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Some one-variable identities on generalized matrix functions which
imply determinant

Mohammad Hossein Jafari?, Ali Reza Madadi?

?Department of Pure Mathematics, Faculty of Mathematical Sciences, University of Tabriz, Tabriz, Iran

Abstract. In this paper we prove that if a generalized matrix function satisfies some one-variable identities
for some classes of n-by-n matrices over C, then it is a scalar multiple of the determinant.

1. Introduction

Throughout the paper denote by M,,(C) the set of all n-by-n matrices over C and let 5, be the symmetric
group of degree n. Let G < 5, and x : G — C be an arbitrary function. The generalized matrix function
associated with G and y is the function df(" : M,,(C) — C given by

dSa) =Y x(0) H (o,
1

oeG i=

where A = (a; ]~) € M,,(C). The determinant and the permanent are two famous generalized matrix functions.
In fact, if G = 5, and x = ¢ is the alternating character of G, then d)‘? = det is the determinant and if G = §,,
and y = 1¢ is the principal character of G, then d$ = per is the permanent. Clearly if x,¢ : G — C are
two functions and A € C, then d? g = d)? + /\dg, and if { is the unique extension of x to 5, which vanishes

outside of G, then df = di”. We refer the reader to the books [4] and [5] for some deep information about
generalized matrix functions.

Let us introduce some notations and preliminaries which will be used throughout. For each o € 5,, let

Fix(o) ={i: 1 <i<mn,o(i) =i}

be the set of fixed points of ¢ and I(c) = n — [Fix(o)| be the length of 0. Obviously ¢ = 1 if and only if
I(o) = 0, and also I(0) # 1 for all 0 € 5,,. It is important to note that the composition of permutations in
5, means left-to-right, that is, (o7)(i) = t(0(7)), for any 0,7 € 5,. It is also known that each 1 # 0 € 5,
can be uniquely written as a product of (nontrivial) disjoint cycles. The number of (nontrivial) disjoint
cycles in the decomposition of ¢ is denoted by c(c). We denote the set of involutions of 5, by T, that is,
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T,={c€S,: %=1}

Let E;s = (0;70sj) € M;y(C) be the standard matrix units, that is, the matrix which has 1 in the (7, 5)-th entry
and 0 elsewhere. Also for each 0 € 5, let A; = (04();) € M,(C) be the permutation matrix induced by o. It
can be easily verified that for any 0,7 € 5, :

(1)As; =IL,ifand only ifo = 1;

(2) Agr = AGAs;

(3) det A, = sgn(o);

(4) A, is diagonalizable;

(5) if 0 has order m, then each eigenvalue of A; is an m-th root of unity;
(6) A7' = A, = AL

(7) A, is a symmetric matrix if and only if 02 = 1;

(8) ExAs = Ero(s) and AGE,s = Ea‘l(r)s~

Let us consider the following question:

Question: If G < 5,, x : G — C is a function, and C is a class of matrices in M,(C) such that the
two-variable identity

dS(AB) = dJ(A)dS(B),

holds for all A, B € C, then what is the relationship between d)‘(; and det?

This question has been extensively studied for several classes C. Exercise 2 of Chapter 8 in [5] says that
if x is an irreducible character of G = §, and C = M,,(C), then d)‘? = det. The authors in [2] showed that
d? = det if y is nonzero and C is the set of all nonsingular matrices in M,,(C), and d? = x(1) det if C is the set
of all singular matrices in M, (C). It was proved later in [6] that if x is a character of G and C is the set of all
symmetric matrices in M,(C), then d¥ = det. Recently, we proved in [3], among other things, that d$ = det
or d)(? = per if y is nonzero and C is the set of all permutation matrices in M,,(C), df = det if x is nonzero and
C is the set of all nonsingular symmetric matrices in M,,(C), and d? = x(1) det if C is the set of all singular
symmetric matrices in M, (C).

The main purpose of this paper is the study of generalized matrix functions that satisfy some one-
variable identities related to the above question. More precisely, let G < 5,, x : G — C be a function, and
C,C’, D, ¥ be the set of all nonsingular matrices, all singular matrices, all nonsingular symmetric matrices,
all singular symmetric matrices in M,,(C), respectively. We prove that the following are equivalent:

@) dAG,(A) = x(1)det(A) forall A e CUC’ (forall A e DU D) and x(1) € {0,1};
(2) d$(A?) = dS(A)? for all A € C (for all A € D);

(3) d$(I,) = dS(A)dS(A™) for all A € C (for all A € D);

(4) dS(AAY) = dS(A)dS(AY) for all A € C (for all A € D).

Also we prove that the following are equivalent:
(1) d$(A) = x(1) det(A) forall A€ CUC’ (forall A€ DU D);
(2) d$(A?) = dS(A)? forall A € C’ (for all A € D);
(3) dS(AAY) = dS(A)dS (AT forall A € C’ (for all A € D).

It should be remarked that the proofs of the above results will be much more simple if it is assumed that
X is a character of G but they became much more difficult if the character condition on yx is removed, as it
will be seen later.
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2. Main Results

To state our results, we need three key lemmas. In [3], a binary relation on 5, was defined as follows:

n n
0o~T H Aig(i) = H air(), for any symmetric matrix A = (a;;) € M,(C),
i=1 i=1

where g, T € §,,. Itis clear that ~ is an equivalence relation on 5,,. The equivalence class of o € 5, is denoted

by [o].
The first lemma is:

Lemma 2.1. Let 0,7 € 5, — {1}, where 6 = 01 ... 0, is the decomposition of o into disjoint cycles. Then
@) [o] ={o}" ..o+ my,...,ns € {=1,1}};
(ii) if (i) € {o(i), 07 1(0)} for any 1 < i < n, and c(7) < c(o), then T € [0].

Proof. These are parts (vii) and (viii) of Lemma 2.5in [3]. O

The second lemma is:

Lemma 2.2. Let 0,7 € 8, such that (i) € {i,o(i), 0~ (i)} for any 1 < i < n. Then one of the following holds:
(i) l(7) < l(0);

(ii) I(7) = l(0) and c(7) > c(0);

(iii) 7 € [o].

Proof. By hypothesis Fix(c) € Fix(t). If Fix(c) C Fix(t), then /(1) < I(0) and one has (i). If Fix(c¢) = Fix(1),
then [(7) = I(0) and 7(i) € {0(i), 07 (i)} forany 1 < i < n. Now if ¢(7) > ¢(0), then one has (ii), and if ¢(7) < ¢(0),
then by Lemma 2.1 one has (iii). This completes the proof. [

It should be remarked that if T € [¢], then [(7) = I(6) and ¢(7) = ¢(0).
Finally the third lemma is:

Lemma 2.3. Let 0,7 € S, where o is a cycle and k is an integer. If T(i) € {o*(i), "' (i)} for any 1 < i < n, then
T € {0k, oF*1).

Proof. Notice that by hypothesis Fix(c) C Fix(t). It suffices to show that if 7(a) = o*(a) for some a ¢ Fix(0),
then 7 = ¢*. Assuming

o=@o@)...c" a)),
for some integer m > 2, and assuming by way of contradiction that 7 # o*, there exists the least integer
1 < r < m—1 such that ©(c"(a)) # 0“(¢6"(a)). It can be shown by induction that 1(6/(a)) = (o' (a)),
for any r < j < m — 1. This is true by hypothesis for j = r. Now assuming r < j < m — 1 and that
(6" Ya)) = 6"*1(6/~(a)), one has

d(d’(@) = 0*/(a) = ©(0'" (@) # (' @)),
and so by hypothesis 7(c/(a)) = 6**1(0/(a)). In particular,

(0" (@) = 0" (0" (@) = 0""(a) = 0" (@) = 7(a),
implying that 0™1(a) = 4, a contradiction. [J

We are now ready to state our first theorem.
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Theorem 2.4. Let G < S, and x : G — Cbeanonzero function. Then d$ = detifand only if dS(I,,) = dS(A)dS(A™Y)
for all nonsingular matrices A € M,(C).

Proof. By hypothesis
x(1) = d5(Ly) = dy(Ldy () = x(1)?,

so either x(1) = 0 or x(1) = 1. If x(1) = 1, then by hypothesis d?(A) # 0 for all nonsingular matrices
A € M,(C) and so the result follows by applying Theorem 2.1 of [1] or of [2].
Now if x(1) = 0, then

0 = d{(L) = dy(A)d(A™) = dy (A)dy (AT,

for all nonsingular matrices A € M,,(C), where ¢ = . We claim that ¢ = 0and so x = 0, a clear contradiction.
Suppose by way of contradiction that there is some ¢ € 5, so that /(o) is as minimum as possible and ¢(o) # 0.
Thus I(0) = 2, for ¢(1) = 0, and if 7 € $, with I(7) < I(0), then ¢(7) = 0.

Let m > 2 be the order of 0. For any 1 < x € R, the matrix A(x) = I, — xA, is nonsingular because

AL, = A(x)B(x),

where

m—1

B(x) = foAg‘, A=1-x",
i=0

and so by hypothesis
A (AQ))E (B(x)) = A"dy (A(x))dsy (A7 B(x)) = 0.

We show that d%‘(A(x)) # 0 and hence d%‘(B(x)) = 0. Let A(x) = (a;j(x)) and let T € §, be such that
[T aizy(x) # 0. Hence (i) € {i,0(i)} for any 1 < i < n and so Fix(0) € Fix(r). If Fix(o) c Fix(t), then
I(t) < I(0) and so by the choice of ¢ we have ¢(7) = 0. Thus if Fix(c) = Fix(t), then 7 = ¢ and therefore

a5 (A() = p(©) [ [ aior () = p(0)(1 = )™ (=)@ 3 0,
i=1

Now if B(x) = (bij(x)) and k € Fix(0), then forany 1 </ <n

m=1
bu() = be() = 5u() | ). (1)
i=0
Note that each nonzero non-diagonal entry b;;(x) of B(x) is the sum of some distinct elements of the set
{x,x%,...,x" 1}, that is,
bij(x) = X" + X2 + -+ + x%, 2)
forsome1 <s; <sy <---<s <m—1, where
0" () = 0% =+ = () = |.

Suppose now that t € , is chosen so that [}, bz (x) # 0. Then Fix(0) € Fix(7) by (1). If Fix(0) ¢ Fix(1),
then I(7) < I(0) and so ¢(t) = 0 by the choice of 0. Therefore if

Q={t €85, : Fix(t) = Fix(0)},
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m—1
u(x) = (Y X)),

i=0
then
B = Y e an@(x)
7€Q)
= () e H bz (%))
<0 1&113»(1(6)
= w@(e@ [] oo+ Y, o@ [] brow).
iG{Iéi:)(l(o) vel-o} ieﬂéi:xl(a)

On the one hand, by (2) one knows for any i ¢ Fix(o) that b;s(;) is a polynomial in x which is divisible by x
but not by x? and so

n

¢(0) || bio(h () = @(0)x"p(x),
i=1
i¢Fix(o)

where p(x) is a polynomial in x so that p(0) = 1.

On the other hand, if T € Q — {0} is arbitrary, then there exists some 1 < t < n such that 7(¢) # o(t). Hence
t ¢ Fix(t) and so by(5(x) is a non-diagonal entry of B(x). Thus one can see using (2) that by (x) is a (possibly
zero) polynomial in x which is divisible by x2. Again by (2), bi(;(x), for any i ¢ Fix(t) U {t}, is a (possibly
zero) polynomial in x which is divisible by x. Hence

n

p@ [ beo® = o2 g(x),
ieﬁi:xl(a)

where g(x) is a polynomial in x. Thus

Y 0@ [ b =),

reQ-lo) ieﬂl:i:xl(o)
where r(x) is a polynomial in x.
Therefore
0 = d3 (B(x)) = u(x)((@)x"p(x) + 2 r(x)),

implying that ¢(c), the coefficient of x'®), must be zero, which is a contradiction. This completes the proof
of the claim. O

To state our next results, we bring the following remark which will be used frequently.

Remark 2.5. (i) Let I be the set of representatives for the equivalence classes of ~ on S,. Then for any function
X : 8y — Cand for any symmetric matrix A = (a;;) € M, (C), one has

dy(A) = Z Z x(7) Hun@ = Z Z x(7) Hﬂia(i)-

o€l’ 7€fo] o€l t€[o]
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(ii) Let x : $, — C be a function. Then, by Theorem 2.6 of [3], the following are equivalent:
(1) Leejoy X(0) = llo]ix(V)e(o) for all o € Sy,;
2) di” (A) = x(1) det(A) for all symmetric matrices A € M, (C).

We are now going to prove a theorem for symmetric matrices which is similar to Theorem 2.4.

Theorem 2.6. Let x : S, — C be a function. Then di” (Ip) = di” (A)dil” (A7) for all nonsingular symmetric matrices
A € M, (C) if and only if x(1) € {0,1} and

Y, x(@) = x(lo]le(0),

7€fo]
forany o €5,

Proof. One part is trivial by part (ii) of Remark 2.5. For the other part, we mimic the proof of Theorem 2.4.
By hypothesis

x(1) = dy (1) = dy (L)dy (1) = x(1)?,

so either x(1) = 0 or x(1) = 1. If x(1) = 1, then by hypothesis di” (A) # 0 for all nonsingular symmetric
matrices A € M,,(C) and so the result follows by applying Theorem 2.6 of [3].
Now if x(1) = 0, then

0 = d>(I,) = dy (A)dy (A™),

for all nonsingular symmetric matrices A € M,(C). We claim that

for any o € $,,. By way of contradiction choose ¢ € 5, so that /(¢) is minimal and ¢(c) is maximal and

Z x(7) #0.

1€[o]

Thus [(0) > 2 and if T € §,, and either I(7) < [(0) or I(1) = I(c) and ¢(1) > c(0), then
Y k@) =0.
a€lt]

Let m > 2 be the order of 0. For any 1 < x € R, the matrix
A(x) = (I = xAo)(Iy — xAg1) = (2 + DI, — x(Ag + Ag1)
is symmetric and nonsingular because

AL, = A(X)B(x),

where
m—1 ] m=1 .
B(x) = (Z XIAU%‘)(Z xlAgi), A= (1 _ xm)z’
i=0 i=0
and so by hypothesis

& (A@)dS (B(x) = A"dY (A(x))dy (A7 B(x)) = 0.
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We show that df;” (A(x)) # 0 and hence df;” (B(x)) = 0. Let A(x) = (a;j(x)) and let T € §, be such that
[T, iz (x) # 0. Hence 7(i) € {i,0(i),07'(i)} for any 1 < i < n and it then follows by Lemma 2.2 and the
choice of ¢ that if T ¢ [¢] then

2 x(a)=0.
a€lt]

Note that if (rs) is a transposition in the decomposition of ¢ into disjoint cycles, then
ayi(x) = (o +1)6,j — 2x0sj,  asj(x) = (2% + 1)0s; — 2x6;

and so () (X) = Aso(s)(X) = —2x.

Therefore, if k is the number of transpositions in the decomposition of ¢ into disjoint cycles, then by

Remark 2.5
A (Ax) = (Z x(1)) ﬁam@(x)
€[o] i=1
- (Z D)1 = 2)PFXO () ()02
‘o
as desired.

Now if B(x) = (b;j(x)) and k € Fix(0), then forany 1 <l <n

m—1

bu(x) = bi() = 00 ()_ ¥ (1)

i=0

To get some information about nonzero non-diagonal entries of B(x) we have

m=1m-1
Bx) = XA,
i=0 j=0
m=1 m=1 i-1
= (Z ), + Z XAy + Ay
i=0 i=1 j=0
m—1 m=1 i
= (Z 29, + AL+ Ay)
i=0 i=1 k=1
m=1 m—=1m-1
= (Z 2N, + PRAL L+ Ay)
i=0 k=1 i=k
m=1 m=1 m—k-1
= QU+ Y (Y A+ A)
i=0 k=1 i=
m=1 m=1
= QP+ ) ApA + Ag),
i=0 k=1
where pi(x) = ﬁak_l x? is a polynomial in x with nonnegative coefficients and p,(0) = 1.

Note that each nonzero non-diagonal entry b;j(x) of B(x) is the sum of the elements of the set

{xp1(x), xng(x), .., xm_lpm_l(x)}
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with a coefficient, that is,
m—1

bij(x) e pr(x), )

k=1

where
0 if j ¢ {o"(i), o 7* (i)}
=4 1 if je{o*(),07%G)}), o*G) # o7*()
2 if j € {o*(i), 07 (i)}, o*(i) = o7 (D)
Suppose now that T € S, is chosen so that [/, bir(x) # 0. Then Fix(0) € Fix(t) by (1). If Fix(o) c Fix(1),
then I(7) < I(0) and so by the choice of o

Y x(a) =
a€lt]
Hence Fix(7) = Fix(¢) and so I(t) = I(0). Now if ¢(t) > c(0), then again by the choice of o

Y x@) =
a€lt]

Therefore if

Ty ={t € I': Fix(1) = Fix(0), c(1) < c(0)},

[J(X) — (mz_l xi)2|FiX((7)|’
then by Remalrzlz 2.5
@) = Y (Y x@) Hbzm
el  ag[t]
= w0 ) () x@) H bix(y(x)
el a€lt]

1¢F1x (0)

= o Zx(a)) H bio (@) + Y | (2xa>> H bicy (X))
[o]

t€ly—{o} a€lt
1¢F1x((7) 7¢F1X(a)
On the one hand, by (2) one knows for any i ¢ Fix(o) that bis(;(x) is a polynomial in x which is divisible by
x but not by x? and so

() x(@) H bioy () = (), x(@)xp(x),

a€lo] e }1: 1x1(0) aglo]
where p(x) is a polynomial in x so that p(0) # 0.

On the other hand, if T € I'y — {0} is arbitrary, then 7 ¢ [0] and ¢(7) < c(0), and so by Lemma 2.1 there
exists some 1 < t < n such that 7(t) ¢ {o(t), 0 !(t)}. Hence t ¢ Fix(t) and so b;(»(x) is a non-diagonal entry
of B(x). Thus one can see using (2) that by (x) is a (possibly zero) polynomial in x which is divisible by
x2. Again by (2), biz)(x), for any i ¢ Fix(7) U {t}, is a (possibly zero) polynomial in x which is divisible by x.
Hence

(). x(@) H iy () = (), x(@ 1 q(x),

aclr] 1¢F1x(a) aclr]
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where g(x) is a polynomial in x. Thus

n

Y O x@) [ o =),

tely—{o} ag[t] i=1
i¢Fix(o)

where r(x) is a polynomial in x.

Therefore

0= df (B)) = u()(( ), x(@)p(x) + ¥Or(x),

a€lo]

implying that }’,¢[,; X(@), the coefficient of x/©), must be zero, which is a contradiction. This completes the
proof of the claim. [J

For a subset Q of {1,2,...,n}, we say that the matrix A = (a;;) € M,,(C) is an Q-block matrix if a;; = a;; = 0
forany i € Qand j ¢ Q. Obviously if B = (b;j) € M,(C) is another matrix and AB = (c;;), then

o _ | Lreqauby ifi€Q
= Y ke aiby; ifi g Q

If B is an Q-block matrix too, then so is AB. In particular, A2, AA!, AA*, and AA are Q-block matrices.
We now prove our next theorem.

Theorem 2.7. Let G < Sy and x : G — C be a function. Then dS = x(1) det if and only if dS(A?) = dS(A)? for all
singular matrices A € M,(C).

Proof. Firstitis claimed thatif ¢ : §, — C is a function such that ¢(1) = 0 and
SVZ 2 —_— Sﬂ 2
dy'(A%) = dy(A)

for all singular matrices A € M,,(C), then ¢ = 0.
By way of contradiction choose o € S, so that /(o) is minimal and c(o) is maximal and ¢(c) # 0. Thus
I(o) = 2 and if T € 5, and either I(7) < (o) or [(7) = I(0) and c(7) > c(0), then ¢(7) = 0.

In the sequel, let 0 = 01 ... 05 be the decomposition of ¢ into disjoint cycles.
Step 1: The cycles o; are even permutations.

Without loss of generality, we may assume that 01 = (2143 ...4,,) is an odd permutation with the set of
moving points Q. So m is even and define the matrix A = (a;;) € M,,(C) as follows:

—(5,']' - 60(1')]' ifi = ay
ajj = (31']' + 5g(i)j ifi e Q—{aq}
(5(;(1‘)]‘ ifig Q
Note that A is an Q-block matrix because 0(Q) = Q. Suppose that v € $, so that []i; 4ir) # 0. Hence
(i) € {i,0()} = {i,01()} if i € Q and 7(i) = o(i) if i ¢ Q. One obtains using Lemma 2.3 for k = 0 that
T € {0,07...05}. Therefore

det(A) = —¢(0) — €(0z...05) =0,
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which means that A is singular, and also
43 (A) = —p(0) — @(02..... ).
Since (07 ... 05) < I(0), hence ¢(03 ... 05) = 0 by the choice of ¢ and so dg,” (A) = —p(0).

Let us now compute the Q-block matrix A2. If i € Q, then

n

Zﬂikﬂkj = Zaikakj

k=1 keQ

= F Z((Sik + Oo(ik )k

keQ)

= F(On, + Vo) (“Duj = Sotap) + Y, ik + Do) Ok + Dti))
keQ—{a1}

= F(=0ia,00,j = 06 (i)t 0a,j = Oia; Os(ar)j — Oc(iyay Oc(ay);j)

F Z OikOkj + Ou(ikOkj + OikOo(k)j + Ou(ikOu(k);-
keQ{ay)

It can be easily verified that if i € {4, a,,}, then

n

Z Aikdakj = Oij = 052(3)js
k=1

and if i € Q — {ay,a,,}, then

n

Z Aixdyj = 61']' + 260(1‘)]' + 6(72(i)j'
k=1

Now if i ¢ Q, then

n

Z Aikkj Z Aiklkj

k=1 keQ

Z Oa(ikOa(h)j

keQ

= Oopj-
Therefore if A* = (bjj), then

8if = 00200 ifi € {a1, am}
bij = ij+ 200 + 002 if i € Q — a1, A}
Sortr ifigQ

We show that di’l (A%) = 0. If not, then there exists some 7 € §, such that @(t) # 0 and []i; biry) # O.
Hence (i) = o%(i) if i ¢ Q, 7(i) € {i,0°()} if i € {a1,a,}, and 1()) € {i,0(i),0%@)} if i € Q — {ar,a,,}. In
particular, Fix(o) € Fix(t). If Fix(c) c Fix(t), then I(t) < I(o) and so ¢(7) = 0 by the choice of o, a
contradiction. Thus Fix(c) = Fix(7) and so 7(i) € {o1(i), 0%(1')} if i € Q. Now by using Lemma 2.3 for
k =1 one has 7 € {0%,0105...02}. But ©(a1) = ¢*(a1) # o(a1) and so 7 = ¢®. Since m is even, hence one
has ¢(t) = ¢(0?) > ¢(0). It then follows from I(t) = I(0) and the choice of o that ¢(7) = 0, again a contradiction.
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Now by hypothesis
(o) = dy(A) = 4 (A% =0,
a final contradiction.
From now on, let 0 = 0;...0, € 5, be a permutation with the same cycle structure as o, where
01 = (maz ...ay) is a cycle with the set of moving points Q. Notice that all the cycles 0; are even permuta-
tions by Step 1.
Step 2: p(0)? = p(6?).
We define the Q-block matrix A = (a;j) € M,,(C) as follows:
—0ij + 0¢g); ifi=a
aij =1 0ij+0gp); ifi€Q—{ar}
O6(i)j ifi¢gQ
One can obtain similar to the proof of Step 1 that
det(A) = €(0) — €(02...6;) =0,
meaning that A is singular, and also
dyy(A) = 9(0) = (65 ... 0).
Since I(0, ... 0;) < I(0) = I(0), hence ¢(0, ... 0;) = 0 by the choice of ¢ and so di” (A) = p(0).

Also similar computations as Step 1 show that if A? = (b,«,«), then

61-]- + (592(1-)]' ifie {al, am}
bij =3 0ij + 200a); + O0p2y; if i € Q= {ay, am}
S ifi ¢ Q)

Now if T € S, is so that [T’ bizi) # 0, then one has in a similar manner as Step 1 that either ¢(7) = 0 or
T = 62. Therefore dy (A2) = (6?) and using hypothesis the proof is completed.

Step 3: p(0165...6%) = 0.

Recall that 6, is an even permutation and so 1 is odd. Now define the Q-block matrix A = (a;;) € M,,(C)
as follows:

_ ) 6ij=0gu; ifieQ
fij = { Sew; ifigQ
If T €8, is so that [T air() # 0, then using Lemma 2.3 for k = 0 one obtains that T € {6, 0, ... 0,} and so
det(A) = (-1)"e(O) + €(6,...65) =0,
which means that A is singular, and also

45 (A) = (=1)"p(6) + (0. ... 05).

Since I(0, ... 0;) < I(0) = I(0), hence ¢(0, ... 0;) = 0 by the choice of ¢ and so di” (A) = —(0).
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One has by similar computations as before that if A> = (b;;), then

b = (51']' - 269(1')]' + 662(1')]' ifieQ
v 692(i)j ifi ¢ Q

and if 7 € §,, is so that [T, biz() # 0, then either ¢(7) = 0 or 7 € {6%, 6,03 ... 02}. Now by hypothesis
P(0)° = dy (A) = dy (A%) = p(6%) + (=2)" (6163 ... 62),
and the proof is completed by Step 2.
To complete the proof of the claim, let r be the least common multiple of the odd numbers I(03), . . ., I(ds).

Hence by Euler’s Theorem there is a natural number k such that r divides 2% — 1. Hence 2F = 1 + rt for some

natural number t. Now the permutation o4 agk_l

applying Step 3 to this permutation we obtain

0 = @13 P...(2 P

..02”" clearly has the same cycle structure as ¢ and so by

k k
= (0103 ...0?
— (P(O'laéwf . Ggwt)
= @(0102...05)

= ¢(0),

a contradiction.

To complete the proof, suppose that ¢ = { — x(1)e and so ¢(1) = 0. Thus for all singular matrices
A e M, (C)

Sn
dy(A%)

d(A%) - x(1) det(A%)
= dy(A?)
= A
= d{(A)’
= (d(A) - x(1) det(A)y’
= dy(A),
which implies that ¢ = 0 by the claim and the proof of the theorem is completed. O

As a consequence we obtain:

Corollary 2.8. Let G <8, and x : G — C be a nonzero function. Then d$ = det if and only if dS(A?) = d$(A)? for
all nonsingular matrices A € M,(C).

Proof. For any singular matrix A € M,(C) there exists some € > 0 such that for all 0 < x < € the matrix
xl, + A is nonsingular and so by hypothesis

A5 ((xl, + A)*) = dS(xI, + A).

But both sides of the above equality are polynomials in x and therefore their constant coefficients are equal,
that is,

dS(A%) = dS(AY
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for all singular matrices A € M,,(C). It now follows by Theorem 2.7 that ¥ = x(1)e. By hypothesis
x(1) = dg(I) = di(1,)* = x(1)?,

so either x(1) = 0 or x(1) = 1. If x(1) = 0, then £ = 0, a contradiction. Thus x(1) = 1 and so d? = det. This
completes the proof. O

To prove our next theorem, we need a useful group theoretical lemma which has been used frequently
in [3]. Its easy proof is omitted.

Lemma 2.9. (i) Let 0 = (@142 .. .ay) € S, where m > 2. Then o = af, where o, p € T, are defined as follows:
a = (@1a,)(a2am-1) - - (@1-1a12) (@1A141),

B = (ama2)(am-1a3) - - - (A113a1-1)(a14241),

if m = 2l is even, and
a = (1) (a2am-1) - - - (@1-1143)(@a142),

B = (ama2)(am-1a3) - - - (a1231) (@1120141),

ifm=2l+1is odd;
(ii) For each o € S, there exist a, B € T, such that ¢ = ap and Fix(o) = Fix(a) N Fix(p).

Now we can state the following theorem for symmetric matrices which is similar to Theorem 2.7. As it
will be seen, its proof is entirely different than that of Theorem 2.7.

Theorem 2.10. Let x : 5, — C be a function. Then df'y’(Az) = d;c;"(A)2 for all singular symmetric matrices
A € M, (C) if and only if

Y x(@) = x(Wllollie(o),

7€[o]
forany o €5,

Proof. One part is trivial by part (ii) of Remark 2.5. For the other part, first we claim thatif ¢ : 5, = Cisa
function such that ¢(1) = 0 and

d%z (AZ) — d%’ (A)2

for all singular matrices A € M,,(C), then

forany o € 5,.

First we prove by induction on ¢(7) that ¢(t) = 0 for any 7 € T,, — {1}. Let1 # 7 € T, ¢(t) = 5, and
T =11 ...7s be the decomposition of 7 into disjoint transpositions with 71 = (a14;). Then the matrices

A=A+ Eya +Ege,, B=Ar+Eqa +4E40, + Egg, + Egpay
are singular and symmetric and

A? =1, + Ega, + Esyay + 2E a1, + 2E a0y,
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B = Iy +4E44 + 19E4,,, + 10E,,4, + 10E,,,,.
Hence by hypothesis
4p(1) + (1)) = der(A?) = & (A = (@(7) + p(T2... T5))?,
100(p(1) + (1)) = diy (B?) = do (B)? = 16(p(1) + (T2 . .. T5)).
If s = 1, then one has
4p(7) = 4p(1) + p(11)) = (@(7) + (1))* = p(7)?,

100¢(7) = 100(p(1) + @(11)) = 16(p(T) + p(1))* = 16¢(7)?,

which imply that ¢(t) = 0. Now assume that s > 1 and so 71,72...7s € T, — {1} with ¢(71) = 1 and
c(12...75) = s — 1 and hence by induction ¢(71) = @(72...7s) = 0. Thus

0 = 4(p(1) + p(11) = (P(0) + P(12 ... T))* = P(7)?,
which means that ¢(t) = 0. Therefore the claim is true for the elements of T),.

To complete the proof, by way of contradiction choose o € 5, so that /(0) is minimal and c(¢) is maximal
and

Thus 0 ¢ T, and if T € §,, and either I(7) < I(0) or I(7) = I(0) and ¢(7) > c(0), then
Z p(a) =0.
a€lT]

We see by Lemma 2.9 that there exist o, € T, such that ¢ = af and Fix(¢) = Fix(a) N Fix(8). More
precisely, if 0 = 01 ... 0 is the decomposition of ¢ into disjoint cycles, then there exist disjoint permutations
ai, ..., as € T, and disjoint permutations fy, ..., s € T}, so that

a=ay...a;, P=p1...fs, 0=ap,
where if 6; = (@142 . .. ay;), then

@ = (@1ay)(a2am-1) - - - (@1-1a12) (@1141),

Bi = (ama2)(am-1a3) - - - (@113a1-1)(@142a1),

if m = 2l is even, and
@ = (@10y)(a2am-1) - - (@1-10143) (@1A142),

Bi= (ama2)(am-1a3) - - - (a113a1)(@1424111),

if m=2l+11is odd.

Now we define the matrix A = (a;;) € M,,(C) as follows:

g = | Oathj = Opy; i g Q
Y 67‘}‘ ifieQ
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where Q = Fix(c). Obviously, A is an Q-block matrix because a(Q2) = f(Q2) = Q. Since a, € T, hence
Oatij = Op(i)j = Oia1(j) ~ Oip-1(j) = Oia(j) = Oig(js

which means that A is symmetric. Now consider the vector X = (xy,...,x,) withx; =1ifi¢ Qand x; = 0
otherwise. Since ¢ # 1, hence X # 0 and one can easily see that AX = 0, meaning that A is singular.

First we show that di” (A) = 0. Assuming by way of contradiction that di” (A) # 0, there is some 6 € S,
by Remark 2.5 such that

n

Z‘ (p(T) #0, H aio(i) # 0.

€[] i=1

Hence 0(i) € {i, a(i), (i)} for any 1 < i < n. It then follows that if Q; is the set of moving points of g}, then
0(Q;) < Qj, Fix(o) € Fix(0), and so [(0) < I(0). But we deduce by the choice of ¢ that I(0) = I(c) and so
Fix(0) = Fix(6). Now if 6; is the restriction of 6 to (), then 6; € 5, and 6 = 6, ... 6; which implies that
c(0) = c(0). Again by the choice of o we have c(0) = c(0). We show that 8 = a. To this end, we know that
0i(i) € {a;(i), B;j(i)}, for any i € Q; = {ay,az,...,a,}, where 1 < j < s. Notice that 0; fixes no element of Q;
and f; fixes a; in both cases for m, so 0;(a1) = aj(a1) = a,,. It follows from B;(az) = a,, = 0;(a1) # O;(az) that
0j(az) = aj(az) = ap-1. Continuing in this way, we obtain that 0; = a; and so 0 = a. It then follows from
a € T, that [0] = [a] = {a} and so

0# ) () = pla) =0,

T€[6]

a contradiction.
Let us now compute the Q-block matrix A2. If i ¢ Q, then

n

Z Aiplyj = Z(éa(i)k = Opik) (Oatk)j — Opkyj)

k=1 kgQ

= Z Oa(iikOathj * Op(ikOp(h); ~ OakOp(j — OpikOath]
kgQ

= a2 + 0p2()j — Op(ai)j — Oa(p(i)j

= 20ij = dapyij — Opay(i)j

= 20ij = 0o()j — O51(i)-

Ifi € Q, then
n
Zﬂikﬂkj = Z 0ikOkj = Oij
k=1 keQ

Therefore A? = (b;j) € M,(C), where

b = 25,‘]' - (SU(,‘)]‘ — (50-1(1)]' ifig Q
v 61']' ifieQ

If T €S, is so that [[; birg) # 0, then (i) € {i,0(i),072(i)} for any 1 < i < 1 and so we can apply Lemma 2.2.
Also note that if (rs) is a transposition in the decomposition of ¢ into disjoint cycles, then

by =20, =265,  bsj =26, — 20,

and s0 byg() = bsg(s) = —2.
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Therefore, if k is the number of transpositions in the decomposition of ¢ into disjoint cycles, then, using
hypothesis, Remark 2.5, and Lemma 2.2, one obtains by the choice of ¢ that

0 = dy(A)y?
= dy(A?)
- LY 0w)[ o
E=r M
= () @(T))ﬁbio(i)
= <I—T)]““>-2"<—1_21>2k Y o),
+ 0, o

which is a contradiction. This completes the proof of the claim.
To complete the proof, suppose that ¢ = x — x(1)e and so ¢(1) = 0. Thus by hypothesis for all singular
matrices A € M,(C)
> (A?) 4> (A%) - x(1) det(A?)
= dy(A?)
Sn
= dy(Ay
= (dy(A) - x(1) det(A)”
— A5 (A)2
- d(() (A) 7

which implies by the claim that

0= ) 9@ =) x©®-xDiole(),

7€lo] 1€[o]
and the proof of the theorem is completed. [

As a consequence we obtain:

Corollary 2.11. Let x : 5, — C be a class function. Then di" (A?) = di" (A)? for all singular symmetric matrices
A € My(C) ifand only if &' = x(1) det.

As another consequence we obtain:

Corollary 2.12. Let x : S, — C be a function. Then di" (A%) = d‘:’;” (A)? for all nonsingular symmetric matrices
A € M, (C) if and only if x(1) € {0,1} and

Y x(@) = x()llolie(o),

7€[o]
forany o €5,

Proof. For any singular symmetric matrix A € M,,(C) there exists some € > 0 such that for all 0 < x < € the
matrix xI, + A is a nonsingular symmetric matrix and so by hypothesis

A3 ((xL, + AY?) = dy (xI, + A)%.
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But both sides of the above equality are polynomials in x and therefore their constant coefficients are equal,
that is,

SPZ -— SII
dy(A%) = d(A)?
for all singular symmetric matrices A € M,,(C). It now follows by Theorem 2.10 that

Y x(@) = x()lio]le(0),

7€[o]
for any o € 5,,. Also by hypothesis
x(1) = dy () = dy (1) = x()%,
so either x(1) = 0 or x(1) = 1. This completes the proof. [
The following is an immediate consequence of Corollary 2.12.

Corollary 2.13. Let x : S, — C be a nonzero class function. Then di” (A%) = di’l (A)? for all nonsingular symmetric
matrices A € M, (C) if and only if di” = det.

The next is our final theorem.

Theorem 2.14. Let G < S, and x : G — C be a function. Then the following are equivalent:
(i) d¢ = x(1) det;

(i) dS(AAY) = dS(A)dS(A) for all singular matrices A € M, (C);

(iii) dS(AA*) = dS(A)dS$(A”) for all singular matrices A € M, (C);

(iv) dS(AA) = dS(A)dS(A) for all singular matrices A € M, (C).

Proof. (i) = (ii), (i) = (iii), and (i) = (iv) are obvious.
(ii) = (i): First we claim that if ¢ : 5, — C is a function such that ¢(1) = 0 and
SYI t — SYI SII t
dy (AAY) = dg(A)dy (A')
for all singular matrices A € M,,(C), then ¢ = 0.

The first lines of the proof of Theorem 2.10 show that if 7 € T, then ¢(7) = 0. By way of contradiction
choose 0 € 5, so that [(0) is minimal and ¢(0) is maximal and ¢@(o) # 0. Thus ¢ ¢ T,, and if T € §,, and either
I(t) < I(0) or I(T) = I(0) and ¢(t) > c(0), then ¢(t) = 0.

Now let 0 = 01 ... 0 be the decomposition of ¢ into disjoint cycles, where one of the cycles g; is of length
at least 3 because o ¢ T,,.

Step 1: p(0)p(671) = 0if O € $,, has the same cycle structure as o.

Suppose that 0 = 0; ... 6; is the decomposition of 6 into disjoint cycles, where 01 = (414, . .. a,,) is an m-
cyclewithm > 3. Ifa = (a142) and © = a0, then Ois evenif and only if 7 is odd, and so €(60) = —&(t). Moreover,
I(t) = 1(6) — 1 < (o) and so ¢(7) = p(t7!) = 0 by the choice of 0. Now the matrix A = Ag + Egs, + Egya, i8
singular, because

det(A) = €(0) + ¢(1) = 0.
Also A" = Ag1 + Egay + Egye, and it can be easily seen that

AA" =T, + Egyay + Egyay + 2Eay0y + 240, -
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Since ¢ is zero on T}, one has by hypothesis
0 4p(1) +49(a)
= dyr(AAY
= dy (A (A
= (@O) + () (@O + p(x™))
= @O0,

which completes the proof.

Step 2: }. g (1) = 0if O € §, has the same cycle structure as o.
Define the Q-block matrix A = (a;;) € M,,(C) as follows:
o 0ij — o) ifig Q
R Y ifieQ

where Q) = Fix(0). Consider the vector X = (xq,...,x,) with x; = 1 if i ¢ Q and x; = 0 otherwise. Since
0 ¢ T,, hence X # 0 and one can see that AX = 0, which means that A is singular. Now if []j_; aiziy # 0
for some 7 € S, then (i) € {i,0(i)} for any 1 < i < n and so Fix(0) C Fix(z). If Fix(0) c Fix(7), then

I(t) < I() = I(0) and so by the choice of ¢ one has ¢(7) = 0. Thus if Fix(6) = Fix(t), then © = 0. Therefore
dy (A) = (=1)Pp(0).

If A" = (bj;), then obviously

b“ — 61] - 69—1(1')]‘ lf l ¢ Q
Y 61']' ifieQ

and similar as above
dy (A" = (=1)Pp(67").
Now if AA" = (c;j), then one can easily see that
c:{Z%—%w—%ww%ﬁiﬂ
Y 0ij ifieQ

Choose 1 € S, such that []i; cir) # 0. Then (i) € {i, 6(i), 071(i)} for any 1 <7 < n. Since 6 and ¢ have the
same cycle structures, we see by Lemma 2.2 that if 7 ¢ [0], then ¢(7) = 0 by the choice of o.
Therefore using Step 1, hypothesis, and Remark 2.5 one obtains

0 = (1)"Pp@)p@6"
= do (A (A
= d(AA")

= Z:W@ﬁﬁw
i=1

7€[0]

= (DO 2% Y g(),

7€[0]

where k is the number of transpositions in the decomposition of 6 into disjoint cycles. This completes the
proof.
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Step3: If 0 = 010,.... 0, € 5, has the same cycle structure as o such that ¢(0) # 0, then (p(@l’1 0,...0,) #0.

There is nothing to prove if 0; is a transposition. So let 8; be a cycle with the set of moving points Q
and m = |Q)| > 3. Define the Q-block matrix A(x) = (a;;(x)) as follows:

N _ 6@(,‘)]' - 5371(,-)]4 ifieQ
al](x) - { x00(i)j — 6371(1-)]' ifig Q

where x € Ris arbitrary. Consider the vector X = (xy, ... , %)t with x; = 1ifi € Q and x; = 0 otherwise. Then
AX = 0, which means that A(x) is singular. We compute the Q-block symmetric matrix A(x)A(x)" = (b; E9)
Ifi ¢ Q, then

bij(x) = Zﬂik(x)ﬂjk(x)

kgQ

= Z(X(S@(i)k = 0g-1(1K)(X0a(jk — Oo-1(j)k)
k2Q

= Z X Sodo — X00(i06-1(jk — XOg-1iO0(jk + O6-1()kO6-1(j)k
keQ
= Fdeweq) ~ Wewme-1(j) ~ ¥0e-1eq) + Oe-1e-1()
= xz(sij — .X'(SQZ(i)]' - X69—2(i)j + (51]
= (x2 + 1)61] - X(égz(i)]' + 69*2(1')]')‘
Similarly, if i € ), then
bij(x) = 26ij — (862(i)j + Oo2(3))-
Hence

bii(x) = 20ij = (0g2(y; + Op-2(3)7) ifieQ
T (2 + 1)6ij — x(be2(s); + 66,2(1.)].) ifi¢gQ

First we show that d%’ (A(x)A(x)") = 0. If not, then there exists some 7 € $,, such that [T/ biz(x) # 0 and
@(7) # 0. Thus (i) € {i, 6>(i), 072(i)} for any 1 < i < n and so by Lemma 2.2 three distinct cases can happen:

(1) I(t) < 1(6);
(2) I(t) = I(6?) and (1) > c(6?);
3) 7 e [62].

We know that [(0%) < 1(0), (0) = I(c), and c(6) = c(0). Also recall that if 7 € [0?], then (1) = [(6?) and
(1) = ¢(6%). Now if [(6%) < I(6), then in all three cases we have ¢(1) = 0 by the choice of 0, a contradiction.
Hence we must have [(0%) = [(0) which implies that there is no transposition in the decomposition of 0 into
disjoint cycles and so c¢(6%) > ¢(6). Since ¢(t) # 0, we see by the choice of ¢ that cases (1) and (2) cannot
occur at all and case (3) cannot occur if c(6%) > ¢(6). It then follows that [(6%) = 1(0), ¢(6%) = c(0), and
7 € [0%]. Two former conditions imply that 62 and 6 (and hence 6% and ¢) have the same cycle structures
and so by Remark 2.5 and Step 2 one has

3 AEARY) = () e@) ] ] bien =0,
ac[6?] i=1

which is a contradiction. Hence it was shown that dg;’ (A(x)A(x)") = 0 and so by hypothesis

dy (A)dyy (A@)) = 0.
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It is clear that []iZ; ai(;(x) is a polynomial in x of degree at most n — m for any 7 € $, and so both da” (A(x))
and di" (A(x)") are polynomials in x and so at least one of them must be zero.

Assume first that d?}’ (A(x)) is the zero polynomial. If 7 € S, is such that [T/ gir)(x) # 0 and @(7) # 0,
then (i) € {0(i), 071(i)} for any 1 < i < n and so by Lemma 2.2 and the choice ¢ we have 7 € [0]. Therefore,
if [Ti2; 4iz((x) is a polynomial in x of degree n — m, then 7 € {0, 91‘1 0> ...6,}. But the coefficient of x"™ in
dg” (A(x)) is zero, which implies that

P(6) + (=1)"(67'6,...65) =0,
implying that (0,6, ...0;) # 0, as desired.

Assume now that dz” (A(x)") is the zero polynomial, where A(x)" = (cij(x)) is as follows:

v oy ] O — 0o ifi€Q
() = a;(x) = { Gyl MieO

Hence the constant coefficient in dg,” (A(x)") is zero, that is, d%‘ (A(0)") = 0. One can show similar to the first
case that if 7 € S, is such that [}, ciz()(0) # 0 and ¢(7) # 0, then 7 € {6, 61‘1 05 ...06,}. Therefore

0= dy (A0)) = (=1)"p(0) + (=1)" (670> 05),
again implying that (6,05 ... 6;) # 0, and the proof of Step 3 is completed.
To get a final contradiction, since ¢(0) # 0, by Step 3 we have ¢(07'02 ... 05) # 0. Again since 0;'05... 0;

and ¢ have the same cycle structures, by Step 3 we conclude that (070,03 ... ;) # 0. Continuing in this
way, we see that

(0™ = ploy o5t .. a7 # 0,
which contradicts Step 1, and the proof of the claim is completed.
To complete the proof of the theorem, suppose that ¢ = { — x(1)¢ and so ¢(1) = 0. Thus by hypothesis
for all singular matrices A € M,,(C)
43 (AA") dY(AA") = x(1) det(AA")
= d2(AAY
= d2(A)d(AD
= (@Y (A) - x(1) det(A))(d} (A") - x(1) det(A"))
Su( A 75
= dy(Ady(A),

which implies that ¢ = 0 by the claim and so d$ = x(1) det, as required.
(iii) = (i): The proof of (ii) = (i) will work here because all matrices used there have real entries.

(iv) = (i): The proof of Theorem 2.7 will work here because all matrices used there have real entries. [J
As a final consequence we have:

Corollary 2.15. Let G < S, and x : G — C be a nonzero function. Then the following are equivalent:
(1) d? = det;

(ii) dS(AAY) = dS(A)dS(A") for all nonsingular matrices A € M,(C);

(iii) d$ (AA*) = d$(A)dS(A”) for all nonsingular matrices A € M, (C);

(iv) dS(AA) = d$(A)dS(A) for all nonsingular matrices A € M,(C).
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Proof. (ii) = (i): For any singular matrix A € M, (C) there exists some € > 0 such that for all 0 < x < € the
matrix xI, + A is nonsingular and so by hypothesis

dS (L, + A) (I, + A)') = dS (xL, + A)dS((xI, + A)Y).

But both sides of the above equality are polynomials in x and therefore their constant coefficients are equal,
that is,

d9(AAY) = dS(A)S(A),
for all singular matrices A € M,,(C). It now follows by Theorem 2.14 that { = x(1)e. By hypothesis
x(1) = d§(L) = dy(L)dy (1) = x(17%,

so either x(1) = 0 or x(1) = 1. If x(1) = 0, then { = 0, a contradiction. Thus x(1) = 1 and so dg = det, as
desired.

The proofs of (iii) = (i) and (iv) = (i) are similar to that of (ii) = (i). This completes the proof. [

We close this paper with two interesting research problems.
Let G <5, and x : G — C be a function.

Problem 1. Let ¢ be a ring automorphism or a ring anti-automorphism of M,(C). Is it true that
dS = x(1) det if dS(Ap(A)) = d$(A)dS (¢(A)) for all singular matrices A € M, (C)?

By Theorems 2.7 and 2.14, this problem is true for the ring automorphisms ¢1(A) = A and ¢,(A) = A
and for the ring anti-automorphisms ¢3(A) = A’ and p4(A) = A*.

Problem 2. Let ¢ be a group automorphism or a group anti-automorphism of GL,(C) and x be a nonzero
function. Is it true that dS = det if d$(Ap(A)) = d$(A)dS (p(A)) for all nonsingular matrices A € M, (C)?

By Theorem 2.4 and Corollaries 2.8 and 2.15, this problem is true for the group automorphisms ¢ (A) = A
and ¢(A) = A and for the group anti-automorphisms ¢3(A) = A™!, p4(A) = A’, and @s(A) = A™.
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