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On the solvability of a semiperiodic boundary value problem for a
pseudohyperbolic equation

N.T. Orumbayeva?, T.D. Tokmagambetova?®

*Karagandy University of the name of academician E.A. Buketov

Abstract. The solvability of the boundary value problem for pseudohyperbolic equations of the third
order is investigated. For the problem under study, an algorithm for finding an approximate solution is
proposed and sufficient conditions for unique solvability are established.

1. Introduction

On Q = [0, X] X [0, Y] we consider the semiperiodic boundary value problem

33 82 82
Sy =AW N5E T w55 T fp @y O M
u(x,0) =u(x,Y), x€][0,X], 2)
u@©,y) =), yelo,Y], (3)
u(0,

”gx Y V), yeloY], 4)

where (n X n) - matrix functions A(x, y), C(x, y), n-vector functions f(x,y) are continuous on (), n-vector
functions @(y), P(y) are continuously differentiable on [0, Y], here

llu(x, y)ll = mfgluf(x, vl A I = I.I@‘Z laij(x, y)l.

i=1,n i=1,n j=1

Let C(Q, R") be the spaces of functions u : O — R", which are continuous on Q, with the rate ||ullp =
max [[u(x, y)II.
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Boundary value problems for hyperbolic equations of the third order have been investigated by many
authors [1-5]. The interest in this type of equations is explained both by the theoretical significance of
the results obtained and by their important practical applications [6]. Hyperbolic equations with two
independent variables of the third and higher order are used as mathematical models of various processes:
unsteady rectilinear flow of an incompressible fluid of the second order [7 ,8]; Navier-Stokes-Oldroyd fluid
flows [9]; vibrations of elastic-viscous thread [10,11]; vibrations of the rod in the presence of relaxation and
aftereffect of the simplest type [12]; the phenomenon of flutter of a cantilever wing [13, 14] and others.

In this paper, a semi-periodic boundary value problem for pseudohyperbolic equations of the third
order is reduced to an equivalent problem of a family of boundary value problems for ordinary differential
equations and functional relations. When solving a family of boundary value problems for ordinary
differential equations, the parametrization method is used. [15-19] Application of this approach allowed to
establish the coefficients of the unique solvability of the semiperidic problem for pseudhyperbolic equations
and to propose new algorithms for finding the approximate solution.
*u(x, y)

dy?

*u(x, y)
Ox2

The function u(x,y) € C(Q,R"), with partial derivatives e C(QQ,RY, € C(Q,R"),

Pu(x, y)
Ix2dy
all (x, y) € ), and boundary conditions(2)—(4).

€ C(Q,R") is called the classical solution to the problem (1)-(4), if it satisfies the system (1) with

2. Main result

Ll

To find the solution, we introduce the function g(x, y) = ax , w(x y) = 3 ulx, y) and the problem (1)-(4)
we write in the form

&g 99
m _A(x/y)$+c(x/y)w+f(x/y)/ (x/y)EQ/ (5)
9(x,0) = g(x,Y), x€l0,X], (6)
90,9) =¢(y), yel0,Y], 7)
) = o)+ [ atés, e, ®

0

)
wte ) =¢' )+ [ P, ©)
Y
0

We reintroduce the notation z(x,y) = 899% and the problem (5)-(9)reduced to a family of periodic

boundary value problems for a system of ordinary differential equations of the form

0z

a_y = A(xr ]/)Z + C(x/ y)w + f(xr y)r (x/ ]/) €Q, (10)
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z(x,0) = z(x,Y), x€]0,X], (11)
ﬂ%w=ww+f%&WM,yGMH, (12)
0
me=ww+wwmiffdamﬁma (13)
0 0
F [Py
w@w=¢@H¢Uijf—aﬁL&%, (14)
0 0

N
To solve problem (10)-(14) for the step 1 > 0 : Nk = Y we partition [0, Y) = U[(r— 1)k, vh), N =1,2, ... [2].

In this case, the area Q) is divided into N parts. By u.(x, y), w.(x,v), v,(x, y), g,(ra_c,1 y) we denote, respectively,
the restrictions of the functions v(x, y), g(x, v), u(x, y), w(x, y) on Q, = [0, X] X [(r — D)h,vh), r = 1,N. By
Ar(x) we denote the value of the function z.(x,y) at y = (r — 1)k, i.e. A, (x) = z,(x,(r — 1)h) and denote
u(x, ) = z(x,y) — A (x), 1 = 1,N. We obtain an equivalent boundary value problem for the unknown
functions A,(x):

%—3 = A, 90, + AGG YA + C s + oY), @) eQ, r=TN, (15)

v(x,r—1h)=0, x€[0,X], r=1,N, (16)

A1(x) = An(x) — yE{/rlo on(x,y) =0, x€[0,X], 17)

As(x) + tlirhrlo (%, y) —Asr1(x) =0, x€[0,X], s=1,N-1. (18)

gww=MW+fw®w%+IMQW%, (19)
0 0

x & x &
(1) = () + Py + f f 0,(Ex, YEE + f f M(ENdEdE, (20)
0 0 0 0
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0

where (x,y) € Q,, r= 1,_N, (18)- the condition of gluing functions in the internal lines of the partition.
Problem (15),(16) for fixed A,(x), w,(x, y) is a one-parameter family of Cauchy problems for systems of
ordinary differential equations, where x € [0, Y], which is equivalent to the integral equation

y Y Y
v = [ Awoo@oder [ Awode A+ [ 0w+ fe o) 22)
(r—lj);l (V—lj);l (7_411

Instead of v/(x, T) we substitute the corresponding right-hand side of (22) and repeating this process v
(v=1,2,...) times we obtain

vr(x/ y) = Dvr(xr y)/\}'(x) + er(xr ]// w?) + GW(-X/ ]// v?)/ r= 1/ N/ (23)
where
v—1 y Y
w(x ]/) = f A(x, Tl)d’fl e f A(x, T]‘+1)d’l']'+1 e d’l’l,
=0 Sy (r-1h
Y
Fulx,y,wy) = fK@W%@W#W&WH
(r-1)h
v-1 Yy il
+ f Alx,11)... f A(x, ) f [C(x, Ti1) W0 (X, Tjs1) + f(X, Tj+1)]d”[]'+1d”[]' ...dt,
=162 r=1)h 1)k
¥ Ty-2 Ty-1
Gu(x,y,0,) = f Alx, T1) ... f A(x, Ty-1) f A(x, T)or(x, T)dT,d Ty . .. dTe,
(r-1)h (r-1h (r-1h

7o = y,7 = 1, N. Passing to the limit as y — i — 0 in (23) we have

lir}? . v(x, y) = Dyr(x, rh)A(x) + Fy(x, h, wy) + Gyr(x, vh, v,),
y—rh—

x € [0,w],7 = 1,N. Substituting in (17),(18) instead of lir}rllovr(x, y),r= 1,N, the corresponding to them
y—rh—

right-hand sides for the unknown functions A.(x),r = 1, N, we obtain the system of functional equations:

Qu(x, W)A(x) = =F,(x, h,w) — Gy(x, h,v), (24)
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where
I 0 0 —[I + Dyn(x, Nh)]
I+ Dyi(x, h) -1 0 0
_ 0 I+ D,y(x,2h) 0 0
Qv(xr h) - O 0 O 0 7
0 0 .e. I+Dyn_1(x,(N—=1)h) -1

Fv(x/ h/ w) = (_FVN(XI Nh/ wN)/ Fvl (x/ h/ wl)/ o /FV,N—l(x/ (N - 1)h/ wN—l))/

G (x h Z)) —( GVN(X Nh UN) le(x h Ul) vN 1(x (N 1)]’1 UN- 1))
and I is the unit matrix of dimension of 7.

For finding a system of three functions {A,(x), v,(x, y), w.(x, y),r = 1,N,wehavea closed system consisting
of equations (24), (23) and (21).

Assuming the invertibility of the matrix Q,(x, k) for all x € [0, X], from equation (24), where v,(x, y) =0,
w(x,y) = ¢”(t), we find AO(x) = (A0 (x), AT (@), ..., AQ () -

AOx) = —[Qy(x, ) {Fu(x, h, @) + Gy(x, b, 0)},
Using equation (23), at A,(x) = A(YO)(x) we find the functions {v(ro)(x, n,r= 1N, ie.

00, v) = Do, AV () + Fur(x, v, @) + Gur(x, 1, 0)

. The functions g(O) (x, y), uﬁo) (x, ), wﬁo) (x,y),r =1,N, are defined from the relations

X X

10, ) = () + f o0(E, e + f A9, e,

0 0

x & x £
U0, ) = (1) + Y(y)x + f f oO(EL, yderde + f f A0 dede.
0 0 0 0

v (0) Y
0O, y) = ¢ () + ¢ ()x + f f (51 ) e de,

0 0
where (x,y) € Q)7 = 1,N.

For the initial approximation of problem (15)-(21) we take the system {)\50) (x), vio) (x, 1), wio) (x,y),r=1,N
and construct successive approximations on the following algorithm :

Step 1. A) Assuming thatw,(x, y) = wﬁo) (x,y),r= 1, N, we find the first approximations of A,(x), v,(x, y), r =
1N, by solving the problem (15)-(18). Taking )\il’o)(x) = AﬁO)(x), (1 0 (x,y) = v( )(x y), we find the system of
couples {Agl)(x), vﬁl)(x, hr= 1,N, as the limit of the sequence )\9 m)(x), 09 ) (%, y), defined in the following
way:

Step 1.1. Assuming the invertibility of the matrix Q,(x, 1), x € [0, X], from equation (24), where v,(x, y) =
o (x, ), we find 10D (x) = (A (x), A8V (), ..., ALV )y

A @) = —[Q, (e, )] H{Fux, 1, w® + Gy, h, o).
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Substituting the found /\fl’l)(x), r=1,N,in (23) we find
051’1)(35, y) = Dy(x, y)/\g’l)(x) +F(x,y, w(O)) +Gu(x, y, 0(1,0)).
Step 1.2. From equation (24), where v,(x, y) = vﬁl’l)(x, y), we define

A0 () = =[Q, (x, W) {Fu(x, 1, w®) + Gy (x, b, o).

Using as expression (20) again, we find the functions {051’2) (x, ), r=1,N,

o 2%, ) = Do, ATV @) + Forlw, y, ) + Gurx, y, 0.

On step (1, ) we obtain the system of couples (A" (x), " (x, y)},r = 1, N.
Suppose that the solution of problem (15)-(18) is a sequence of systems of couples

g8 G, ), (A (), o (x, )

which are defined for x € [0, X], (x, y) € Q, respectively, and converge as m — oo to continuous functions
M), o (x,y), r=T,N.
B) The functions gﬁl)(x, y), wﬁl)(x, Y), uﬁl)(x, y),* =1,N, are defined from the relations

X X

1O, ) = () + f oD(E, e + f A&, yyde,

0 0

x & x £
uD(x, y) = p(y) + Py + f f oD (Ey, yderde + f f A (e de,
0 0 0 0

x &
, ) ~ o0&,
=g 0y o [ [P e,
0 0

where (x,y) € Q,,r = 1,N.
Step 2. A) Assuming that w.(x,y) = wil)(x, y),r = 1,N, we find the second approximations of
Ar(x), v(x, ), 1 = 1,N, by solving problem (15)-(18). Taking

AP = AP, o y) =0V (x, y),

we find the system of couples {Aﬁz)(x), vﬁz) (x,y)},r = 1,N, as the limit of the sequence /\f,z’m)(x), UﬁZ’m)(x, Y),
defined in the following way:

Step 2.1. Assuming the invertibility of the matrix Q, (x, i) from equation (24), where v,(x, y) = 052’0) (x, ),
we find A®D(x) = (A% (x), A¢D (v), ..., AT (%))’ -

ACD @) = =[Qy(x, W) HFu(x, 1, w®) + Gy (x, b, o).

Substituting the found /\ﬁz’l)(x), r=1,N, in (23) we find

0V (x,y) = Durlx, AT (@) + Furx, y, 0) + Gon(x, y, 00,
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Step 2.2. From equation(24), where v,(x, y) = vﬁz’l)(x, y), we define
AP () = =[Q, (e, W) Fux, 1, w®) + Gy (x, b, o).
Using the expression (23), we find the functions (0% (x, yh,r=1N:
o (x,y) = Durlt, AT (@) + Firx, y, 0) + G, y, 01,

On step (2, m) we obtain the system of couples (A% (x), 9" (x, y)}, where (x,y) € Q,,r = 1,N.

Suppose that the solution of problem (15)-(18) is a sequence of systems of couples {A>"(x), o™ (x, )}
which as m — oo converges to {A( )(x) U(z)(x yhr=1,N.

B) The functions g(z)(x Y), u(z)(x Y), w (x y),* =1,N, are defined from the relations

X X

g@@ﬂrumw+jE9@ﬂma+jd9@mma

0 0

x & x £
ﬁ@yh¢@+wm+ff#%uwamﬁffﬁ%m&u
0 0 0 0

x &
. . 90 (&,
WP =g w+v o [ [P D,
0 0

where (x,y) € Qv = 1,N. Continuing the process, at the k-th step we obtain the system {/\ik) (x), vﬁk) (x,v),

0w, y), uP(x, v, 6P, ), r=T1,N.

The conditions of the following statement ensure the feasibility and convergence of the proposed
algorithm, as well as the unique solvability of problem (15)-(21).

Theorem 1. Let for some 0 < u <1, h>0:Nh=Y,N=1,2,..,and v,v € N, (nN X nN) the matrix Q,(x, h)
be invertible for all x € [0, X] let the following inequalities be satisfied

D Qe T < o, h); 2) g, h) = h+wum§“MTWWsu

v!

Then there exists a unique solution (A}, v;) to problem (15)-(21) and the following estimates are valid

‘ *ui(x,y) v,

Im%mgmwrwﬂmumg sup  [lo}(x, y) - 0\ (x, y)ll, max  sup oy 5

r=1,N r=1,N ye[(r—1)h,rh) r=LN ye[(r-1)h,rh)

Lf ax [1;60) = AV )l + maxsup[eitea, ) = of o, il <

r=1,N ye[(r-1)h,rh)

0
-1
mumfm&m&) -
< *=1) e Ofmax{Xv(é,h),<Pv(£,h)}d€maX{[yr§}g>T<]||<p”(y)||+||fllo], [trg[%I|<p”’(y)||+||f’||o]},
max sup [wi(x,y) - wP(x, vl < fmax maXII)\ (&) = AP (&) + max sup  |[|v;(&, 1) - oM, ll,
r=1,N ye[(r—1)h,rh] r=LN ye[(r—1)h,rh)
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Po(&y) Po ”(é, Y)
Iy?

”P& k=1,2,.

max sup
r=1,N N yel(r-1)h,rh)

where a(x) = max lAGx, Y, o(x) = max IC(x, I, 6y (x, h) = {1 +7(x, h) Z (a(J]c)h)f }h Y (a@h)
vel

il
j=1 j=0 I

0,(x, h) = @+%(m

7

. V—l .
(a(x)hy }h Z (Oé(ﬁf')h)]

= M

pulx, ) = f f [« ) maxtoten), 1}%(51,11)112(“(‘5]“’1) + maxo (61, 1]de e

j=0
Ov(x, h)o(x) S, h) (@b’ | a(X)h)
‘BV(x'h)zmaX{[l—qv(x,h) +[1—qv(x,h) P! +h ] v h] (),
j=0

X

f [t +6e,m) + 1 |@potrie],

0

h v—1 h
) = [ T2 e e o Y S oty
=

qv(x, h)
(@ (X)h)”

P+%mmzrﬂ%ﬂ+WWMMnﬂ+%mm Jo. 1,
=

b

x &
Gu(eh) = f f {a(€1 + 5,(61,10) + 1}oEnpu(er, Iy e
0 0

The proof of Theorem 1 is similar to the proof of Theorem 1 from [1]. By virtue of the equivalence of
problems (1)-(4) and (15)-(21) from Theorem 1 follows
Theorem 2. Let the assumptions of Theorem 1 be satisfied. Then problem (1)-(4) as a unique solution u*(x, y)
and the evaluation is performed.

. k
duy(x,y)  duP(x,y)
max(max sup || 3 - 3 I,
r=1N te[(r-1)h,rh) X X

o (x, y) 8u,k) (x, )

max sup || l,max sup |(x,y) — u®x, yll) <
N ettty 9 gy rmax sup [l y) =0 )
& h
< Bulx, h) 2 fﬁ(é,h)dé fmax X(é,h),qb(é h)rf)((él)dél}déx
j=k— 1 X

X ma ma “ + , ma " + , ‘
x{ max lle” I+ 11flo, max llp” Wl + 11 To}
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