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Abstract. In this note, by means of a kernel function induced by a continuous function f on the unit circle,
we show that corresponding integral operator on Banach space A’ is bounded or compact precisely when
f belongs to the big Zygmund class A, or the little Zygmund class A,, where A" consists of all holomorphic
functions ¢ on E\S1 with the finite corresponding norm. This generalizes the result in Hu, Song, Wei and
Shen (2013) [5] and meanwhile may be considered as the infinitesimal version of main result obtained in
Tang and Wu (2019) [8].

1. Introduction and main results

Let C denote the complex plane, C = {C} U {co}, A={z€C: |2/ <1},A*=C\Aand S' =z € C: |z| = 1}.
Set f be a continuous function on the unit circle S'. Y.Hu, J.R.Song, H.Y.Wei and Y.L.Shen [5] introduced
a integral operator T induced by kernel function

K¢(C,2) = (xa(@©xa(2) — xa (Oxa(2)9f(C, 2), (11)
for (C,z) € (AU A*) X (A U A*), where ) stands for the characteristic function of a set and
¢5(C2) = L J(@) dw (1.2)

27t Jo (1 — Cw)?(1 — zw)? ™’
for (C,z) € (AU A) X (A" U A"). In particular, when C = z, we have
L)

Pf(z) = Pr(z,2) = i I (1.3)
The integral operator T is defined as for any holomorphic function ¢ in A U A%,
1 _
Tep(C) = = ff K¢ (G, 2)Y(2)dxdy. (1.4)
T JJaua
That is to say, when C € A,
1 _
Trp©) = — f fA K¢ (G, 2)¢(z)dxdy, (1.5)
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while C € A,
1 _
Trp(C) = - ﬂ K¢(C, 2)Y(2)dxdy. (1.6)
A

Let p > 1. The Banach space AP consists of all holomorphic functions ¢ in the unit disk A with finite
norm

1
||¢||fﬂp = ff lp)F|1 - |z|2|p—2dxdy < o0, 1.7)
AUA*

When p = 2, A% is a Hilbert space with inner product and norm

<pps=1 [ oeu@dy,  lgl=<g.0>. 18)

Next, we recall the definitions of the two class A., A. and give some background on the paper.
A continuous function f on S is said to belong to the big Zygmund class A. if there exists some constant
M > 0 such that

F(€ ) = 2f(e”) + () < Mt (1.9)

forall 0 € [0,2m) and f € (0, ). A Zygmund function f is said to belong to the little Zygmund class A. if

o JEO) = 2f) + f@)

t—0+ t

0 (1.10)

uniformly for 6 € [0,27). Zygmund [10] firstly introduced these functions. Zygmund functions have been
found many applications in the study of Teichmiiller space (see [2], [3], [7]). On the other hand, some
researchers want to give some new characterizations for A. and A, in view of methods in the Teichmdiller
space. In 2012, Y.Hu and Y.L.Shen [4] introduced a kernel function ¢, induced by a quasisymmetric home-
omorphism / and discussed the compactness of the corresponding operator T, on A*. Meanwhile, Y.Hu,
J.R.Song, H.Y. Wei and Y.L.Shen [5] gave the infinitesimal version of the main result in [4]. Subsequently,
on the base of [4], S.A.Tang and P.C.Wu [8] studied the compactness of the corresponding operator T, on
AP. In this paper, we show the infinitesimal version of the main result in [8]. Indeed, we will prove the
following theorems.

Theorem 1.1. Let f be a continuous function on the unit circle and p > 1. Then the following statements are
equivalent:

(i) f e Ay

(i1) The integral operator Ty : AP — AP is bounded;

(iii)For each fixed z € AU A*, K¢(-,z) € AP, and ||[Ks(-, 2)llaw = O(1 — |zI*[™);

(iv) pf(z) = O((1 = |21*)72).

Theorem 1.2. Let f be a continuous function on the unit circle and p > 1. Then the following statements are
equivalent:

(i) fel,;

(i1) The integral operator Ty : AP — AP is compact;

(iii)For each fixed z € AU A*, K¢(-,z) € AP, and ||Ks (-, 2)llar = o1 = |z*[7);

(iv) pf(z) = o((1 — 1z1) ).

When p = 2, Thorem 1.1 or Theorem 1.2 coincides with Theorem 3.4 or Theorem 3.5 in [5], respectively.

We end this introduction section with the organization of the paper. In section 2, we give some lemmas
which will be used to prove main theorems. In section 3, we will give a proof of Theorem 1.1. The last
section we will prove Theorem 1.2.
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2. Some lemmas

According to Ahlfors [1], a complex-valued function F defined in a domain Q is called a quasiconformal

deformation if it has the generalized derivative JF such that oF € L¥(Q). The following lemma on the
quasiconformal deformation will be used later.

Lemma 2.1. (see Theorem 2.1 in [5] or [4]) Let f be a continuous function on the unit circle. Then f € A, if and only
if f can be extended to a quasiconformal deformation f of the whole plane C so that f = O(z*) as z — oo; Furthermore,
f € A, if and only if the quasiconformal deformation extension f can be so chosen that df(z) — Oas |z| — 1.

The following lemma gives the relationship between ¢¢(z) defined in (1.3) and the quasiconformal
deformation.

Lemma 2.2. (see Proposition 2.3 in [5]) Let f be a continuous function on the unit circle S*. Then the following
statements holds: _
() pr(z) = O((1 - 1z[%)72) if and only if f can be extended to a quasiconformal deformation f of the whole plane C

so that f(z) = O(z%) as z — oo;

(ii) pf(z) = o((1 — |2*)72) as |z| = 1 if and only if f can be extended to a quasiconformal deformation f~of the
whole plane C so that éf(z) —0asz— 1.

Furthermore, in each case,

R —2PP f(w) .
E(f)(z) = i o 0= Z0p@ = Z)dw, ze€ AUA, (2.1)

provides the required extension.

To prove the boundedness and compactness of the integral operator T;, we need to introduce the
following lemma.

Lemma 2.3. (see Theorem 3.6 of [9]) Suppose that (X, u) is a measure space and K(x, y) is a nonnegative measurable
function on X X X, K is the integral operator with kernel K(x, y), that is

Ky(x) = f fx K, )0 ()du(y).

Let 1 < p < oo with % + % = 1. If there exist positive constants C1 and C, and a positive measurable function h on X
such that

[ ke v < i, @2
for almost every x € X and

[ ke v < v 23)

1 1

for almost every y € X, then K is a bounded operator on LP(X, du) with norm less then or equal to C] C;.

We also need the following integral estimates (see [9]).

Lemma 2.4. ([9]) Suppose that z € A, s > 0 and t > —1. Then there exists constant C > 0 so that

11 (1 = [wP)! 1
- < <C——. 2.4
cCu—ppyr < ffA i —zwpee 10 = ST ey @4
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Remark 2.5. When z € A*,we can obtain

(lwP = 1) 1
C (|z|2 1)y ~ ff 11— Zw|2+t+sd udv < C(|Z|2 —1) (2.5)

We also consider a special subset of A”. For fixed z € AU A", we set ¢, € AP by

— |z
P,(0) = ( C)ZXA(C) zZ €A, (2.6)
and
— |z .
(0 = (1 Ao zen” 2.7)

It follows from Lemma 2.4 and Remark 1 that ¢, € AP.
To prove our main theorems, we need the following two lemmas in [5].

Lemma 2.6. (see Lemma 3.2 in [5]) Let f be continuous function on the unit circle. Then it holds that
T-(0) = (1 - |2PKf(C, 2), (C,2) € (AUAY) X (AUAY. (2.8)

Lemma 2.7. (see Lemma 3.3 in [5]) Let f be continuous function on the unit circle. If for each fixed z € AU A*,
K{(-,z) € A%, then for all z € AU A", it holds that

(Kf(-,2), ¥z) = 1 = 2Pl (2)- (29)

3. Proof of Theorem 1.1

Proof. ”(i)=(ii)” It is known that the following two equations ((3.1) and (3.2)) hold (see [5]). when ((,z) €

A XA,
1 f(@w) 8F(w
¢s(C2) " 2ni a (1-Cw)*(1 - zw)2 ff (1 - Cw)?(1 - zw)2 ao, (3-1)
when (C,z) € A* X A,
1 f(w) OF(w)

Rl e il | e e 2 2
where F(w) is the quasiconformal deformation of f. Meanwhile, for any holomorphic function ¢ € A?, by
a result of [5], we know that

¢(C)=1ffﬂdxdy CeA (3.3)
7 JJa (L =20 ’ ’ ‘
nd V@
1 Z "
P(C) = p fj; a —zC)ZdXdy' CeN. (3.4)
Following from (3.1)-(3.4), Y.Hu, J.R.Song, H.Y. Wei and Y.L.Shen [5] got that
JF
TAp(0) = f f (w)g(;z) udo, for CeA, (3.5)
and
FF@)y(w) *
Trp(C) = ff - Cw)2 dudv, for C(CeA" (3.6)
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Then one side is for C € A,

1
=[] imwera -y 2azan

ffff—

(1~ [CPy~2dedn

OF
p+1 s | I1(i0 )Cw (TSM (1 [Py d&dn
1- 2\2-p 81: I3
= o ( ] |i - |Cw|(2w)lub(w)| (1 _ |w|2)P*2dudU (1 _ |C|2)p72d5d17

Let du(w) = (1 ~ [Py >dudv and K(C, w) = L2 (,w) € A x A. Consider the function h(w) = (1 - [wP)*,

where -1 + 1 p <a< min{0, -1 + } By Lemma 2.4, there exists a constant C3 > 0 such that

(1 - |w|2)2_P q
f o)

—1n]2)2—
= f %(1—@?)“’7(1—lez)p’zdudv
A

(1 — [w)*
———dudv
fA [1— Cwl?

C3(1 — [C)™ = C3hH(0). (3.8)

IA

Similarly, there exists a constant C4 > 0 such that

22—
f A= L )

- Cwf?
1 2\2-p
= f ( Cl )IZ (1= [CP)P(1 - CPy2dedn
1 2\2-p
f ( |ué| )lz |C|2)ap+p—2d€dn
B 2 (1 _ |C|2)ap+p 2
= -y ] S
< Cy(1 = [wP)™
= G (w). (3.9)

Combining (3.8) and (3.9), by Lemma 2.3 we deduce that

Ky(Q) = f fA K(C, 0 w)du(w)
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is bounded on LP(A, dy). Thus there exists a constant Cs such that
=[] mwra- ICIZ)”‘Zdédﬂ

) ff [ s,

NENI e

= [ oo @ - -2y

< S ar it [ wora- iy

( —|CPy2dédn

IA

< 11 OF Il 11

p+1

And the other side is for C € A*. By (3.6) we get

JF
o = &[] e

) IF(L ) w) iy
- ff (1- Ly T 4

then
p 1 3P(w)1,b(w)
|Tf¢((:)) = ﬁff 1= Cw)2
< lf |8F(5)¢(5)|Ldudz;p
- oo A 1= Clz |w|2
_ 1 OF(Lyp(L)l
W f s Tw-cp
Thus
% f TP (CE - 1)”‘2dc€d77
A LC O A
- nl""l A lw — Clz (lCl 1)]0 dédﬂ
_ FE) ()l s
- np+1 A |1 w(:lz ————>—dudv ( _|C| )P |C| dédn
Ry -
< np+1 A |1 w(:lz d d ( _|C| )P dédn

Similar to the proof of (3.10), it follows from (3.11) that there exists a constant C¢ > 0 such that

1 f TP~ [CRY2dedn

IA

I 9F 1511 ¢ 11,

p+1

794

(3.10)

(3.11)

(3.12)
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In view of (3.10) and (3.12), there exists a constant C; > 0 such that

I Tr 10, < C7 I E I ¢ I, -

This shows that Ty : AP — AP is bounded.
”(ii)=(iii)” By Lemma 2.5, we know

Trpa(0) = (1 - EP)KS(C, 2).

Since
[ immorn - icep-2azan
AUA*
= [ -k - etz
AUA*
= n-gpr [[ K@an - e,
AUA*
we get

ITrellwr = 11 = 12PIIK (2l

that is to say |IKf(-, 2)lla = O(1 — [zA[™").
”(iii)=(iv)” By Lemma 2.6, we know

(Ks(2),¥2) = 1 = 12PIps(2),
namely,

1 _
=] Kt aigan = n a1,

In view of Holder’s inequality, we obtain

1 -
‘— f f kG, Z)llfzdédn‘
s AUA*

1 - 2 =
= ‘— ff Kp(C,2)yz1 = TP 7 11 =[P 7 )dédﬂ‘
Tt AUA*

: ( f f K@ 1t - |C|2|p_zdédn)v ( f f Y=L - [CPI2dedn)
T AUA* AUA*

795

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Because 1 < p < co with % + % =1, it follows that 1 < g < co. From Lemma 2.4, we can assert that ¢, € A"

Therefore, we conclude that

dr(z) = O((1 ~ 121)7?).

Similarly, when z € A*, by Holder inequality and Remark 1, we obtain
¢p(2) = O((1 = lz1)7?),z € A™.

”(iv)=()"” This follows from Lemma 2.1 and Lemma 2.2.
|

(3.19)

(3.20)
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4. proof of Theorem 1.2

Proof. ”(i)=(ii)” It is sufficient to show that T¢(i,) — 0 for each sequence {,} converges to zero locally
uniformly in A U A*.
Since f € A., from Lemma 2.1, we get that for any € > 0, there exists some r < 1 such thatas r < [w| < 1,

IéF(w)I < €. Therefore, by the (3.13) we obtain

IN

<

Tl
CAOFIL I,

CHIFEIL f f WP (1 — [Cy-2dCdn
AUA*

G {lléFll’; ff WP = (Cly2dcdn + gl |- (4.1)
(ic<nulici>1)

Thus, T — 0 for each sequence {,,} which converges to zero weakly.
Proofs of (ii)=(iii), (iii)=(iv) and (iv)=(i) are same as Theorem 3.5 in [5]. [
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