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Abstract. In this paper, necessary and sufficient conditions are given for the existence of Moore-Penrose
inverse of a product of two matrices in an indefinite inner product space (IIPS) in which reverse order law

holds good. Rank equivalence formulas with respect to IIPS are provided and an open problem is given at
the end.

1. Introduction

The reverse order law for generalized inverse plays an important role in the theoretic research and
numerical computations in many areas, including the singular matrix problems, ill-posed problems, op-
timization problems, and problems in statistical analysis (see, for instance, [1, 4, 5, 9-11, 17]). A classical
result of Greville [6] gives necessary and sufficient conditions for the two-term reverse order law for the
Moore-Penrose inverse in the Euclidean space. It is known that the reverse order law does not hold for
various classes of generalized inverses [2, 16]. Hence, a significant number of papers treat the sufficient or
equivalent conditions such that the reverse order law holds in some sense. Sun and Wei established some
sufficient and necessary conditions for inverse order rule for weighted generalized inverses with positive
definite weights [12, 13]. The concept of the Moore-Penrose inverse between indefinite inner product
spaces has been introduced and mentioned in [8] that if the weights are positive definite, then the weighted
generalized inverse and the Moore-Penrose inverse between indefinite inner product spaces are the same.
In this paper, we give some necessary and sufficient conditions for the existence of Moore-Penrose inverse
of a product of two matrices and to hold reverse order law in an IIPS. Also, we claim that our results are
more general than the existing ones for the weighted Moore-Penrose inverse.

2. Preliminaries

We consider matrices on the field C of complex numbers and denote the space of complex matrices of
order m X n by C"™". The range and the rank of A € C"*" are denoted by R(A) and rank(A) respectively. The
index of A € C™" is the least positive integer p such that rank(AP) = rank(AP*!) and it is denoted by ind(A).

2020 Mathematics Subject Classification. Primary 15A09; Secondary 15A24, 46C20.

Keywords. Moore-Penrose inverse; Reverse order law; Indefinite inner product space; Weighted generalized inverse.
Received: 29 April 2021; Accepted: 21 September 2021

Communicated by Dragan S. Djordjevié¢

The third author thanks the National Institute of Technology Karnataka (NITK), Surathkal for giving her financial support.

Email addresses: krajkj@yahoo.com (K. Kamaraj), sam@nitk.edu.in (P. Sam Johnson), athirachandri@gmail.com (Athira
Satheesh K)



K. Kamaraj et al. / Filomat 37:3 (2023), 699-709 700

For a complex square matrix A, we call it Hermitian if A = A*, where A* denotes the adjoint of A with
respect to the Hermitian inner product (., .) on C" (i.e., complex conjugate transpose). Let N be an invertible
Hermitian matrix of order n. An indefinite inner product in C" is defined by an equation

[x, y] = {(x,Ny)

where x, y € C". Such a matrix N is called a weight. A space with an indefinite inner product is called an
indefinite inner product space (IIPS). Let M and N be weights of order m and n, respectively. The MN-adjoint
of an m x n matrix A denoted Al is defined by

AM = N7TA*M.

Sun and Wei [12] used the terminology weighted conjugate transpose for MN-adjoint. In an IIPS, by considering
the same weights M = N, a complex square matrix A is called N-Hermitian if A" = A; it is called N-range
Hermitian if R(A) = R(AF). If the TIPS is understood from the context, then instead of saying that A is
N-Hermitian (N-range Hermitian), we may simply say that A is Hermitian (range Hermitian).

The MN-Moore-Penrose inverse AlYl of A € C™" between IIPSs is defined to be the unique solution
X € €™, if it exists, to the equations

AXA = A (1)
XAX = X )
AX) = AX (3)
(XA = XA. 4)

The reference to MN will be dropped when there is no ambiguity and A*! will be simply called the Moore-
Penrose inverse of A. If A is invertible, then Al = A~1. It is easy to observe that if M and N are the identity
matrices, then Alfl = A, where A* denotes the usual Moore-Penrose inverse in an Euclidean space. Sun and
Wei used the notation A, for A"l to emphasize the weights of positive definite Hermite matrices M and

N. In this case, Af ; exists for all matrices A and A}, = N ~3(MzAN~2)"M? [12]. Unlike the Euclidean case
and weighted Moore-Penrose inverse, a matrix need not have a Moore-Penrose inverse between IIPSs [8].
The following result gives a necessary and sufficient condition for the existence of Moore-Penrose inverse
of a matrix between IIPSs.

Theorem 2.1 ([8], Theorem 1). Let A € C"™". Then AM exists iff rank(A) = rank(AAF) = rank(AM A).

For the sake of clarity as well as for easier reference we mention the following properties of Moore-
Penrose inverse between IIPSs.

Theorem 2.2 ([8], Section 4). Let A € C"™" be such that A" exists. Then the following statements hold :

(i) Al = AIAATT = AT A A,
(ii) (APHIM = (AT,
(iii) (AAMYH and (AMA)M exist. In this case, (AAM)H = (AFHHAM gnd (A A)HT = ATF(ALT)H,
(iv) Al = AFI(AAPY)HT = (A A)H AR
(v) (AAMHHAAFYA = A = (AAM)(AAPH)HIA,
(vi) (AAMHIF(AAPD) = (AAP(AAPDH,

This section is ended with some known results which will be used in the sequel.
Lemma 2.3 ([1], p.173). Let A be a square matrix of order n with ind(A) = 1. Let B € C"™! be a matrix such that

R(AB) C R(B). Then
R(AB) = R(A) N R(B).
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Lemma 2.4 ([13], Lemma 2.1). Let A, B, C and D be matrices with suitable orders. Then

A AB

mnk( CA D

) = rank(A) + rank(D — CAB).

Lemma 2.5 ([15], Theorem 2.7). Let P and Q are two idempotent matrices of suitable orders. Then

P

rank(PQ — QP) = mnk( 0

) + mnk( P Q ) + rank(PQ) + rank(QP) — 2rank(P) — 2rank(Q).
Lemma 2.6 ([3], Corollary). Let M = Ié g ) Then rank(M) = rank(A) if and only if D — CA'IB = 0,
N(A) € N(C) and N((A)*) € N((B)").

Lemma 2.7 ([14], Theorem 1.2). Let A, B, C and D be matrices with suitable orders. Then

A"AA* A'B

mnk( CA* D

) = rank(A) + rank(D — CA*B).

3. Reverse Order Law

We start the section with examples which illustrate that between IIPSs, (AB)[*l may not exist although
Al and B! exist, and even though Moore-Penrose inverses of A, B and AB exist, the reverse order law
(AB)*l = BIAM does not hold.

11 01 1 0 0 0
_ _ N = =
Example 3.1. Let A = ( 1 0 ), B = ( 0 0 )and M =N = ( 0 -1 ) Clearly, B" = ( 1 0 )and

(AB)I = ( _01 (1) ) Then A is non-singular and rank(B) = rank(BBI'l) = rank(BIIB), so both A" and B! exist.

Also, AB = ( 8 1 )and rank(AB) # rank((AB)"AB), hence (AB)™! does not exist.
1 2 2 1 1 0 1 0

— - = - [+ = [+ =

Example 3.2. Let A = 0 0/ B = ( 0 0 )andM =N-= ( 0 -1 ) Clearly, A™ = ( 20 )and B =
2 0 -3 0 1 2 3 0 4 2

[x] — 1o = [+l = g =

(_1 0). Then AA —( 0 0),A A—(_2 _4),BB _(O O)andB B—(_2 1 ).Hence
1 0 2 0 2 0 2 0

Al = -1 5 o |and Bl = %( 1o ) Moreover, (AB)! = %( 1o )and BMAM = —é( 10 )

Thus (AB)!*] # BIIAIM,
Motivated by the above examples, we give some necessary and sufficient conditions for the existence

of Moore-Penrose inverse of a product of two matrices and to hold reverse order law in an IIPS. Before
presenting the main results, we collect some basic results.

Lemma 3.3. Let A, B, C and D be matrices with suitable orders. If

rank( 4 = rank(A) = rank(B) = rank(C),

B
CcC D

then rank(A) = rank(D).
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Proof. Let M = ( Ié g ) It is given that rank(M) = rank(A). Then by Lemma 2.6, we have D — CAB = 0,

R(C*) € R(A*) and R(B) C R(A). This implies D = CA'B = rank(D) < rank(C) = rank(A).

Now to prove the reverse inequality, rank(A) = rank(B) = rank(C) = R(A) = R(B) and R(A") = R(C).
Since D = CA'B we get C'D = C'CA'B = Ct(C"'A'B. Now, R(A*) = R(C) = R(Ah) = R(C). Using
the fact that if R(E) € R(F) then FF'E = E, we get ctch'At = A*. This implies C'D = A'B = C'DB' =
A'BB" = A'(B")'B'. Now, R(4) = R(B) = R((A")") = R((B')") and using the fact that if R(E") C R(F")
then EF'F = E we get, C'DB" = AY = rank(A") < rank(D) = rank(A) < rank(D). This completes the
proof. O

Next, we prove the indefinite version of Lemma 2.7.
Theorem 3.4. Let A, B, C and D be matrices with suitable orders. If Al exists, then

AllaAl AR _ rank D CAl¥
ran CAl D | TRl AR A AAl

) = rank(A) + rank(D — CAMIB).

Proof. By Theorem 2.2 we can easily verify the following relations.

( (A o )( Allaaldl - AlIB )( (AhE o )_( A AAITIB )
1=

0 I CAHM D 0 CAItlA D
and
Al 0 A AAMB \[ Al 0 AMAAF - AMB
0 I CAMA D 0o I/ CAH D ’
Thus
AFAAF AFIB A AAIB
rank CAL] D ) = rank CcAflA D

= rank(A) + rank(D — CAWAAMB) (by Lemma 2.4)
= rank(A) + rank(D — CAMIB).

Similarly we can prove the other equality. [

It is known in the Euclidean case that the single expression R(A*ABB*) = R(BB*A*A) is a necessary and
sufficient condition for the reverse order law to hold ([1], p.161). This condition was later shown ([7], p.231)
to hold in a more general setting. The main result and its proof closely follow those of Greville [6].

Theorem 3.5. Let A € C"™" and B € C™. If A"l and B exist, then the following are equivalent:
(i) AMABBM is range Hermitian.
(ii) R(A"AB) C R(B) and R(BBMAlM) c R(AM).
(iii) BBMAFIA and AMABB™ are range Hermitian.
(iv) BBHIAMAB = AMAB and AMABBI AN = BBl A,

Proof. (i) = (ii) : As B = BBIB = BB (B[], we have R(AMABB!) = R(AMAB). Suppose that AMABB! is
range Hermitian. Then

R(AMAB) = R(AMABBM) = R(BBAMA) C R(B).
The second part follows similarly.
(ii) = (i):Let C = AMFLABBI. Then C(Bh = AFIAB. Hence R(C) = R(AMABBM) ¢ R(AMAB) = R(C(BIM) ¢
R(C). Thus R(C) = R(AMAB). Similarly R(CI'l) = R(BBIAl). Thus AFABB!! is range Hermitian if and
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only if R(AMAB) = R(BBMAI). Suppose R(AMAB) € R(B). It is a well-known fact that ind(AA) = 1.
Thus by Lemma 2.3, R(AMAB) = R(AMMA) N R(B) = R(AM) N R(B). On the other hand, again by Lemma
2.3, R(BBMAM) ¢ R(AM) and ind(BBM) = 1 give R(BBMAl) = R(BB") n R(A) = R(B) N R(AM). Thus
R(BBAlM) = R(AMAB). Therefore, Al1ABB! is range Hermitian.

(if) © (iv): Straight forward.

(i) = (iii) : Suppose that R(AAB) € R(B). As R(AMABBM) ¢ R(AMAB) c R(B), we get AMABBI =
BB AMABB!! and hence it can be shown that

R((BBMAM )Y = R(AMABB!) = R(BB1AM A).
Thus BBI"IAMA is range Hermitian. In a similar way, using the inclusion relation
R(BBMAM) c R(AM),

we can prove that AITABB! is also range Hermitian.

(iii) = (ii) : Suppose BBIMAFIA is range Hermitian. Then R(BB"AMA) = R(AMABBM). 1t is clear that
R(AVAB) = R(AFABBB) € R(AMABBM) = R(BBYAMA) C R(B). Thus BBMAFAB = AMAB. Similarly,
we can prove AITABBIAN = BBHAF.

Theorem 3.6. Let A € C™", B € C™ and D = AB. If A" and B exist, then the following are equivalent:

D AAFD
DBMB DDMD

(ii) (AB) exists and (AB)M1 = BIMIAM],

(i) rank = rank(D), where D = AB.

Proof. (i) = (ii) : First we prove the existence of Moore-Penrose inverse of AB. For that, let E = AAMD.
It is easy to observe that D = AB = (AAM)H(AAMAB = (AAMYME. Thus rank(D) = rank((AAMIE) <
rank(E) = rank(AAYD) < rank(D). 1t shows that rank(D) = rank(AAID). Similarly, we can prove that
rank(D) = rank(DBB).

D  AAMD
DBYB DDMD
that rank(D) = rank(DD™) = rank(D"'D). Thus (AB)!!! exists. By Theorem 3.4,

Suppose mnk( ) = rank(D). Then rank(D) = rank(DD"D) by Lemma 3.3. It concludes

D AAMD

m”k( DBYB  DDMD

) = rank(D™) + rank(D — AAM(DMYMBEIB) = rank(D) + rank(D™ — BM1BDIMAAM).
Hence, by the assumption rank(D"! — BFIBDMAAl) = 0. Thus D1 = BMBDIIAAL. Pre-multiplying by
(B¥B)! and post-multiplying by (AAM)* we get

(B[*]B)[HB[*]A[*] (AA[*])[ﬂ — (B[*]B)[ﬂB[*]BDH]AA[*](AA[*])[’f].

By Theorem 2.2 (v) and (vi),

Bl Al — (B[*]B)['P]B[*]BB[*]A[*](DD[*])[*]AA[*](AA[*])[H
— B[*]A[*](DD[*])H]AA[*] (AA[*])[*]
— D[‘r]AA[*](AA[*])[ﬂ — (D[*]D)[HD[*]AA[*] (AA[*])“]
= DIl = (AB)!1].
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(if) = (i) : By Theorem 3.4,

D AAMD

DBYB DDVID = rank(D™) + rank(D — AA¥/(DV)1BLB)

rank

= rank(D) + rank(D — AAM(BM AHHBHIR)

= rank(D) + rank(D — AAM(AI(BIHHBEIB)
= rank(D) + rank(D — AB)

= rank(D).

O

Theorem 3.7. Let A € C"™" and B € C™ such that A" and B! exist. If any one of the conditions listed in Theorem
3.5 holds, then

D AMAD

rank ( DB"B DDFD

) = rank(D).

Proof. Suppose that BBMAMAB = AMAB and AMMABBMAM = BBMAM hold. Then, we have

D  AAMD \ AB ABBMAMAB | D DBMAMD
DBYB DDMD |~ \ ABBMAMAB AB(AB)AB )~ \ DBMAMID  DDFMD
By Theorem 3.4,
o[ D AAMD I D DBMAFD
DBFIB  DDMD - DBYAMYD  DDFD

= rank(D) + rank(DD"'D — DB A DBM AMD)

rank(D) + rank(DDD — ABBM A ABBIM A AB)
rank(D) + rank(DDID — ABBI A AAM AB)
[*]
[]

rank(D) + rank(DD™D — ABBMAM AB)
rank(D) + rank(DD"ID — DD D)
rank(D).

O

Corollary 3.8. Let A € C"™" and B € C™ such that A and B exist. If any one of the conditions listed in
Theorem 3.5 holds, then (AB)") exists and (AB)I] = BIMAI,

Lemma 3.9. Let A € C"™", B € C" and C € C™". Then

Al )

(i) mnk( A B ):mnk( b

(ii) rank

é ): rank( Al )
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Proof. (i)
' Al . N1A*M I N71A* M

rank| pry | =rank| ;_apay = ran 1B
_ k N—le-
=rank| ;_1p.
= mnk( AN~' BL7! )

N1 0

=mnk((A B)(O L‘l))
= mnk( A B )

Similarly, we can prove (ii). O

Lemma 3.10. Let A € C"™" and B € C7". If A" and B! exist, then
oA 0 Mram o

Yo B) T\ o B

i (A0 Horam o

1lo B)] T\ o B

i (0 A Moo B
WA B o) T\lam o |
N

Proof. (i) LetK = ( ]\61 g ) and L = ( 0 I(-)I ) Without loss of generality we may assume that

A 0
[+] — 71 —
T =L7"T°K, where T—(O B)'

Then
o (N0 (A 0)\(M 0\_(NAM 0 \_(AY o
h 0 H! 0 b 0 G|~ 0 H'BG )"\ 0o B/
(ii) Suppose Al'l and BI*l exist. Then

AMA 0 AAFT 0
7 — [+] _
T = ( 0 B[*]B ) and TT™ = ( 0 BB[*] .

Thus rank(TMT) = rank(A) + rank(B) = rank(TT™) = rank(T), which implies T exists.
Altl

Also, it is easy to verify that Tl = ( 0

0 . .
Bl ) satisfies the Moore-Penrose equations.
(iii) is similiar to (ii).

O

Theorem 3.11. Let A, B,C, D, P and Q be matrices with suitable orders such that P and QU1 exist. Then

pHlAQH  phippl 0

QlQQ 0 QB
0 cptl -D

rank(D — CPTAQMB) = rank — rank(P) — rank(Q).

705
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Proof. 1t is observed that

A AQMB (A 0} (A0 0 QM)A 0
CPMtA D “\0 D 0 C pt 0 0 B
[t]
A 0 A 0 0 P A 0
—( 0 D )+( 0 C )( 0 0 ) ( 0 B )(byLemmaB.lO(lu)).
Thus by Theorem 3.4,
A 0
+] [+l [+]
L A AQWB \ ' MEMM M(O B)_ kOP
M eptia D JTTEL A 0,y (A 0 o o)
0 C 0 -D
0 P ..
whereM:( 0 0 ).By Lemma 3.10 (ii),
0 QMQQ 0 QB
A AQMB | ptippl 0 PtlA 0
mnk( CPliA D = 0 AQH _A 0 — rank(P) — rank(Q).
cplil 0 0 -D
Also,
0 I PY 0 0 Qo QB 0 I 00
I 0 0 o | pHppt 0 pHA 0 I 000
00 0 I 0 AQM -A 0 Q0 0 I
00 I O cpll 0 0 -D 0 010
pHrlaQkl  plippll 0 0
QMo 0 QMXB 0
B 0 cpt -D 0
0 0 0 -A
Thus
pHlaQll  pppll 0 0
AQMIB B QM 0 Q¥B 0
rank cpitia D = rank 0 cpl] D o0 — rank(P) — rank(Q)
0 0 0 -A
pHlAQH  phippl 0
= rank| QMQQM 0 QMB | + rank(A) — rank(P) — rank(Q).
0 Cpl -D
But by Lemma 2.4,
[t]
mnk( CPﬁ] A AQD B ):mnk(A)+mnk(D—CP[ﬂAQ[ﬂB).
Thus
pHlaQll  pippll 0
rank(D — CPTAQMB) = rank| QFIQQM 0 QMB | - rank(P) — rank(Q).
0 cptl -D
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Corollary 3.12. Let A € C"™" and B € C"™ such that A" and BM exist. Then

BlHlAll BB

- [t] Alt] -
rank(AB — ABB™ A" AB) mnk( AAM AB

) + rank(AB) — rank(A) — rank(B).

Proof. Replacing D by AB, C by AB, P by B, Aby I, Q by A and B by AB in Theorem 3.11, we get

Bl Al BlIBRL[ 0

rank(AB — ABBMAMAB) = rank| AMAAM 0 AYAB |- rank(A) — rank(B).

0 ABBF  —AB
Also,
I 0 0 BAl  BEIBBE 0 I 0 0 BMAL  BEBBL 0
0 I AM AFAAN 0 AMAB 0 I 0 |=| AMAAK AMABBKM 0o .
00 I 0 ABBM  —AB 0 BM T 0 0 —AB
Therefore

Bl Al BlIBBL*

4Lt -
rank(AB — ABBMAMAB) = mnk( AAAM A ABBH

) + rank(AB) — rank(A) — rank(B).

Moreover, by observing the following facts

I 0 Bl Al B1BBL I 0 B BllAll  BIIB
0 Al AAAK A ABBIH 0 gl | = AaM  AB

and
I 0 Blslall - BIIB I 0 Bl Al B1BBl
( 0 Ab )( AAM AB )( 0 BHY )‘( AMAAM - AFABBH )
we have
BlHlAll BB Bl Al BBR
TIE\AAr A )T TEL AMAAM AMABBH |-
Thus [+] Al []
rank(AB — ABBTTAMAB) = mnk( B A ﬁ*l BABB )+ rank(AB) — rank(A) — rank(B).
U

Lemma 3.13. Let P and Q be two N-Hermitian idempotent matrices of suitable orders. Then
rank(PQ — QP) = 2 rank( P Q ) + 2 rank(PQ) — 2 rank(P) — 2 rank(Q).
Proof. Since P and Q are two idempotent matrices, by Lemma 2.5,

P

rank(PQ — QP) = mnk( 0

) + mnk( P Q ) + rank(PQ) + rank(QP) — 2 rank(P) — 2 rank(Q).

By Lemma 3.9,
rank(PQ — QP) = mnk( ptl Qb ) + mnk( P Q ) + rank(PQ) + rank(P™1QM) — 2 rank(P) — 2 rank(Q).

Since P and Q are Hermitian, we get

rank(PQ — QP) = 2 mnk( P Q ) + 2 rank(PQ) — 2 rank(P) — 2 rank(Q).
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Lemma 3.14. If A and B exist, then rank( BB AltlA ) = mnk( B Al )

Proof. The conclusion may be arrived easily by using the following two equations
( BBl AltlA )( ’g A?*] ) = ( B Al ) and ( B Al )( B([)ﬂ (A[%)[*l ) _ ( BBITl  AltlA )

0

Theorem 3.15. Let A € C™" and B € C™. If A"l and B! exist, then
rank(BBATIA — AMABBIH) = 2 mnk( A B ) + 2 rank(AB) — 2 rank(A) — 2 rank(B).
Proof. 1t is easy to observe that
rank(BB A A) = rank(B(B B)M B AM(AAMN M A) < rank(BM AM) = rank(AB)

and

rank(AB) = rank(BMAM) = rank(BM BB AMAAM) < rank(BBM AMA).

Thus rank(AB) = rank(BBIAIf1A).
Clearly AMA and BB!"! are Hermitian and idempotent, then by Lemma 3.13,

rank(BBMAMA — AMABB™Y) =2 rank( BB AMA ) +2 rank(BBMAMA) - 2 rank(BBUM) - 2 rank(A1A)
=2 mnk( B Al ) + 2 rank(AB) — 2 rank(B) — 2 rank(A) (by Lemma 3.14).

O

Theorem 3.16. Let A € C"™" and B € C™ such that A" and B exist. If

):mnk( AF B ),

Bl Al BB
T AAM AB

then (AB)"! = BMAM is equivalent to any one of the conditions given in Theorem 3.5.
Proof. Since

Bl Al BIIB
T AAl AB

): mnk( Al B ),
by Theorem 3.15 and Corollary 3.12,
2 rank(AB — ABBMAMAB) = rank(BBMAMA — AMABBIM).
Thus if (AB)!"] = BMAIM then BBIIAMA = AABB!. Therefore
BB AN = BRI AMABBIIBIH Al — A1 ABBIIBRI AL = AT ABBM AL,

Similarly, we prove BB!AMIAB = AMAB. Thus we obtain condition (iv) of Theorem 3.5. [
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4. An Open problem

We can observe from Theorem 3.16 that (AB)!*! = Bl Al is equivalent to any one of the conditions given
in Theorem 3.5 by assuming the rank equality

[+ Alx] [*]
ran ( BAIS’*] BABB )z mnk( Al B )

But in the Euclidean case, such a rank equality assumption is not required. Thus it is an open question for
giving proof for Theorem 3.16 without assuming the rank equality, or finding a counterexample.
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