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Abstract. Let T be a unital algebra with nontrivial idempotents. For any s, sy, ..., s, € T, define p;(s1) = s1,

p2(s1,82) = [s1,52] and p,(s1,2, - .., 54) = [Pu-1(51,52, . - -,5n-1),5x] for all integers n > 3. In the present article, it
is shown that if a map ¢ : T — T satisfies

(,D(Pn(slz 82,0 /Sn)) = Z Pn(sl/ cee s Si-1, (P(Si)/ Sitls .- /S‘Vl) (1’[ > 3)
i=1

forall sy, sy, ...,s, € Twith 15,5, = 0, then p(s + t) — (s) — p(t) € Z(T) for all 5,t € T, and under some
mild assumptions ¢ is of the form 6 + 7, where 6 : T — T is an additive derivationand 7 : T — Z(¥) is a

map such that 7(p,(s1,52,...,5,)) = 0 for all s3,s,...,s, € T with 515, ---5, = 0. The above results are then

applied to certain special classes of unital algebras, namely triangular algebras, full matrix algebras and
algebra of all bounded linear operators.

1. Introduction

Let R be a fixed unital commutative ring. In this article, by an algebra we shall mean an algebra over
R and we further assume that % € R. Let T be an algebra with center Z(T). An additive (resp. a linear)
map 6 : T — Tis called an additive (resp. a linear) derivation if 6(st) = 6(s)t + s6(t) for all s, € T. A linear
map w : T — Tis called a Lie derivation (resp. Lie triple derivation) if w([s, t]) = [w(s), t] + [s, w(t)] (resp.
w([ls, t], u]) = [[w(s), t], ul + [[s, w(t)], u] + [[s, t], w(u)]) holds for all 5,t,u € T. If the map w is not necessarily
linear, then it is called a nonlinear Lie derivation (resp. nonlinear Lie triple derivation). Nonlinear Lie
(triple) derivations have been studied extensively on various algebras (see [1, 3, 4,9, 11, 14, 16, 18, 19, 24, 27]
and references therein). In most of the cases it comes out that a nonlinear Lie (triple) derivationw : T — T
is the sum of an additive derivation on ¥ and a map from T to its center Z(%).
One direction of investigation is to study the conditions under which nonlinear Lie (triple) derivations
on algebras can be completely determined by the action on some particular subsets of these algebras. In
the year 2010, Lu and Jing [16] initiated the study of local actions of Lie derivations of operator algebras
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and proved the following result. Let X be a complex Banach space of dimension greater than 2 and B(X)
be the algebra of all bounded linear operators acting on X. If @ : B(X) — B(X) is a linear map satisfying
w([s, t]) = [w(s), t] + [s,w(t)] for all s,t € B(X) with st = O (resp. st = e, where ¢ is a fixed nontrivial
idempotent), then w = 6 + y, where 0 is a derivation of B(X) and y : B(X) — CI is a linear map vanishing
at commutators [s, t] with st = 0 (resp. st = e). Motivated by this result, many authors obtained similar
results in different directions (see [2, 12, 13, 15, 20-22] and references therein). Let f : TX I X - X T = T
| —

n—copies

be a map and € be a proper subset of T. A mapping w : T — T (not necessarily linear) is called a
non-global nonlinear Lie n-derivation if w(pu(s1,s2,...,54)) = Y pa(s1, .-, Sic1, @(S), Sixt, - - -, Sy) for all
51,82,...,5: € Twith f(s1,52,...,5,) € €. Recently, non-global nonlinear Lie 3-derivations of some algebras
have been studied in [23, 28, 29]. However, there has not been any study concerning with non-global Lie
n-derivations of unital algebras so far in the nonlinear setting. Therefore, it needs to be discussed further.
In the present article, we shall investigate non-global nonlinear Lie n-derivations on unital algebras with
idempotents. More precisely, we prove that under certain conditions every mapping ¢ : ¥ — T satisfying
O(Pu(51,82, -+ ,80) = L1 Pu(S1, -+, Si—1,9(Si),Six1,---,5n) (n > 3) for all s1,87,...,8, € Twithsysp-++s, =0,
can be expressed as ¢ = 0 + 1, where 6 : T — T is an additive derivation and 7 : T — Z(T) is an additive
mapping vanishing at every (n — 1)-commutator p,(si, sz, ...,S,) with 515 ---s, = 0. Finally, the above is
applied to triangular algebras (Corollary 5.1), full matrix algebras (Corollary 5.6) and the algebra of all
bounded linear operators (Corollary 5.7).

2. Preliminaries

Let T be an algebra with a nontrivial idempotent e;, and denote the idempotent e; = 1—e;. In this case, T
can be represented as T = e;Te; +e1Tep + 6,37 + e,Ten, where 1 Te; and e,Te; are subalgebras with identity
elements e; and ey, respectively, e;Te; is an (e1Tey, e,Ter)-bimodule and e;Te; is an (e, Tey, e1Te;)-bimodule.
If the bimodule e;Te; is a faithful (e;Teq, e2Ter)-bimodule and e;Te; = {0} then in this case T is a triangular
algebra. Let us assume that T satisfies

eise1 - e1¥ey = {0} = exTeg -e1se;  implies ejse; =0, ®)
e13e; - ex5e; = {0} = exsep - e,Te;  implies  epse; =0,

for all s € T. The unital algebras with the property (4) were proposed by Benkovi¢ and Sirovnik in [8].
There are many important unital algebras which can be seen as examples of unital algebras with nontrivial
idempotents satisfying (#) such as: triangular algebras, full matrix algebras, (semi-)simple algebras and
prime algebras with nontrivial idempotents. Set T;; = e;Te; (1 <i,j < 2). Then T = Ty; + Tpo + Ty + Iz
and each element s € T can be written as s = s11 + 512 + 821 + 82, Where s;; € Tj5, 1 < i, j < 2. The center of T
is given by

Z(T) = {s11 + 522 € Tu1 + Tpp [S11X12 = X12522, X21511 = SnXz1 forall x1p € Tip, X271 € Ty}
Furthermore, there exists a unique algebra isomorphism & : Z(T)e; — Z(T)ep such that s11512 = 512&(511)

and sp1511 = &(511)s21 for all 511 € Z(T)eq, 512 € T1z, 521 € T (see [6, Proposition 2.1]). The following remark
will be used throughout the article frequently.

Remark 2.1. Lets € T.If[s,e13ez] = 0 and [s, e,Te1] = 0, then egser + exsep € Z(T).

The following condition was introduced by Benkovi¢ and Eremita in [7]. Suppose that R is a ring such that
foreach x € R

[x,R] e ZR) = x € ZNR). (1)

Then we say that R satisfies the condition (1). It is easy to verify that every unital algebra satisfying (#)
satisfies (1). We refer the reader to [26, Section 4] and [7, Section 5] where some more interesting examples
of rings and algebras satisfying (1) can be seen. We close this section by stating the following elementary
lemma below which will be used quite frequently throughout the paper without further mentioning.



M. Ashraf et al. / Filomat 37:30 (2023), 10323-10339 10325

Lemma 2.2. Forany x € T, we have
(i) pulx, —e1, —e1, ..., —e1) = erxes + (=1)"erxer.

(i) pu(x,—e2, —e2,...,—e2) = exxe; + (—=1)"*ejxes.

3. Almost additivity of non-global nonlinear Lie n-derivations

Over the past few decade, a lot of work has been done on the additivity of mappings on various rings
and algebras. In the year 1969, Martindale III [17] proved a remarkable result which states that every
multiplicative isomorphism from a prime ring containing a nontrivial idempotent onto an arbitrary ring is
additive. Daif [10] proved that under certain conditions every multiplicative derivation of a ring containing
a nontrivial idempotent is additive. Inspired by these results, in this section we investigate the additivity
of non-global nonlinear Lie n-derivations on unital algebras and prove the following result:

Theorem 3.1. Let T be a unital algebra containing a nontrivial idempotent ey satisfying the condition (a). If a map
@ : T — T satisfies

@(Pn(51,52,...,51) = an(sh--.,si_l,(p(sz'), Sit1,-++,51) (n=3)
=1

forall s1,s7,...,5, € T with s15,--+s, = 0, then @ is almost additive, that is, (s + t) — @(s) — (t) € Z(T) for all
s,te .

The proof of the above theorem can be achieved via the following series of lemmas.

Lemma 3.2. ¢(0) =0.
Proof. ¢(0) = @(pn(0,0,...,0)) = pu(¢(0),0,...,0)+ -+ +p,(0,0,...,90) =0. O

Lemma 3.3. Foranys;; € Tyj,sij € Tij,s;i € Tji (1 <i# j<2), wehave
P(sii + 8ij) — (si) — p(sij) € Z(T) and  @(sii + sji) — P(sii) — @(sji) € Z(T).
Proof. Assume thatz = @(s11+512) —@(511) —@(512). Since (—e2)(s11 +512)(—e1)(—e1) - - - (—e1) = O forany s1; € T1g
and s1; € Tq5, we obtain
@(s12) = @pa(—e2, 511 + 512, —€1,...,—€1))
= pu(@(—€2),511 + 512, —€1,...,—€1) + pu(—€2, P(s11 + 512), —€1, ..., —€1)
+pu(—e2, 511 + 512, P(—€1), —e1, ..., —€e1) + -+ + pu(—e2, 511 + S12, —€1, ..., P(—e1)).

On the other hand, by invoking Lemma 3.2, we find that

p(s12) = @(pu(—e2, 511 + 512, —¢€1,...,—€1))
= @(pn(—e,s11,—e1,...,—e1)) + P(pn(—e2, 512, €1, ..., —€1))
= pulp(=e2),s11 + 512, —€1,...,—e1) + pu(—e2, P(s11) + P(s12), —€1, ..., —€1)
+pu(—e2, 511 + 512, @(—e1), —e1, ..., —e1) + -+ + pu(—e2, 511 + S12, —€1, ..., P(—e1)).
Combining the above two expressions, we get p,(—e2, z, —¢j1, ..., —e1) = 0 which on simplifying with the help
of Lemma 2.2 gives z1» + (—1)"*1z = 0. Hence, z12 = 21 = 0.
Since (—t12)(s11 + 512)(—e1) - - - (—e1) = O for any ¢1, € T4, we obtain
@(s1iti2) = @(pa(—tiz, 511 + 512, €1, ..., —€1))
= pul@(=t2),s11 + 512, —€1,...,—€1) + pu(—ti2, (511 + S12), —€1, ..., —€1)
+pn(—t1z,511 + 512, P(—€1), ..., —€1) + - - - + pu(—t12,511 + 512, —¢€1,. .., P(—€1)).
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On the other hand, by invoking Lemma 3.2, we see that

P(pu(—t12, 811 + s12,—€1, ..., —€1))

P(pn(—ti2,511,—€1,...,—€1)) + (pn(—ti2, 512, —¢1, ..., —e1)])

= pulp(=t2),s11 + 512, —€1,...,—€1) + pu(—t12, P(511) + P(s12), —e1, ..., —e1)
+pn(—t12,511 + 512, P(—€1), ..., —€1) + - - - + pu(—t12,511 + 512, —¢€1,. .., P(—€1)).

P(s11t12)

Comparing these two expressions for ¢(s11t12), we obtain p,(—t12,z, —€1, ..., —e1) = 0. Simplifying it with the
help of Lemma 2.2 and using the fact that z1» = zp; = 0, we conclude that [z, t12] = 0.

Since (s11 + 512)(—t21)(—€2) - - - (—e2) = O for any t>; € Tp1, we obtain

@(pn(s11 + 512, —t21, —€2, ..., —€2))

pu(@(s11 + 812), —ta1, —e€2, ..., —€2) + pu(s11 + 12, P(—t21), —€2, . .., —€2)

+pu(s11 + 812, —to1, P(=€2), ..., —€2) + -+ + + pu(s11 + 812, —t21, —€2, ..., P(—e2)).

@(t21511)

On the other hand, by invoking Lemma 3.2, we find that

@(tasi1) = @pu(si1 + 512, —t21,—€2,...,—€2))

PPn(s11, —t2, (=€), ..., —€2)) + P(Pu(s12, —t21, —€2, ..., —€2))

pu(@(s11) + @(s12), —ta1, —€2, ..., —€2) + pu(s11 + 512, P(—t21), —€2, . .., —€2)
+pu(s11 + s12, —to1, P(—€2),...,—€2) + - -+ + pu(s11 + S12, —t21, —€2, ..., P(—e2)).

Comparing these two expressions for ¢(tz1511), we see that p,(z, —t21, —e2,...,—e2) = 0, which leads to
[z,t21] = 0 on simplifying with the help of Lemma 2.2. Thus we see that [z, t12] = 0 and [z, f1] = 0. Using
Remark 2.1, we conclude that z = z11 + 255 € Z(T), that is,

2= @51+ 512) — @(s11) — @(s12) € Z(I).
Symmetrically, we can obtain the other cases. [

Lemma 3.4. Foranys;j, tij € Tjj (1 <i# j<2), wehave @(sij + tij) = @(sij) + @(tij).

Proof. Observe that (s12 + e1)(e2 + ti2)(—e1) - - - (—e1) = 0 for any s1p, t12 € T1o.
Also pu(s12 +e1,e2 + tip, —€1,...,—€1) = 512 + t12, by invoking Lemmas 3.2 and 3.3, we find that
@(s12 + t12)
= @(pu(si2+e1,e0+tn,—€1,...,—€1))
= pulp(si2 +e1),ex +tio,—er, ..., —e1) + pu(si2 +e1, p(ex + t2), —€1,...,—¢€1)
+pu(s12 +e1,e2 + o, (=e1),...,—e1) + - + pu(s12 + ey, e2 + ta, ey, ..., p(—e1))
= pul@(s12) + @le1), ez + tin, —€1,...,—€1) + puls12 + 1, p(e2) + p(t2), —e1, ..., —e1)
+pu(s12 + €1, 62 + tio, @(—e1),...,—e1) + -+ + pulS12 + €1, 82 + t12, —e1, ..., p(—€1))
= pulp(s12),e2,—€1,...,—e1) + pu(s12, @(e2), —e1,...,—e1)
+pu(s12, €2, P(=€1), ..., —e1) + - + pu(s12, €2, €1, ..., p(—e1))
+pn(p(s12), t1a, —€1, ..., —€1) + pu(s12, (t12), —e1, ..., —e1)
+Pn(512, t12, (—€1), ..., —€1) + -+ + pu(S12, t12, —€1, . .., p(—e1))
+pu(pler), ex, —e1, ..., —€1) + paler, p(e2), —e1,. .., —€1)
+pn(er, e, p(—e1),...,—e1) + -+ puler, e, —e1, ..., p(—e1))
+pa(pler), tiz, —e1, ..., —e1) + puler, p(t2), —e1, ..., —€1)
+puler, tio, p(—€1), ..., —e1) + - + puler, tin, —€1, ..., p(—e1))
= @(pn(s12,€2,—€1,...,—€1)) + P(pu(s12, t12, €1, . .., —€1))
+p(puler, ez, —e1, ..., —e1)) + (puler, trz, —e1, ..., —e1))
= @(s12) + P(t12).
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Thus, ¢ is additive on Tp,.
Noticing that (sp1 + e2)(e1 + t21)(—e2) -+ (—e2) = 0 and Pn(521 +ep,e1 + ty1,—€,...,—€2) = Sp1 + tp1 for any
521, t21 € Tp1, we can prove that ¢ is additive on Tp;. O

Lemma 3.5. For any sz € 112 and tr1 € 121, (p((—l)”su + t21) = (p((—l)”slz) + (p(tz]).

Proof. Observe that (e; — s12)(e1 — t21)(—€2) - - (—e2) = 0 and
pn(el —S1p,61 —tr1,—€2,..., —6’2) = (-1)”512 + iy for any sy2 € T, 01 € T, It follows from Lemma 3.3 that

P((—1)"s12 + t21)
= @(puler —s12,e1 —tan, —€2,...,—€2))
= pulp(er) + p(=s12),e1 — tr1,—€2,...,—€2) + puler — s12, @(e1) + @(—ta1), =€, ..., —€2)
+puler — si2,e1 — ta1, (=e2), ..., —e2) + - + puler — s12, €1 — ta1, —€2, ..., p(—e2))
= pu(p(er),er,—e2,...,—e2) + puler, p(e1), —ez, ..., —€2)

+pn(el,e1,<p(—ez) =€)+t paler,en, —e2, ..., p(—e2))
+pu(p(—s12), €1, €2, ..., —€2) + pu(=512, P(€1), —€2, . .., —€2)
+pu(=s12,€1,—€2, ..., —€2) + -+ + pu(—512,€1,—€2, ..., P(—€2))
+pn(p(=512), —t21, —€2, ..., —€2)) + pu(—512, (—t21), —€2, ..., —€2))
+Pu(=812, —t21, (P( €2), -+, =€)+ + pu(=s12,~ta1, —€2, ..., P(—€2))
+pa(pler), —tn, —e, ..., —62) + puler, p(—tn), —ez, ..., —€2)

+puler, —ta, <P(—€2) me) et Pn(€1, —ty, =€, ..., p(—e2))

= @(puler,e1,—ez,...,—€2)) + P(pu(—s12,€1,—€2,...,—€2))
+@Pn(=s12,—t21, —€2,...,—€2)) + @(Pn(ell —tr,—€,...,—€2))
= @((=1)"s12) + @(t21).

O
Lemma 3.6. Foranys;;, t; €Ty (i =1,2), we have @(s;ii + ti) — @(si) — @(ti) € Z(T).

Proof. Let us set z = @(s11 + t11) — @(s11) — @(t11)-
Note that (s11 + t11)(—e2) - - - (—e2) = 0 for any s11, f11 € T13. By invoking Lemma 3.2, we obtain

0 = (P(Pn(sll + tll/ —e, . ~'/_€2))
= pu(@(su +t1), —e2, ..., —€2) + pu(sun + t11, @(=€2), ..., —€2) + -+ + pu(s11 + t11, €2, ..., (—€2))

and

0 = @pu(si +ti,—ez,...,—€2))
= @(pn(s11,—€2,...,—€2)) + (pn(ti1, —€2,...,—€2))
= pulp(sn1) + @(ti1), —e2, ..., —€2) + pu(s11 + tir, @(=€2),...,—€2) + -« + pu(s11 + t11, —€2, .. ., P(—e2)).
It follows from the above two expressions that p,(z, —ez, ..., —€2) = 0 which on simplification gives z; +

(=1)"*1z1, = 0. That is, z;» = 0 and z; =
Since u1p(s11 + t11)(—e1) - - - (—e1) = 0, we obtain

@(pn(u12, 511 + ti1, —e1,...,—€1))
= pul@(u2),511 + ti1, —e1,...,—€1) + putirz, @(s11 + tin), —€1,...,—€1)
+pu(t12, 511 + tin, @(=e1),...,—e1) + - + pulUr2, s11 + ti1, —e1, ..., p(—e1)).
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On the other hand, by invoking Lemma 3.4, we find that

@(pn(u12, 511 + ti1, —e1, ..., —e1))
= @(-snu1z — ti1ur2)
= @(-snu12) + @(-tiu12)
= @(pn(u1z, 811, —€1,...,—€1)) + (pu(u12, t11, —e1,. .., —€1))
= pulp(u12),511 + ti, —e1, ..., —e1) + pu(uiz, @(s11) + p(t11), —eq, ..., —e1)
+pn(U12, 511 + tin, @(=e1), ..., —e1) + - + puUr2, 511 + ti1, —e1, ..., p(—e1)).

Comparing the above two expressions, we obtain p,(u12,z,—e1,...,—e1) = 0, which leads to [z, u12] = 0.
Also, (s11 + t11)u21(—€2) - - - (—e2) = 0 for any uy € Tp1. Thus, we obtain

@(pu(s11 + ti1, U1, —€2, ..., —€2))
= pul@(s11 + ti1), U1, —€2,...,—€2) + pulS11 + t11, P(U21), —€2, ..., —€2)
+pu(s11 + ti1, Uo1, @(=€2), ..., —€2) + -+ + pu(s11 + t11, U1, —€2, . . ., P(—€2)).

On the other hand, by invoking Lemma 3.4, we find that

@(pn(s11 + ti1, U1, —€2, ..., —€2))

= @(-unsi — untn)

= @(-uznsn) + @(-uatn)

= @(pn(s11,u21, —€2,...,—€2)) + P(pu(tin, U2, —e2,...,—€2))

= pule(sn) + @(t1), 21, —e2, ..., —€2) + puls11 + ti1, (P(u21), —ey,...,—€)

+pn(s11 + ti1, U1, @(—e€2), ..., —€2) + - -+ + pu(s11 + t11, U21, —€2, . .., P(—€2)).

Comparing the above two expressions for @(p,(s11 + t11, 21, —€2, . .., —€2)) we obtain p,(z, uz1, —€y, ..., —€2) =
0, which leads to [z, u21] = 0. Thus we see that [z, #12] = 0 and [z, u21] = 0. Using Remark 2.1, we conclude

thatz = Z11 + 22 € .Z(it), that is, (P(Sll + t11) - (p(Sn) - (P(tll) S Z(SZ)
Symmetrically, one can prove the other case. [

Lemma 3.7. Forany si1 € T41, tia € T1p, o1 € To1, U2p € T, we have
@(s11 + t12 + U1 + v22) — @(s11) — P(t12) — P(U21) — P(v22) € Z(X).

Proof. Let us setz = @(s11 + t12 + U1 + U2) — @(s11) — (t12) — P(U21) — P(v22) and ¥ = s11 + t12 + Uo1 + V.
Note that (s11 + t12 + tp1 + v22)(—e1)(—e2) - - - (—e2) = 0. Hence, we have
Q(pn(r, —e1, —es, . —32))
= palp(r), —e1, —e2, . —ez) + (1, p(=e1), =€z, ..., —€2) + pu(r, —e1, p(—e2), . .., —€2)
+eotpu(r,—er, —e, ..., p(—€2)).
On the other hand, by invoking Lemmas 3.2 and 3.5, we find that

(P(Pn(V —e1, =€, ..., —€2))

= @(-un +( 1)"t2)

= @(-uz) + p((-1)"t2)

= @(pu(s11,—€1,—€2,...,—€2)) + P(pn(tia, —€1,—€2,...,—€2))
+(pn(u21, —e1,—€2,...,—€2)) + P(pn(v, —€1, €2, ..., —€2))

= palp(sn) + p(ti2) + (u21) + @(v2), —€1, €2, ..., —€2)
+pu(r, p(—e1), =€z, ..., —€2) + pu(r, —e1, p(—e€2),...,—€2)
+ -+ pa(r,—e1,—ey, ..., p(—€2)).
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The above two expressions result in p,(z, —e1, —€3, ..., —€2) = 0, which leads to zjp = z; = 0.
Since (s11 + f12 + Up1 + Un)wia(—e1) - - - (—e1) = 0, we have

Qpu(r, w12, —€1,...,—€1) = pal@(r), Wi, —e1,...,—€1) + pu(t, (w12), —61,...,—€1)
+Pn(7’r w12, (P(_el)r ey —€1) +- pn(rr W12, —€1,--+, (P(_el))-

On the other hand, using Lemmas 3.2 and 3.4, we find that

@(pu(r, w2, —€1,...,—61)
= @(s11Wi2 — W1202)
= @(snw) + p(-wi202)
= @(pn(s11, w2, —€1,...,—€1)) + P(pPn(tiz, w12, —e1, ..., —€1))
+@(pn(u21, Wiz, —€1, ..., —€1)) + PP (v, Wi, —€1,...,—61))
= pul@(s11) + @(t12) + @(u21) + P(v22), Wiz, —€1, ..., —€1) + pu(r, P(w12), —€1, ..., —€1)
+pu(r, w1z, p(=e1), ..., —e1) + -+ + pulr, Wiz, —e1, ..., p(—e1)).

Combining the above two expressions, we obtain p,(z, w12, —€1,...,—e1) = 0, which leads to [z, wi2] = 0.
Observe that (s11 + t12 + U1 + V22)wo1(—e€2) - - - (—e2) = 0, we have

(P(pi’l(r/ Wo1,—€2,..., _62)) = Pn((P(r)/ W1, —€2,.--, _62) + Pn (7’, (P(w21)/ —€2,..., _62)
+pn(r, Wor, P(=e€2), ..., —€2) + -+ - + pu(r, W21, =€, ..., P(=€2)).

On the other hand, using Lemmas 3.2 and 3.4, we find that

Q(pn(r, wo1, —€,...,—€2))
= @(=wzS11 + VW)
= @(-was) + @(vnwn)
= @(pu(s11, W21, —€2, ..., —€2)) + P(pu(tiz, w21, —e2,...,—€2))
+QPn(u2, w21, —e2,...,—€2)) + - + Q(pu(v2, w2, —e2,...,—€2))
= pulp(sn) + p(tiz) + (u21) + @(v22), —€2, ..., —€2) + pu(t, P(wa1), —€2, ..., —€2)
+pu(r, wo1, (—€2), ..., —€2) + -+ - + pu(t, w1, —€2, ..., P(—€2)).
Combining the above two expressions for @(p,(r, w1, —€, ..., —€2)), we obtain
pu(z, wa1, —e2, ..., —e2) = 0, which leads to [z, w»1] = 0. Thus we have that [z, wi2] = 0 and [z, wy] = 0. Using
Remark 2.1 we conclude that z = z11 + zp2 € Z(T), that is,
@(s11 + tia + uo1 + 02) — @(s11) — P(t12) — P(u21) — p(wn) € Z(T). O

Proof. [Proof of Theorem 3.1] Consider any two arbitrary elementss = s11+512+521+52 and t = t11+t1p+t21+i2
in T. Using Lemmas 3.4, 3.6 and 3.7, we see that

@P((s11 + t11) + (S12 + t12) + (S21 + t21) + (S22 + £22))
= (s + 1) + @12 + t2) + (s + t1) + P(s22 + tn) + 21
= @(s11) + @(t11) + 22 + @(s12) + @(t12) + P(s21) + P(t21)
+@(s22) + Q(tn) +z3 + 21
= @511+ 512 +521 +52) + 24 + 20+ Pty +tip + g +Hn) + 25 + 23+ 21

p(s+1t)

= @)+ @(t)+2z1 + 20 + 23 + 24 + 25,

forsomez; € Z(¥) (i=1,...,5). Thus, ¢(s +t) — p(s) — p(t) € Z(T), that s, ¢ is almost additive. The proof
of Theorem 3.1 is complete. [
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4. Characterization of non-global nonlinear Lie n-derivations

In the present section, we consider the question of characterizing non-global nonlinear Lie n-derivation
on unital algebra with a nontrivial idempotent and obtain the following result.

Theorem 4.1. Let T be a (n — 1)-torsion free unital algebra with a nontrivial idempotent e, satisfying (s). Let us
assume that

(i) Z(erTer) = Z(V)ey and Z(exTez) = Z(Vez;
(i1) either 11 or Tyy does not contain nonzero central ideals;
(iii) either Ty or Tyy satisfies the condition (1);
(iv) for each u;j € Tij, the condition u;jT;; = {0} = Tju;j implies u;j =0 (1 <1+ j<2).

If a map ¢ : T — T satisfies (pu(s1,52,---,51)) = Yoieq Pu(S1,- -+, Sic1, @(Si), Sis1, -, S0) (n = 3) for all
$1,52,...,51 € Twith 515y -5, = 0, then @ = 6 + 7, where 6 : T — T is an additive derivation and 7 : T — Z(T)
is a map vanishing at p,(s1,Sa, ... ,5y) forall s1,s2,...,5, € Twith s1sy -5, = 0.

The proof of the above theorem can be achieved via a series of the following lemmas.
Lemma 4.2. e;p(—¢;)e; + exp(—ei)ex € Z(T) (i=1,2).
Proof. Since s1z(—e1) - - (—e1) = 0 for any s1» € Tqp, we have

@(pn(s12,—€1,...,—€1))
= pu(p(s12),—e1,...,—€1) + pu(s12, (—€1),...,—€1)
+ -+ puls12,—€1, - .., p(—e1))
= el + (1) ep(si)e + (n — 1){spp(-e1)ex — erp(—e)si2)
+s12¢(—e1)er — exp(—e1)s12.

@(s12)

Multiplying by e; on the left and by e, on the right and using (1 — 1)-torsion freeness of T, we get

erp(—er)eisiz = snaerp(—er)en. (2)

Since s71(—¢p) - - - (—e2) = 0 for any sy € Tp1, we obtain

@(pn(521,—€2, ..., —€2))
= Pul@(s21), =€z, ..., =€) + pulsar, p(=e2), ..., —€2)
+oo+pulsar, —e2, ..., p(=e2))
= apn)e + (1) erp(sn)er + (1 = D{sap(-e2)er — exp(=ez)sn)
+s21p(—e2)ex — e1p(—e2)so1.

@(s21)

Multiplying by e, on the left and by e; on the right and using (1 — 1)-torsion freeness of T, we obtain

S21€61 (P(—ffz)el = eZ(P(_32)62521- 3)

Also, (—e1)s21(—€2) - - - (—e2) = 0 for any sy € To1, we have

P(pn(—e1,501,—€2,...,—€2))

= palp(=e1),501,—€2,...,—€2) + pu(—e1, p(sn), —€2, ..., —€2)
+pn(—e1, 521, p(=e€2), ..., —€2) + - + pu(—e1, 521, —€2, ..., p(—e2))

= 62@(—61)521 - 521<P(—€1)€1 + €2<P(521)€1 + (—1)n+1€1(P(521)€2)

+(n = D{s21p(—e2)er — eap(—e2)s21} + s219(—€2)er — e1p(—e2)so1.

@(s21)
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Left multiplication by e, and right multiplication by e; yields
eap(—e1)sa1 — sa1p(—er)er + (n — D{snp(—e2)er — exp(—e2)sa1} = 0.
Using (3), we have
sye1p(—er)er = exp(—e1)eass. (4)

Using the relations (2) and (4) together with Remark 2.1, we find that
erp(—er)er + exp(—er)ex € Z(I).
Again, observe that (—e;)s12(—e1) - - - (—e1) = 0 for any s12 € Tq. Thus we obtain

@(pn(—e2,512,—€1,...,—€1))

= pu(p(—e2),s12,—€1,...,—€1) + pu(—e2, @(512), —€1,...,—€1)
+pn(—e2,512, (—€1),...,—€1) + -+ - + pu(—€2,512, —€1, ..., p(—e1))

= e1p(—e)s1a — spp(—ex)er + erp(sa)ea + (=1)" lerp(sia)en

+(n - 1){512(P(—€1)€2 - 61@(—61)512} + Slz(P(—ffl)el - 6290(—61)512-

@(s12)

Multiplying by e; on the left and by e, on the right and using (2), we get

e1p(—e2)e1s1z = sppexp(—ez)es. (5)

Using the relations (3) and (5) together with Remark 2.1, we obtain
e1p(—ex)er + exp(—ez)er € Z(X). O

In view of Lemma 4.2, we define a map p(s) = ¢(s) + [s,e1¢p(—e1)e2 — e2p(—e1)e1]. Then p is a nonlinear
mapping satisfying p(pu(s1,52,-.,51)) = Yoiey Pu($1, - -+, Si=1, p(Si), Sis1,--.,n) (n = 3) for all s1,s5,...,8, € T
with sisp -+ -5, = 0, and p(—e1) € Z(%).

Lemma 4.3. p(—e;) € Z(T).

Proof. Since (—e2)(—e1)---(—e1) = 0 and p(—e;1) € Z(T), we have
0 = p(pu(—e2,—e1,...,—€1)) = pu(p(—€2), —e1, ..., —e1) = e1p(—e2)es + (—1)"*lesp(—ez)er. Using the definition of
p, we have

e1p(—e2)er = erp(—er)er and exp(—ex)er = erp(—ez)er.
By invoking Lemma 4.2, we find that
p(—e2) = e1p(—ez)er + exp(—e2)ex = exp(—e2)er + exp(—ez)e; € Z(T). O

Lemma44. p(T;)) €T (1<i#j<2).

Proof. We only give the proof for Ty,, the proof of the other case is similar.
Since s12(—e1) - - - (—e1) = 0 for any s1» € Tqp and p(—e1) € Z(T). For any s1, € T4, we obtain

p(s12) = p(pn(si2, —e1,...,—e1))
pn(p(Su), —€1,..., —61)
e1p(si2)er + (=1)"exp(si2)er. (6)

We show that e;p(s12)er = 0. If n1 is even then p(s12) = e1p(s12)e2 — e2p(512)e1. Multiplying by e, on the left and
by e; on the right, we obtain 2e,p(s12)e; = 0. Thus e;p(s12)e1 = 0 and hence the p(s12) € Ty, for all 51, € Tyo.
Next, we assume that n is odd.
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Observe that S12f12u12(—€1) cee (—61) = 512t12u21(—€2) cee (—62) =0 for any tip, U1p € 112 and Un € 121. USiI’lg the

fact that p(0) = 0, we arrive at

0 = ppu(siz, tiz, U2, —e€1,...,—€1))
= pulp(s12), ti2, 12, —€1, ..., —€1) + pPulS12, P(hz), Uiy, —€1,...,—€1)
= pu-1(lp(s12), ti2] + [512, p(t12)], 12, —e1, . . ., —€1)
= pu-1(v, U1, —e1,...,—€1)
= pua(lv,un], —e1,...,—e1)
= [v,u10]

and

0 = p(pn(s12,tiz, 21, —€2,...,—€2))
= pulp(s12), tio, U21, —€2, ..., —€2) + pu(s12, p(t12), U21, —€2, ..., —€2)
= pu-1([p(512), ti2] + [512, p(t12)], 21, —€2, . .., —€2)
= pu(v,un, —ea,...,—€2)
= pua(lv,unl, —ez, ..., —€2)
= [v,unx],

(7)

(8)

wherev = [p(s12), t12]+[s12, p(t12)] € T11+T2. Thus (7) and (8) together with Remark 2.1 gives v11+v2 € Z(T).

Therefore, v = v11 + v € Z(3).
Let [p(s12), t12] + [512, p(t12)] = z € Z(X) for some z € Z(T). Using (4.5), we find that

[p(512), ti2]

= z—[s12, p(t12)]

= z+pu(—e1,s12,—e1,...,—e1, p(t2))

= z+ p(pu(—e1,s12,—€1,...,—€1,t12)) — pu(—e1, p(s12), —e1, ..., —e1, t12)
—pu(—e1,512,—€1,...,—e1, p(t12)) + pn(—e1, 512, —e1, ..., —e1, p(t12))

= z—pu(—e1, p(s12), —e1,...,—e1, t2)

= z—pu-1(—e1p(s12) + p(s12)er, —ex, ..., —e1, t2)

= z—pup-1(e2p(s12)er, —e1,...,—e1,t2)

= z—[pua(e2p(si2)er, —e1,...,—e1), tz]

= z—-[(-1)""ezp(s12)en, tr2].

[e2p(s12)er, t2]

Since nis odd, so n—1is even and hence [exp(512)e1, ti2] = z—[e2p(s12)e1, ti2]. Therefore, 2[exp(s12)e1, t2] = z €
Z(Z), that is, [ezp(slz)el, t12] € .Z((:I) for all t1 € Tqp. Consequently, 11282p(512)€1 € Z(SZH) and ezp(su)elijlz [S
Z(T). Without loss of generality, we assume that T;; does not contain nonzero central ideal. Since
T12e2p(s12)e1 is a central ideal of T1;, we have Tipeap(siz)er = {0). Therefore, exp(s12)e1 312 = {0}. That is,
e2p(s12)e1T12 = Tpeap(siz)er = {0}). Making use of condition (iv) of Theorem 4.1, we get exp(si2)er = 0.

Therefore, p(s12) = e1p(s12)e2 € Tq; for all 515 € T, and hence p(T12) € T, O

Lemma 4.5. p(Ti;) C T11 + Typ and there exists a map f; : Ty — Z(T) such that p(si;) — fi(Ti) € Ty, i =1,2.

Proof. Lets; € Ty (i =1,2). Since s11(—ep) - - - (—€2) = 0, using Lemma 4.3, we obtain

0= p(pa(s11,=€2, - - ., —€2)) = Pu(p(511), —€2, - . ., —€2) = eap(s11)e1 + (=1)"e1p(s11)ea.

That is, p(T11) € T11 + Tpo. Symmetrically, p(T) € Ty + oo

Observe that si150u12(—€1) - - - (—e1) = s11520U21(—€2) - - - (—€2) = 0 for any u1» € Ty and uy € Ty1. Thus, we
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obtain
0 = p(pu(si1,52,u12,—€1,...,—¢€1))
= pulp(s11), 522, U12, €1, ..., —€1) + pu(s11, P(S22), U12, —€1, .
= pu-1([p(s11), 522] + [511, p(522)], U012, —€1, .. ., —e1)
= pua(v, U1, —e1,...,—61)
= pn—Z([v/ ulZ]r —e1,. ~-r_el)
= [o,u12]
and
0 = p(pu(s11,522,U21,—€2,...,—€2))

= pulp(511), S22, U21, —€2, . .., —€2) + pu(511, P(S22), U21, —€2, .
= pulp(s11), 522, U21, €2, ..., —€2) + pu(s11, P(S22), U21, —€2, .

= pu-1([p(s11), 522] + [511, p(522)], U121, —€2, . . ., —€2)
= pu1(v,un, —ea,...,—€2)

= pua(lo,unl, —e, ..., —€2)

= [v,unx],

.., —e1)
)
.., —e)
=)
(10)

where v = [p(s11), 522] + [511, p(522)] € T11 + Tpp. Thus (9) and (10) together with Remark 2.1 implies that v =
[p(s11), 5221 + [511, p(522)] € Z(T). Multiplication by e, on both sides yields [exp(s11)ez, 522] € Z(T)er = Z(Tan).
Without loss of generality, we assume that T, satisfies (1). Invoking condition (iii) of Theorem 4.1, we
obtain that [e2p(s11)ez, 522] = 0. That is, exp(s11)e2 € Z(Taz) = Z(T)ea. Let exp(s11)ex = zep for some z € Z(T).

Define f; : T11 — Z(T) such that fi(s11)e2 = e2p(s11)e2. Thus,

p(s11) = e1p(si1)er + e2p(s11)e2 = er1p(si1)er + fi(si1)ea = erp(si)er + fi(s11) — fi(sin)er.
That is, p(s11) — fi(s11) € Tq1. Symmetrically, there exists f; : Tpy — Z(T) such that p(sx) — fo(sn) € T, O

Let us now define mappingsd: T — Tand 7: T — Z(T) by d(s) =

p(s11) + p(s12) + p(s21) + p(s22) = (f1(s11) +

fo(s22)) and (s) = p(s) — d(s), respectively. Then, it is easy to verify the following.

Lemma4.6. Lets;j€T; (1<i,j<2).
(i) A(Tij) € Tyj,
(ii) d(si)) = p(sij) (P # )),
(iii) I(s11 + S12 + S21 + S22) = A(s11) + I(s12) + I(S21) + I(522),
(iv) dis additive on T;; (i # j).

Lemma 4.7. Foranys; € Ty, tj € Ijj (1 <i+# j<2), wehave

8(siitij) = a(si,’)ti]‘ + S,‘,‘a(ti]') and a(tl‘]‘S]‘j) = a(tl‘]‘)S]‘]‘ + tija(s]']').

Proof. Letsi1 € Tqy, t1p € Tip. Since s11t12(—e1) - - - (—e1) = 0, using Lemma 4.6 and the fact that p(—e1) € Z(%),

we find that
d(s11t12)

p(s11t12)
= p(pu(si1, tiz, —e1,...,—e1))

= pu(p(s11), tiz, —€1, ..., —€1) + pu(s11, p(t12), —€1, . .
= pu(d(s11), t1z, —€1, ..., —€1) + pu(s11,9(t12), —e1, . ..

.7 _el)

7 _el)

= pua([d(s11), tial, —e1, ..., —e1) + pu-1([s11, A(t12)], —e1, ..., —€1)

= [d(s11), tiz] + [511, 9(t12)]
= Jd(s11)t12 +5119(t12).
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Also, since sytr1(—ep) - - - (—e2) = 0, using Lemmas 4.3 and 4.6, we get

d(s2t21) = p(sxtar)
= p(pu(sa2, tor, —e2,...,—€2))
= pu(p(s22), t21,—€2, ..., —€2) + pu(s22, p(ta1), —€2, ..., —€2)
= pu(d(s22), 21, —€2,...,—€2) + pu(522,d(t21), —€2, ..., —€2)
= pu1([9(522), ta1], —e2, ..., —€2) + pu-1([522, A(t21)], =62, ..., —€2)
= [d(s22), t21] + [522,9(t21)]
= d(sn)ta1 + 520(tn).

Symmetrically, the other cases can be proved. [J
Lemma 4.8. Let s;;, t;; € Ty (i =1,2). Then d(siit;;) = 0(si)tii + siid(ti;).

Proof. Lets11,t11 € T11 and ugp € Tqp. Using Lemma 4.7, we obtain

d(s11t11U12) = A(s11t11)U12 + S11t119(U12).
On the other hand,

d(sntnun) = d(su)tiun +s11d(titi)
d(s11)titrz + s11d(ti)urn + st d(u).
Combining the above two expressions for d(sq1t11112), we have
(d(s11t11) = A(s11)t11 — s119(F11))u12 = 0.
Analogously, we obtain for any uy; € Ty that
uz1(d(s11t11) = d(s11)t11 — s119(t1)) = 0.
Thus for any u1y € T1p, up € Ty1, we have
(A(s11t11) = A(s11)t11 = s119(H1))u12 = 0 = up1(I(s11t11) — I(s11)t11 — 5119(H11)).
Application of the condition (4) implies that d(s11t11) = d(s11)t11 + s119(t11).
Symmetrically, we can obtain the other case. O

Lemma 4.9. J is additiveon T;; (i =1,2).

Proof. Letsq1,t11 € Tq1 and ug; € Tpp. Using Lemmas 4.6 and 4.7, we obtain
d((s11 + ti)u1z) = d(s11 + t1n)urz + (511 + t11)I(u12).
On the other hand,

d((s11 + f11)u12)

d(s11u12) + I(t11112)
d(s11)u12 + 5110(u12) + A(t11)u12 + t119(u12)
= (d(s11) + I(t11))ur2 + (511 + t11)d(u12).

Combining the above two equations, we get

(d(s11 + t11) = d(s11) = I(t11))u12 =0 forall upp € Typ.
Analogously, we obtain that

uz1(d(s11 +t11) — d(s11) —d(t11)) =0 forall uy € Tyo.
Thus for any u12 € Ty and up1 € Ty, we have

(A(s11 + t11) = I(s11) = A(t11))u12 = 0 = up (I(s11 + ti1) — A(s11) — I(t1))-

Applying the condition (4), we conclude that d(s11 + t11) = d(s11) + I(t11)-
Symmetrically, one can prove that d(sx + t22) = d(s22) + d(t2). O

The following lemma can be obtained immediately using Lemmas 4.6 and 4.9.

Lemma 4.10. 0 is additive on T.

Lemma 4.11. For any sij € 3:1']', t]'j S Iﬂ (1 <i# ] < 2), we have
d(sijtji) = A(sijtji + sijo(t;i).
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Proof. Since fy1512u12(—€1) - - - (—e1) = 0, using Lemmas 4.6, 4.7 and 4.10, we have

p(pn(ta, s12, 12, —€1, ..., —€1))
= pu(p(t21), 512, U12, —€1,. .., —€1) + pultar, p(s12), U12, —€1, ..., —€1)
+pu(tar, s12, p(U12), —€1, ..., —€1)
= pu(d(tn), 512, U12, —€1, ..., —€1) + Pu(t21,9(s12), U12, —€1, . .., —€1)
+pn(ta, s12, A (U12), —e1,...,—e1)
= pua([[d(t21),s12], ur2], —e1, ..., —e1) + pu—a([t21, d(512)], u12], —e1, ..., —€1)
+pn2([ta1, s12], A (u12)], —e1, ..., —e1)

= —s1pd(ta1)u1z — U129(f21)s12 — A(s12)t21U12 — Un2t219(512) — S12E219(112)
—d(u12)t21512.

On the other hand,

p(pu(ta, s12, 12, =61, . .., —€1))
= p(—snatat1n — u1t21812)
= p(=siatati12) + p(—u12t21512)
= —d(siata1u12) — A(u12tr1512)
= —d(s12ta1)u12 — S12t219(u12) — ANu12)t21812 — U120(t21512).

The above two expressions yield

(I(s12t21) = I(s12)b21 — 5120(t21) 112 = U12(I(t21512) — A(t21)S12 — £219(512)),
which can be re-written as

[(D(s12t21) = I(s12)t21 = $5120(t21)) — (I(t21512) — A(t21)512 — t219(512)), U12] = 0. (11)
Since sq2t21121(—€2) - - (—e2) = 0, using Lemmas 4.6, 4.7 and 4.10, we get

P(pPn(s12, to1, U1, —€2, ..., —€2))

= Pn(P(Slz)r 1, Uz1, —€2,...,—€2) + Pn(Slz, p(t21)r U1, —€,...,—€)
+pu(s12, t21, p(U21), —€2,. .., —€2)

= Pn(a(su)/ th1, U1, —€2,...,—€2) + Pn(Slz, dI(ta1), U1, —€2,...,—€2)
+Pu(S12, 121, (U21), —€2, . - ., —€2)

= pua([[(s12), ta1l, uml, —eo, ..., —€2) + pu-a([s12, A(t21)], U21l, —€2, ..., —€2)
+pn2([[s12, t21], A(u21)], —€2, . .., —€2)

= —tnd(s12)ua1 — un9(s12)ta1 — At21)s12U21 — U218120(t21) — t215120(U21)
—d(ua1)s12t21.

On the other hand,

p(pn(s12,t21, U1, —€2, ..., —€2))
= p(—tasipuz — unsita)
= p(=tausi2u21) + p(—u21512t21)
= —d(tais1aua1) — A(uzs12t21)
= —d(tns12)u1 — t15129(u21) — AN(uz1)s12t21 — U219(S12E21).

The above two equations yield

Up1(d(s12t21) — I(s12)t21 — $120(t21)) = (I(t21)s12 + £210(512) — I(t21512)) U1,
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which can be re-written as
[(@(s12t21) = I(s12)t21 = $129(E21)) — (9(t21512) = A(t21)$12 — £219(512)), 21 ] = 0. (12)
Thus (11) and (12) together with Remark 2.1 yields
(I(s12t21) — A(S12)t21 — 5120(t21)) — (I(t21512) — A(t21)S12 — £219(512)) € Z(T)

Assume that
1n(s12, t21) = d(s12t21) — d(s12)t21 — S120(t21).

Then 71(s12, t21) € Z(%11). For any uy1 € 41, using Lemma 4.8, we have

N(u1si2, t1) = Jd(urisiatar) — d(uisi2)tar — u115129(t21)
= d(un)siztar + u11d(s12ta1) — (u11)s12tn
—u119(s12t21) — U115120(t21)
= un(d(s12tar) — d(s12)tnn — s120(t21))
= upn(siz, ta1).
That is, T117(s12,t21) is a central ideal in T1;. Without loss of generality, we assume that T1; contains no

nonzero central ideal. Therefore, 1(s12, t21) = 0 and hence d(s12f21) = d(s12)t21 + 5129(t21)-
Similarly, we can prove that d(t21512) = d(t21)s12 + t219(512). O

Lemma 4.12. J is an additive derivation on <.
Proof. Using Lemmas 4.7,4.8, 4.10 and 4.11, the proof follows immediately. [J

Proof. [Proof of Theorem 4.1] Define a map 6 : T — T by 6(s) = d(s) — [s, e1¢(—e1)e2 — e2p(—e1)er]. Then, it is
easy to check that 6 is an additive derivation on T. Moreover,

p(s) — [s,e1p(—e1)ex — eap(—er)er]

= d(s)+1(s) + [s, e1p(—e1)e2 — e2p(—e1)er]

= 0(s) + [s,e1p(—e1)e2 — exp(—er)er] + T(s) — [s, e1p(—e1)ex — e2¢p(—en)en]
= 0(s) + 1(s)

P(s)

for all s € T. Further, for all s1,57,83...,8, € T with s1s,---s, = 0, we obtain

T(Pn(s1,52,83,-..,51))

= p(pu(s1,52,83,-..,51)) — APn(51,52,53, ... ,51))

= pu(p(s1),52,83,--.,51) + Pu(51,p(52),53, - - -, 5u) + - + Pu(51,52,83, ..., p(Sn))
—9(Pu(51,52,53,--.,5n))

= pa(d(s1) + 7(51),52,83, - -, Su) + Pu(51,9(52) + T(2), 83, - -, Sn)
+oo+palsi, 82,85, .., 9(sn) + T(5n)) — Apu(s1,52,83, .., Sn))

= Pu(d(51),52,53, - ,5n) + Puls1,9(52),83, ..., Sn) + + -+ + Pu(51,52,53, ..., I(Sn))
_3(Pn(51, 2,53,+--,51))

= 9I(pu(51,52,53,---,51)) = A(Pu(51,52,53,...,5n))

= 0.
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5. Applications

In this section, we apply Theorems 3.1 and 4.1 to obtain the almost additivity and characterization of
non-global nonlinear Lie n-derivations on some classical examples of unital algebras namely triangular
algebras ( hence, upper triangular algebras, block upper triangular algebras and nest algebras), full matrix
algebras and the algebra of all bounded linear operators.

Triangular algebras:

Let T be a unital algebra with a nontrivial idempotent e; such that e;Te; is a faithful (e;Teq, e23er)-
bimodule and e;Te; = {0}. Then T = e;Te; + e;Te, + 2T, is a triangular algebra. Since Lemma 4.11 holds
trivially in case of triangular algebra, we can omit the assumption (ii) of Theorem 4.1. Also, as e;Te; = {0},
we can delete the condition (iv) of Theorem 4.1. Therefore, as a consequence of Theorems 3.1 and 4.1, we
obtain the following result:

Corollary 5.1. Let T = e1Tey + e1Tep + e23ep be a (n — 1)-torsion free triangular algebra. Suppose that
(i) Z(e1Ter) = Z(V)er and Z(erTer) = Z(Ter;
(ii) either e1Te; or e;Tey satisfies (1).

If a map ¢ : T — T satisfies (pu(s1,92,---,51)) = Yoiey Pu(S1,- -+, Sic1, (i), Sis1, -, Sn) (n = 3) for all
51,52,...,51 € T with s18,-+-s, = 0, then (s +t) — @(s) — p(t) € Z(T) for all 5,t € T and ¢ = 0 + 7, where
0: T — Tisanadditive derivation and t© : T — Z(X) is a map vanishing at p,(s1,s2,...,54) forall s1,55,...,5, € T
with s185---s, = 0.

In particular, for n = 3 we have the following result which was obtained by Zhao in [28].
Corollary 5.2. Let T = e1Teq + e1Tep + exTey be a 2-torsion free triangular algebra. Suppose that
() Z(erTer) = Z(V)er and Z(eaTer) = Z(V)ey;
(ii) either e1Tey or e, e, satisfies (1).

Ifamap ¢ : T — T satisfies p([[s1,52],53]) = [[@(51), 521, 53] + [[51, (52)], 53] + [[51, 521, p(s3)] for all 51,802,553 € T
with s15p53 = 0, then @(s + t) — p(s) — @(t) € Z(T) forall s,t € Tand ¢ = 0 + 1, where 6 : T — T is an additive
derivation and v : T — Z(X) is a map vanishing at [[s1, 2], 53] for all 1,5, 53 € T with 515,53 = 0.

Some examples of triangular algebras are: upper triangular matrix algebras, block upper triangular
matrix algebras, nest algebras (see [26] for details). Thus, in view of Corollary 5.1, the following results
follows immediately.

Corollary 5.3. Let T.(T) be an upper triangular matrix algebra over a (n — 1)-torsionfree unital algebra X. If a
map @ : T,(T) — T,(T) satisfies (pu(s1,82,---,51)) = Yooy Pu(S1,---,Si-1, 9(Si),Si+1,---,Su) (n > 3) for all
$1,52,.-.,50 € Twith s15y -5, = 0, then p(s + t) — @(s) — p(t) € Z(I)L, and ¢ = 6 + T, where 6 : TH(T) — T,(T)
is an additive derivation and © : T,(T) — ZX)I,, I, is the identity element in T,(T), is a map vanishing at
pu(S1,82,...,5:) forall s1,s2,...,5, € Twith sysy---s, = 0.

Corollary 5.4. Let BX(T) be an upper block triangular matrix algebra over a (n—1)-torsionfree unital algebras T with
B’;‘(TL) # M (). Ifamap ¢ : B’;‘(i{) - B’;‘(ZZ) satisfies Q(Pu(S1,52, - -+, 5n)) = Yota Pu(S1, « -+, Sic1, ©(8i), Six1, - -+, 8n) (>
3) for all s1,s2,...,5, € T with s15-++s, = 0, then @(s + t) — @(s) — p(t) € Z(I)I, and ¢ = 6 + 7, where
0: B’;‘(‘l) - B’E(I) is an additive derivation and T : B’;‘(it) — Z(D),, I, is the identity element in B’;‘(EI), is a map
vanishing at p,(s1,52,...,5n) forall s1,s,...,5, € Twith sisp -+ -5, = 0.

Corollary 5.5. Let N be a nontrivial nest of a complex Hilbert space H and T (N)) be a nest algebra. If a map ¢ :
T(N) = T (N) satisfies (pn(s1,52,---,5n)) = Yaie1 Pn(S1, - -+, Sic1, 9(Si), Six1, - -+, Sn) (n = 3) forall s1,82,...,5, €
T with 518+ --5, = 0, then @(s +t) — @(s) — p(t) € Cland ¢ = 0 + T, where 6 : T(N) — T (N) is an additive
derivation and t© : T (N) — C1 is a map vanishing at p,(s1,52,...,5n) forall s1,s,...,5, € Twith s1sp -5, = 0.
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Full matrix algebras:

A full matrix algebra M,(T) is the algebra of all » X r matrices over a unital algebra T, where r > 2 is an
integer. The full matrix algebra M,(T) can be viewed as

_ T Mix-1)(3)
M(D) = Mi-1x(¥)  M;1(3)

Lete; = e11 be amatrix unitand e, = 1—e¢;. In this case, it is easy to observe that the condition (#) holds good.
Moreover, esM,(T)e1 = T, exM,(T)ex = Mr-1)(T), eiM(T)er = Mayxr-1(T) is faithful (e;M(F)er, e2M(T)er)-
bimodule and e; M (T)er = Mr—1yx1(T) is faithful (e2M,(T)ey, e1M,(T)er)-bimodule. Note that Z(M,(T)) =
Z(3) - I, where I, is the identity element of M,(T). Thus, the condition (i) of Theorem 4.1 is satisfied.
Furthermore, M,(T)(r = 2) does not contain nonzero central ideals (see [11, Lemma 1]). Hence, the
condition (ii) of Theorem 4.1 holds if n > 3. Also, note that M,_;(A) = e;M,(T)e, satisfies the condition (1)
for r —1 > 2. (see [7, Example 5.6]) Thus, the condition (iii) of Theorem 4.1 also holds for all r > 3. The
condition (iv) also holds (see [25, Lemma 1]). Therefore, as a direct consequence of Theorems 3.1 and 4.1,
we have:

Corollary 5.6. Let T be a (n — 1)-torsion free unital algebra and M,(T) be a full matrix algebra with r > 3. If
amap ¢ : M(T) —» M,(T) satisfies (pu(s1,52,---,51)) = Yoia Pu(S1, -, Sic1, 9(8i), Six1, - --,8n) (n = 3) for all
51,52,--.,50 € Twithsisy -5, = 0,then (s +t) — (s) — p(t) € Z(I)L, and ¢ = 6 + T, where 6 : M(T) = M,(T)
is an additive derivation and t© : M(T) — Z(X)I, is a map vanishing at p,(s1,Sz,...,5,) for all s1,53,...,5, € T
with s155---s, = 0.

Algebra of all bounded linear operators:

Let 8 = B(X) be the algebra of all bounded linear operators on a complex Banach space ¥ with
dim(X) > 2. It is easy to observe that B contains a nontrivial idempotent e; and hence can be expressed as
B = e1Be; + e1Be; + e;Be; + e,Be;. Note that B is a prime algebra and B, e;Beq, e, Be, are central algebras
over C. Thus, all the assumptions of Theorems 3.1 and 4.1 are fulfilled (see [5] for details). Therefore, we
have the following result:

Corollary 5.7. Let B = B(X) be the algebra of all bounded linear operators on a complex Banach space X with
dim(X) > 2. If amap ¢ : B — B satisfies p(pu(51,52,...,51)) = Y pu(S1, .-, 8im1, ©(S), Sivt, - -, Su) (1> 3) for all
$1,52,...,51 € TwithsiSp - -5, = 0, then p(s +1t) — (s) — p(t) € Cl and ¢ = 6 + T, where 6 : B — B is an additive
derivation and © : 8 — C1 is a map vanishing at p,(s1,Sa, ..., 5n) forall s1,s2,...,5, € Twith s15p -+ s, = 0.
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