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Abstract. In this paper, we introduce W-conformal curvature tensor, a new tensor that generalizes the
conformal curvature tensor. At first, we deduce a few fundamental geometrical properties of W-conformal
curvature tensor and pseudo W-conharmonically symmetric manifolds and produce some interesting out-
comes. Moreover, we study W-conformally flat perfect fluid spacetimes. As a consequence, we establish
a number of significant theorems about Minkowski spacetime, GRW-spacetime, projective collineation.
Moreover, we show that if a W-conformally flat spacetime admits a Ricci bi-conformal vector field, then it is
either conformally flat or of Petrov type N. At last, we consider pseudo W conformally symmetric spacetime
admitting harmonic W-conformal curvature tensor and prove that the semi-symmetric energy momentum

tensor and Ricci semi-symmetry are equivalent and also, the Ricci collineation and matter collineation are
equivalent.

1. Introduction

In general relativity (briefly, GR) and differential geometry, the Weyl conformal curvature tensor W
performs a crucial role. In a Riemannian or a semi-Riemannian manifold, W is defined by[26]

WU VIG = KU V)G~ —[g(V,G)QU - gL GIQV
+5(V,G)U - S(U, G)V]

i

R
m[g(‘/, G)U -g(U,G)V], 1)

in which S, R and K are (0,2) type Ricci tensor, scalar curvature and the (1,3) type Riemannian curvature
tensor, respectively.

The primary issue in differential geometry, among others, is the exploration of curvature properties. In
this regard, S.S. Chern had stated in [8] “ A fundamental notion is curvature, in its different forms ”. As
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a result, the Riemann curvature tensor’s discovery opens up a wide range of fascinating topics. Due to
the aforementioned idea, we have developed a new curvature tensor in this study that we have named the
W-conformal curvature tensor.

In a semi-Riemannian manifold M", we define, a tensor C of type (0,4) by

CWV,GH) = RUV,GH) - —[S(V,Glg(U H) - S(UG)g(V, H)

-2
+S(U, H)g(V,G) = S(V, H)g(U, G)]

WR
= =V Q9 H) - (U, G)g(V, H)l, @)

in which W is the arbitrary scalar function and K stands for the (0,4)type Riemannian curvature tensor
described by

KU, V,G,H) = g(K(U, V)G, H). (3)

The preceding curvature tensor is named as a W-conformal curvature tensor. The aforesaid curvature
tensor, in particular, simplifies to a conformal curvature tensor for W = 1. The curvature tensor and the
W-conformal curvature tensor are identical if W = 0.

We are concentrating on symmetric spaces in this article due to their crucial relevance in differential
geometry. In the late twenties E. Cartan [3], created these spaces.

Let V stands for the Levi-Civita connection of (M", g), then the Riemannian manifold M" is known as
locally symmetric if VK = 0 [3]. The aforementioned local symmetry criterion holds true for each point
U € M" where F(U), the local geodesic symmetry is an isometry [20]. The class of manifolds of constant
curvature is a very fundamental generalization of the class of Riemannian locally symmetric manifolds.
Throughout the past few decades, numerous mathematicians have undermined the intriguing concept of
locally symmetric manifolds in a variety of ways; for further information, see ([1], [4], [5], [22], [25]).

According to Chaki [5], for a non-zero 1-form D the (M, g), (n > 2), a non-flat Riemannian or a semi-

Riemannian manifold is named pseudo symmetric if its curvature tensor K satisfies

(VxK)U V,G,H) = 2DX)K(U,V,G,H)+DUK(X,V,G,H)
+D(V)K(U, X, G, H) + D(G)K(U, V, X, H)
+D(H)K(U, V, G, X), (4)

in which p stands for the vector field described by

g(U, p) = D(U), (5)

for all U. If D = 0, then M reduces to a symmetric manifold in the Cartan sense. A pseudo symmetric
manifold of dimension n is usually denoted by (PS),.

In [28], Zengin and Tasci initiated the investigation of pseudo-conharmonically symmetric manifolds.
Recently, they investigated pseudo-conharmonically symmetric spacetimes [29].

Getting motivation from the foregoing investigations, we have studied a semi-Riemannian manifold
(M?", g), (n > 2) whose W-conformal curvature tensor C obeys

(VxOWU,V,G, H) = 2DX)CU,V,G,H) +DU)C(X,V,G,H)
+D(V)C(U, X, G, H) + D(G)C(U, V, X, H)
+D(H)C(U, V, G, X). (6)
The above mentioned manifold shall be named a pseudo W-conformally symmetric manifold and shall be
denoted by (PCS),.

Lorentzian manifold is a special category of semi-Riemannian manifold equipped with a Lorentzian
metric g. The Spacetime of general relativity is nothing but a time-oriented connected Lorentzian manifold



F. Mofarreh et al. / Filomat 37:30 (2023), 10265-10274 10267

M?* with the signature (-, +, +, +). The study of the casual character of vectors of the Lorentzian manifold
is started with the geometry of the Lorentz metric. The investigation of general relativity becomes a
convenient choice for this casualty of the Lorentz manifold.

A perfect fluid (briefly, PF) which performs a significant role in general relativity does not have heat
conduction terms and the stress term corresponding to viscosity [16]. Hence, for a PF the energy momentum
tensor (briefly, EMT) T is written by

T(U, V) = (0 + p)BU)B(V) + pg(U, V) (7)

in which o and p stand for the energy density and the isotropic pressure, respectively [20] and p is a unit
timelike vector field (g(p, p) = —1) metrically equivalent to the 1-form B.
The Einstein’s field equations without cosmological constant is written by

S(UV) - 39(U V) = KT V) ®

where R and k are the scalar curvature and the gravitational constant, respectively.
A non-flat semi-Riemannian manifold satisfying the condition

(Vw, S)U, V) = Bi(W1)S(U, V), ©)

is named a Ricci recurrent manifold [21] in which By is a 1-form.

Mantica and Suh [17] have investigated Pseudo Z-symmetric spacetimes and Ozen[27] have studied
m-Projectively flat spacetimes. A condition for which a pseudosymmetric spacetime would be a PF space-
time was recently discovered by Zhao et al.[30]). Moreover, in [10], we have studied {-conharmonically
symmetric spacetime. As well, many authors have looked at the spacetime of general relativity in various
methods; for additional information, see ( [9], [15], [19]).

Motivated by the above investigations here we characterize the (PCS), manifold and W-conformally flat
spacetimes.

The article is organized as:

The properties of W-conformal curvature tensor are discussed in section 2. In section 3, we investigate
the curvature properties of (PCS), (n > 2) manifold. W-conharmonically flat spacetimes are investigated in
section 4. Section 5 is devoted to investigate (PCS), spacetimes.

2. W-conformal curvature tensor

Let at every point of the manifold {e;} (1 < j < 1), be an orthonormal basis of the tangent space at each
point of the manifold. Now from (2) we have

Y C(V,Geje)=0=)" Cleje;, V,G) (10)
1 1
and
Z Clej,ej, G, H,e;) = Z C(G,ej,ej, H)
1 1
where R = ¢; Z?:l S(ej,ej) (Here, we pute; = g(ej, ¢j), thatis,e; =-lLex=---=¢, =1).

From the equation(2) it can be deduced that
AU, Vv, G H)=-CV, U, G, H), (12)
U, V,G H)=-CUV,H,G), (13)
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CUV,G,H) =C(G,HUYV) (14)

and
CU,V,G,H)+C(V,G,UH)+C(G,U,V,H) =0. (15)

Remark 2.1. The conformal curvature tensor is a traceless tensor, but \V-conformal curvature tensor is not a traceless
tensor.

Proposition 2.2. If a semi-Riemannian manifold M" is W-conformally flat, then the manifold becomes Ricci flat.

Proof. If W-conformal curvature tensor vanishes, then we acquire from (2) that

RWUV,GH) = —[S(V,Gg(lLH) - SU, Q)g(V,
+S(U H)(Y, G) - S(V, H)g(U G)]
WR

“n= = O H) = g(U G)g(V, ). (16)

Contracting V and G in the foregoing equation yields

(1-W)S(U H) =0. (17)
Hence, we obtain

S(UH)=0, (18)

Since, WV is an arbitrary scalar function, W # 1.
This finishes the proof. [

Proposition 2.3. Let the W-conformal curvature tensor C be symmetric in the Cartan sense. Then the manifold M"
turns into a Ricci recurrent manifold.

Proof. The W-conformal curvature tensor C is written by

CUVIG = KUVIG- —1g(V,G)QU - (U G)QV
+S(V,G)U - S(U,G)V]

YR
+m[9(vr GU - g(U,G)V], (19)

where Q is the Ricci operator defined by g(QU, V) = S(U, V).
Covariant differentiation of (19) yields
Vw,OWU VG = (Vw, KU, V)G

VSV, G - (Vu, UGV

+9(V, G)(Vi, QU - (U, G)(Vi, Q)V]

S (v, 0)QU - U, OV + S(V,6)U - SU,G)V]
(Wl\p)R + \I/(WlR)

(n=2)(n-1)

[g(V,G)U - g(U G)V]. (20)



F. Mofarreh et al. / Filomat 37:30 (2023), 10265-10274 10269

By the assumption, the tensor C is symmetric in the Cartan sense, that is, VC = 0. Therefore, the foregoing
equation gives

T OUVIG = —[Vw SV, OU - (Vi U OV

+g(V, G)(Vw, QU — g(U, G)(Vw, Q)V]
+(,1W;_\Izl)[g(‘/, G)QU - g(U,G)V + S(V,G)U - S(U,G)V]
_ (Wl\p)R + \I/(WlR)

n-2)(n-1)

[9(V, QU - g(U, G)V]. (21)
Contracting the previous equation, we acquire

(TwSV,G) = o dB(W)S(V,G) 22)
Again contracting the equation (22), we obtain

dR(W:) = —S— d(Wy). (23)

1-W

From the previous equation, we infer

(1 = W) (WilogR) = dW(Wy). (24)
Making use of (23) and (24) in (22), we obtain

(Vw,SYV,G) = (WilogR)S(V, G). (25)

This finishes the proof. [

3. (PCS), (n > 2) manifolds

Proposition 3.1. In a (PCS),, manifold, the W-conformal curvature tensor satisfies the Second Bianchi Identity, that
is,

(VxO(U, V,G, H) + (VeO)(U, V, H, X) + (VuO)(U, V, X, G) = 0. (26)
Proof. Using (6) in the left hand side of the previous equation, we get the desired result. [

Proposition 3.2. If a (PCS), permits divergence-free \V-conformal curvature tensor, then the scalar curvature
vanishes.

Proof. From (2), taking a frame field over V and G we infer
C*(UH) = 1-W)S(U,H), (27)

where C* denotes the contracted W-conformal curvature tensor.
Now contracting the equation(6) over X and H we acquire

(divC)(U, V)G = D(C(U,V)G))
+D(U)C*(V, G) - D(V)C*(U, G). (28)
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Making use of (2) and (27) in the foregoing equation, we obtain

@CUVIG = DU V)G) - —[DQU)gV,C)
~DQV)¢(U, G) + S(V, G)D(U) — S(U, G)D(V)]
WR
+m[g(‘/’ G)D(U) - g(U, G)D(V)]
+DU)(L - P)S(V, G)
-D(V)(1 -W)S(U, G). (29)

If divC = 0, then contracting the previous equation, we infer

2(1 -
R - 2= g1pan = o, (30)
n—2
Hence, either R =0or W = —2((21;_";) = constant, a contradiction(since, W is an arbitrary scalar function).

This finishes the proof. [

4. W-Conformally flat spacetimes

To find out a model of the universe, Einstein applied the field equations of general relativity. The vast
range of the universe displays isotropy and homogeneity, and the universe’s matter (stars, nebulas, galaxies,
and so on) can be comparable to a PF.

In this article, we explore the W-Conformally flat spacetimes and pseudo W-conformally symmetric
spacetime. The conclusions reached for the pseudo W-conformally symmetric manifolds apply equally
to the Lorentzian situation. Now, we select the associated vector corresponding to the 1-form D is a unit
timelike vector field, that is, g(p, p) = —1.

In this case, we take into account a PF spacetime with vanishing W-conformal curvature tensor. In a
W-conformally flat PF spacetime (8) takes into the shape

kT(U, V) =0. (31)
Now using (31) and (7), we infer

k(o + p)B(UDB(V) + pg(U, V)] = 0. (32)
Executing contraction over U and V, we acquire

3p-0=0. (33)

Again, putting U = V = p in (32), we obtain ¢ = 0 and hence using it (33), we provide p = 0. Therefore, the
fluid is vaccum.
Thus, we write:

Theorem 4.1. If a spacetime with vanishing W-conformal curvature tensor satisfies EFE without cosmological
constant, then the fluid is vaccum.

Since a W-conformally flat PF spacetime is Ricci flat, hence we obtain the scalar curvature R = 0. Thus, (16)
infers that the spacetime has vanishing sectional curvature. Therefore, a \W-conformally flat PF spacetime
and Minkowski spacetime are locally isometric ([13], p. 67).

Hence we write:

Theorem 4.2. A V-conformally flat PF spacetime is locally isometric to Minkowski spacetime.



F. Mofarreh et al. / Filomat 37:30 (2023), 10265-10274 10271

We know that
@WWUVIG = T2 HVuS)V,G) - (VrS)U,G)
1
“3=1) {g(V, G)dR(U) — g(U, G)dR(V)}]. (34)

Since in a W-conformally flat PF-spacetime S = 0 and R = 0, from (34) we acquire (divW)(U, V)G = 0.

In [18], Mantica et al established that a PF-spacetime with R = constant and (divW)(U, V)G = 0 reduces
to a GRW-spacetime.

Therefore, we state:

Theorem 4.3. A \V-conformally flat PF spacetime is a GRW-spacetime.
In a dust fluid spacetime [24], the T is described by

T(U, V) = uB2(U)B(V), (35)

in which B, stands for the velocity vector field of the flow, that is, g(p, p) = —1 and p is the energy density
of the dust-like matter.
Using the equation (8) and (35) we acquire

kuB,(U)By(V) = 0. (36)
Contracting the foregoing equation by taking a frame field, we get

kp =0, (37)
Therefore, the equation (35) yields

T(U,V)=0. (38)

Hence, the fluid is vacuum. This is not a physically significant scenario bearing in mind that the universe
contains matter. Hence, we state

Theorem 4.4. A dust fluid spacetime with vanishing Y-conformal curvature tensor satisfying EFE without cosmo-
logical constant does not exist.

4.1. Projective collineation

If a continuous group of local diffeomorphism of M maps geodesics into geodesics, it is referred to as
projective collineation (PC) [2] and its generator is referred to as a projective vector field. A vector field V
isa P Cif and only if

Lvrj.k = 5j.qk + 8,45,

in which Ly stands for the Lie derivative operator along V and g; = q,; in which g is a 1-form. Therefore,
locally g; is an exact form. Specifically, if LVFj.k = 0, then the PC turns into the affine collineation or affine

motion. The maximum dimension of the projective algebra of M is n? + n for which M is projectively flat.
We know that the projective vector field V obeys

LvKjy = 8,1 = 0idiik, (39)
LyKij = (1 —n)qg;;, (40)
LyPj; =0, (41)
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in which ngk, Kij and P;].k are the components of the curvature tensor, Ricci tensor and projective curvature

tensor, respectively.

Let us choose the PC in a W-conformally flat spacetime. From equation (18) we see that the W-conformally
flat spacetime is Ricci flat and hence from (40), we acquire g;; = 0. If g; # 0, then the PC is proper and for
n = 4, the metric must be either a pp-wave [14] or flat. If g; = 0,, then V generates an affine collineation
and for the spacetime the metric is a pp-wave or decomposable, or V is a homothetic Killing vector field.
Hence, we write the outcomes as:

Theorem 4.5. Let a \V-conformally flat spacetime permits a projective collineation V . Then

(i) the projective collineation is proper and, for n = 4, the metric is either a pp-wave or flat, provided q; # 0.

(ii) V generates an affine collineation and the metric is a pp-wave or decomposable, or a homothetic Killing vector
field, provided g; = 0.

Definition 4.6. On a Riemannian manifold a vector field X is named Ricci bi-conformal vector field [11] if it obeys
the subsequent equations

Lxg =ag+ BS (42)
and

LxS = aS+ pg (43)
for non-zero smooth functions o and p.

Since S = 0, equation (42) implies Lxg = ag which entails that X is a conformal vector field. In [23], Sharma
has established that “ If a spacetime with divergence-free conformal curvature tensor permits a conformal
Killing vector field, then the spacetime is either conformally flat or of Petrov type N.”

Here S = 0, then obviously the divergence of the conformal curvature tensor vanishes. Therefore, we
can write:

Theorem 4.7. If a V-conformally flat spacetime admits a Ricci bi-conformal vector field, then it is either conformally
flat or of Petrov type N.
5. (PCS)4 spacetimes
Definition 5.1. A semi-Riemannian manifold is called Ricci semi-symmetric if the Ricci tensor S fulfills
KU, v)-5=0,
forall U,V € x(M), where K(U, V) acts as a derivation on the curvature tensor K.

Let the (PCS), spacetime permits harmonic W-conformal curvature tensor. Then by Proposition 3.2, we get
the scalar curvature R = 0. Therefore, using equation (8), we acquire

S(U,V)=kT(U,V). (44)
From the last relation, we infer K-S = K- T.

Theorem 5.2. In a (PCS)4 spacetime with harmonic V-conformal curvature tensor, the semi-symmetric EMT and
Ricci semi-symmetry are equivalent.

Also, from equation (44), we obtain VS = VT. Since VT = O entails K- T = 0, hence we write the subsequent:

Theorem 5.3. A (PCS)y spacetime with harmonic \V-conformal curvature tensor and covariant constant EMT is
Ricci semi-symmetric.
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For a general relativistic spacetime the foregoing theorem has been established in [6].
In [12], De and Velimirovic established the subsequent outcomes:

Theorem 5.4. In a PF spacetime let the EMT be semi-symmetric. Then the spacetime is characterized by the
subsequent cases:

(i) The PF behaves as a cosmological constant and the spacetime represents inflation. Also, it is named as a
phantom barrier.

(ii) The PF will start to behave as exotic matter or, equivalently it represents the quintessence barrier.

Remark 5.5. The above theorem holds in a (PCS)y spacetime with harmonic \V-conformal curvature tensor if the
spacetime is Ricci semi-symmetric.

We state that M permits a matter collineation if a provided symmetric vector field V (non trivial) of M leaves
the matter tensor invariant (LyT;; = 0). Similarly, it is called Ricci collineation if LyS;; = 0 holds where §;;
are the components of the Ricci tensor S.

From equation (44), we can easily get

LySij = LyT;;. (45)
Hence, we have

Theorem 5.6. In a (PCS), spacetime with harmonic V-conformal curvature tensor the Ricci collineation and matter
collineation are equivalent.

6. Acknowledgement

We would like to thank the anonymous referee and the Editor for reviewing the paper carefully and
their valuable comments to improve the quality of the paper.

The author, Fatemah Mofarreh, expresses her gratitude to Princess Nourah bint Abdulrah-man Uni-
versity Researchers Supporting Project number (PNURSP2023R27), Princess Nourahbint Abdulrahman
University, Riyadh, Saudi Arabia.

References

[1] Adati, T. and Miyazawa, T., On a Riemannian space with recurrent conformal curvature, Tensor(N.S.), 18 (1967), 348-354.
[2] Barnes, A., Projective collineations in Einstein spaces, Classical Quantum Gravity 10 (1993), 1139-1145.
[3] Cartan, E., Sur une classes remarquable d’espaces de Riemannian, Bull. Soc. Math. France, 54 (1926), 214-264.
[4] Chaki, M.C. and Gupta, B., On conformally symmetric spaces, Indian J. Math., 5 (1963), 113-295.
[5] Chaki, M.C., On pseudo symmetric manifolds, Ann. St. Univ. Al I Cuza lasi, 33 (1987), 53-58.
[6] Chaki, M.C., Roy, S. Spacetimes with covariant-constant energy-momentum tensor, Int. J. Theor. Phys. 35 (1996), 1027-1032.
[7] Chavanis, PH., Cosmology with a stiff matter era, Phys. Rev. D 92, 103004 (2015).
[8] Chern,S.S., What is Geometry ?, Am. Math. Monthly, 97 (1990), 679-686.
[9] De, K. and De, U.C., Investigation of generalized Z-recurrent spacetimes and f(R,T)-gravity, Adv. Appl. Clifford Algebras 31, 38
(2021). https://doi.org/10.1007/s00006-021-01145-4.
[10] De, K and De, U.C., Some geometric and physical properties of pseudo y-conharmonically symmetric manifolds, Quaestiones Mathemat-
icae 2022, https://doi.org/10.2989/16073606.2022.2046197.
[11] De, U.C,, Sardar, A. and Sarkar, A., Some conformal vector fields and conformal Ricci solitons on N(k)-contact metric manifolds, AUT ]J.
Math. Com., 2 (1) (2021), 61-71.
[12] De, U. C. and Velimirovié, L., Spacetimes with Semisymmetric Energy Momentum tensor, Int. J. Theor. Phys., 54(2015), 1779-1783.
[13] Duggal, K. L. and Sharma, R.,Symmetries of spacetimes and Riemannian manifolds, Mathematics and its Applications 487 (Kluwer
Academic Press, Boston, London 1999).
[14] Ehlers, J. and Kundt, W., Exact solutions of the gravitational field equations, in Gravitation: An Introduction to Current Research, ed. L.
Witten, John Wiley and Sons, Inc., New York, 1962, 49-101.
[15] Guler, S. and Altay Demirbag, S., A study of generalized quasi-Einstein spacetimes with applications in general relativity, Int. J. Theor.
Phys. 55 (2016), 548-562.
[16] Hawking, S.W. and Ellis, G.ER., The large scale structures of spacetimes, Cambridge Univ.Press, Cambridge, (1973).
[17] Mantica, C.A. and Suh, Y.J. Pseudo Z-symmetric spacetimes, J. Math. Phys. 55 (2014), no.4, 042502, 12pp.



[18]
[19]

[20]
[21]
[22]
[23]

[24]
[25]
[26]
[27]
[28]
[29]
[30]

F. Mofarreh et al. / Filomat 37:30 (2023), 10265-10274 10274

Mantica, C.A., De, U.C., Suh, Y.J. and Molinari, L.G., Perfect fluid spacetimes with harmonic generalized curvature tensor, Osaka
J.Math., 56 (2019), 173-182.

Mantica, C.A., Molinari, L.G., Suh, Y.J. and Shenawy, S., Perfect fluid, generalized Robertson Walker spacetimes, and Grays decomposition,
J. Math. Phys. 60 (2019), 052506.

O'Neill, B., Semi-Riemannian Geometry with Applications to the Relativity, Academic Press, New York-London, 1983.

Patterson, E.M., Some theorems on Ricci-recurrent spaces, J. London Math. Soc., 27 (1952), 287-295.

Roter, W., On conformally symmetric Ricci-recurrent spaces, Colloquium Mathematicum, 31 (1974), 87-96.

Sharma, R., Proper conformal symmetries of spacetimes with divergence free conformal curvature tensor, J. Math. Phys. 34 (1993),
3582-3587.

Srivastava, S.K., General Relativity and Cosmology, Prentice-Hall of India Private Limited, New Delhi, 2008.

Walker, A.G., On Ruse’s space of recurrent curvature, Proc. London Math. Soc., 52(1950), 36-54.

Yano, K. and Kon, M. Structures of manifolds, World Scientific Publishing, Singapore(1984).

Zengin, EO., m-Projectively flat spacetimes, Math. Reports, 14(64)(2012), 363-370.

Zengin, EO. and Tasci, A.Y., Pseudo conharmonically symmetric manifolds, Euro. J. Pure Appl. Math., 7 (2014), 246-255.

Zengin, F.O. and Tasci, A.Y., Pseudo conharmonically symmetric spacetimes, Kragujevac J. Math., 42 (2018), 619-630.

Zhao, P, De, U.C., Unal, B. and De, K., Sufficient conditions for a pseudosymmetric spacetime to be a perfect fluid spacetime, Int. ].Geom.
Methods Mod. Phys. 18 (2021), 2150217 (12 pages). https://doi.org/10.1142/50219887821502170



