 < a < 1. For sharpness, consider the function f5 given by

1+ vaz 1/@2 )
1- \/Ez) '
Atz = —Rs, (8S(a)), the quantity zf/(2)/ fs(z) = 222.

(vii) Let f € ‘W. Then @ € P for all z € D. Let us define a function p € P such that p(z) = f(z)/z. Then

zf'(z) . zp'(2)
@ e
Thus from Lemma 1.1, we have
zf'(z) B 1’ < 2r .
f(2) 1-—12

f5(z) = Z(

V13-4v2-2

By using Lemma 3.1, the function f € S;im for |z| < rif 2r/(1-1?) < 1— # This simplifies tor < )
The result is sharp for the function f5(z) = z(1 + z)/(1 — z). For this function, we have

2o@) _3-2v2 _ \13-4V2-2

@ -2 7 2V2-1
0
Theorem 3.6. Let -1 < B< A <1, withB <0. Let
1
3B% - 2AB
Then S;, radius for the class S*[A, B] is given by

1+2V2
"2A-3B-2BV2/)

), R, = min(l,—), Rz = min(l

Ri1 = min (1, B

. | R, ifRy <Ry,
Rs,, (S°1A,B]) = { Rs,  ifRs>Ri.

Proof. Let f € S*[A, B], then by Lemma 1.1, we have

2f'(2) _1-AB?| _(A-Byr
f(z) 1-B22 |~ 1-B%2’

1
3B2—2AB"

We determine numbers Ry, R, and R3. Now r < Ry, if and only if 111‘;% < % This yields us r <

We determine R, such that r < R; if and only if
(A-B)r _1-AB? _ 3-22
1-B%r2 = 1-B?%2 2

The above relation gives us r < 7. We determine Rj such that r < R; if and only if

(A—B)r<3+2\/§_ 1 - ABr?
1-B2~ 2 1-B2°

142V2 0O
2A-3B-2BV2°

A simple calculation yields r <
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4. Coefficient Bounds
We need the following lemma to prove our results.

Lemma 4.1. [17] Let p € P and be of the form

piz)=1+ chz", zeDD.

Then
1. leal £2,
2. lep —vekcnil €2, wve[0,1], n>k
2
3. |- 9| <2- YL

Theorem 4.2. Let f € S}, and be of the form (1). Then

5 72 97 412
< < - < — .
Rl <V2, lmsl< g s T el -
Proof. Since f € S, , therefore
zf'(z) CU(Z)
=1+ V2w(z) + —%
@ ®
where w is analytic with w (0) = 0 and |w (z)| < 1 in ID. Now for p € P, we can write
_piz)—-1
w(@) = piz)+ 1
Let p be of the form (5) . Then from (6) , we have
2= 50, B3| g A g M= G| e T g 37 g |ae

and

1536 384 9 192 )2V Tlaig T 3 | 3 "1/

a5:(167 29@)614_(31 41«/5) o2 (11 «/E)Clc (3 \/5) 22+f

The first two bounds follow from Lemma 4.1 (1). For the third bound, we have from (7) that

muslvﬂ(“(~iﬂwwﬁ_£@)

2

1
|01|}

[

3lva \16 ~ va N )
< V_4%§‘%%”@‘%§W‘H}4

where we have used Lemma 4.1 (1) and Lemma 4.1 (3). Let |c1] = x € [0,2]. Then

I

—cy.

859
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It is easy to see that the maximum of ¢ exists at x = 2, therefore we have the required result. These results are

sharp for the function f, defined in (3) . Letl; = %—%f, I, = %_%E’ I3 = E__ Iy = ﬁ—l—‘g, I5 = g

withl; >0, i=1,2,---5and 5—; €(0,1). Then

|LZ5| = }l1 C14 - lz C2C12 + Z3C1C3 + l4 C22 + l5C4|
l
4 2 2
< hlal®+lal|es - 7. C1e + 1y |eaf” + I feal -
3

Now using Lemma 4.1 (1) and Lemma 4.1 (2), we obtain required result. [

Theorem 4.3. Let f € S;. and of the form (1). Then

(e8]

2[4”2 — (A7 +2V2)Jlan? < 13 + 12 V2.

n=2
Proof. Let f € S;, . Thenzf'(z)/f(z) = 1 + V2w(z) + Jw(z)*, where w is an analytic function with |w(z)| < 1
for all z € ID. Using the identity [2 + 2 V2w(z) + 0?(2)] f(z) = 2zf'(z), we have

2n 2n 2

2”2'“ fre = f HCIE f 2rel” f'(re)

) 2 + 2 V2w(rei®) + w?(rei®)

do

4 f i0 i0 2l
— | O f (') |2, 7"
17 +12V2 e e do 17+12\/'Z !

n=1
Now 0 <7 < 1and a; = 1. Therefore, we have
2[4” — (17 +2V2)]ja, P2 <
n=2

On taking » — 1. We obtain the required result. [

5. Sufficient conditions for class S;im

In this section, we find some sufficient conditions for class S, . We use Fukui and Sakaguchi [4] lemma
to prove our result. For applications of this lemma see [16].

Lemma 5.1. [4] Let w(z) = ay2 + ap2’™ + -+ ,a, # 0,1 < p be analytic in D. If the maximum of lw(z)| on the
circle |z| = r < 1 is attained at z = zy, then zow((zo)/w(zo) is a real number and

Zow6 (20)
w(zo)

Theorem 5.2. Let p(z) = 1+ c,2" + - -+ be analytic in ID with ¢, # 0. Suppose that p(z) # 0 and p(z) # -1 for
every z in ID. Also we suppose that p (z) # 1 for every z in ID\ {0} . Let

2n

zp’ (2) -
V241

p(z)

2
Then p (z) < (1 + %z”) .
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Proof. Consider the function w such that @" (z) = —c,z". Then w (z) = {/=c,z. It is clear that w is analytic in
D. This implies that

1 2
p(z) = (1 + Ew” (z)) .

Now by using Lemma 5.2, there exists a point zg € ID such that |w (z)| < |zg| for [z| < |zp| and

lw (z0)l = lzol, w(z0) = ¢, 0<0<2mn 9)
Then
w(zo)

From the above relations, it is clear that w (zg) # +1. After simple calculations, we obtain

zp’ (z)  2nzw’ (2) 0" (2)
_ , 11
PD - arwr ) (a

Using (9) and (10) in (11), we obtain

2nzjw (zo) 0" (z0)

V2 + " (z0)

2n
> .
V2+1

zop’ (20)
p (20)

>‘ 2nka" (zo)
V2 + w0 (z0)

This is a contradiction. Hence result is proved. [

Corollary 5.3. Letzf' (z) /f (z) = 1+ c1z+ -+ suchthat zf' (z) [ f (z) # =1 and zf" (z) | f (z) # O be analytic in D.
Also suppose that

@) @ 2
‘“ @ @l Vet
Then f € S, .

6. Conclusion

In this paper, we have investigated a subclass of starlike functions f such that % lies in the interior of the
region bounded by the limacon which is given by the equation [(u — 1) + 0% - }1]2 -2 [(u -1+ %)2 + 02] =0.
We have studied certain radii problems, inclusion results, coefficient bounds and sufficient conditions for
this class of functions.

Basic (or g-) calculus plays an important role in geometric function theory. Recently, by making use of
the concept of basic (or ¢-) calculus, various families of g-extensions of starlike functions were introduced
(see, for example [7, 9, 28, 30, 32]).

In view of the concept of basic (or g-) calculus and limacon domain studied in this paper, g-analogue of
the class §;; can be defined and studied. Furthermore, various classes of analytic functions can be studied
by using basic (or g-) calculus and limacon domain.

At the same time, it is worth to mention that the current trend of trivially and inconsequentially
translating g-results to the corresponding (p, q) results leads to no more than a straightforward and shallow
publication (see [24, pp. 340], see also [25, pp. 1511-1512]).

Acknowledgement. The authors are very grateful to the editorial board and the reviewers, whose
comments improved the quality of the paper.
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