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A geometric approach to inequalities for the Hilbert-Schmidt norm
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Abstract. We show that if X and Y are two non-zero Hilbert-Schmidt operators, then for any A > 0,

cos? O,,
1 KX, Y)l A
< o1 \/cos O e \/COS Oy IXILITYIL + 15708 O ey COS Oy
< cos® cos©,

XLy D

Here ©,, denotes the angle between non-zero Hilbert-Schmidt operators A and B. This enables us to
present some inequalities for the Hilbert-Schmidt norm. In particular, we prove that

V2 +1
2

X + Y||2 < [ 11+ Y1 ||2.

1. Introduction and preliminaries

Let B(H) denote the C*-algebra of all bounded linear operators acting on a Hilbert space (?(, [ -]). For

every X € B(H), let |X| denote the square root of X*X, that is, |[X| = (X*X)12. Let X = U|X| be the polar
decomposition of X, where U is some partial isometry. The polar decomposition satisfies

Ux =X, rdX| =X, U'ux = X, X* = |X|U-, | X' = UX|u-. (1)

Let C1(H) and C,(H) denote the trace-class and the Hilbert-Schmidt class in B(H), respectively. It is well
known that C;(H) and C>(H) each form a two-sided *-ideal in B(H) and C,(H) is itself a Hilbert space with
the inner product

(X,Y) =) [Xei, Yei] = Tr(Y"X) )
i=1

where {¢;}*, is any orthonormal basis of H and Tr(-) is the natural trace on C1(H). Three principal

properties of the trace are that it is a linear functional and, for every X and Y, we have Tr(X") = Tr(X) and
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Tr(XY) = Tr(YX). The Hilbert-Schmidt norm of X € C(H) is given by [|X]|, = V(X, X). One more fact that
will be needed the sequel is that if X € C>(H), then

X1, = 171, = [[1x1], = || 11 3)

g
The reader is referred to [8, 10] for further properties of the Hilbert-Schmidt class.
In Section 2, by using the angle ©,, between non-zero Hilbert-Schmidt operators X, Y, we present

an extension of the Fuglede-Putnam theorem modulo the Hilbert-Schmidt class. We also prove that
KX, V)2 < (X7, [Y*){IX],|Y]) and then we apply it to obtain for any A > 0,

cos®,.,. \/cosG) i8.99) + A cos ®

2
cos @ X111 ”XHZHYHZ 1+ A XLy

cos®

oy S 1+1 Xl

In Section 3, by using the results in Section 2, we provide alternative proofs of some well-known inequalities
for the Hilbert-Schmidt norm. For example we present a considerably briefer proof of an extension of the
Araki-Yamagami inequality [1] obtained by Kittaneh [3]. In particular, we prove Lee’s conjecture [6, p. 584]
on the sum of the square roots of operators. Some related inequalities and numerical examples are also
presented.

2. Angle between two Hilbert-Schmidt operators

Let X, Y € Co(H). Since Co(H) is a Hilbert space with the inner product (2), by the Cauchy-Schwarz
inequality, we have

—IXILIYI, < =KX, V)| < Re(X, Y) < KX, V)l < [IXIL 1YL, (4)
Therefore, when X and Y are non-zero operators, the inequality (4) implies

-1 < M < 1.
X1, 1Y,

This motivates defining the angle between X and Y as follows (see [12]).
Definition 2.1. For non-zero operators X, Y € Co(H), the angle Ox y between X and Y is defined by

Re(X,Y)

cos®,, = —————;
XL,

0<Oxy <m.

Example 2.2. Let us recall that by [8, p. 66] we have
Tr(@®b) =[a,b] and |la®Dll, = llalllibll,

foralla,b € H. Here, a ® b denotes the rank one operator in B(H) defined by (a ® b)c := [c, bla for all c € H. Now,
letx,y,ze H\{0). Put X =x®zand Y = y ® z. A simple calculation shows that (X,Y) = IIzI12 [, yl. Thus,

3 Relx, y]
X il

Remark 2.3. Let X, Y € Co(H) \ {0}.

cos®

(i) One can see that cos® . = cos Oy, forally € C\ {0}.
(ii) For every a, p € R\ {0}, it is easy to check that

cos®,, af>0

aXpy —cos®,, apf<0.

cos® = {
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(iii) By (2) and Definition 2.1, we have

X £ Y12 = IXIZ + Y12 + 211X, 1 Y]], cos ©,.
(iv) If X and Y are positive, then
(X, Yy =T (YV2Y'2X) = Tr (Y2XY'?) = Tr ((XWWZ)* (x12y172)).
Therefore, Re<X, Y) = (X,Y) > 0 and hence 0 < O, < 7.

Let us recall the Fuglede-Putnam theorem modulo the Hilbert-Schmidt class due to Weiss [11, Theorem 1]:
if X and Y are normal operators and Z is an operator on H, then [XZ - ZY||, = [IX*Z - ZY"|,. In the
following theorem, we present an extension of the Fuglede-Putnam theorem modulo the Hilbert-Schmidt
class which provided by Kittaneh in [4]. Our proof is very different from that in [4, Theorem 5].

Theorem 2.4. If X, Y and Z are operators on H, then
IXZ = ZY|? + IXZIZ + 11ZY |2 = IXZIP + 1ZYI2 + 1IX°Z = ZY°|1.

Proof. With no loss of generality we may assume that the operators XZ,ZY, X*Z and ZY* are Hilbert-
Schmidt; otherwise, both sides of the last equation in the theorem are infinite. We may also assume that
XZ,7Y,X*Z,ZY" # 0 otherwise the desired equality trivially holds. By (2) and Definition 2.1 we have

IXZI|,|ZY1), cos ©,,,, = Re(XZ, ZY) = ReTr(Y'Z'XZ)

= ReTr(Z°X*ZY) = ReTr(Z'X'ZY)
= ReTr(Yz*X*z) = Re(X*Z, ZY")
= IX*ZILIIZY"|l, cos ©,.,..,
and hence
IXZIIZYN, cos ©,,, = IX"ZILIZY"|l, cos O, .- ©)
So, by (5) and Remark 2.3(iii), we have
IXZ = ZY| + X ZIZ +11ZY|?
= IXZIZ + 1ZYIE = 21X ZI,11ZY1, cos ®,,,, + IX"ZIE + 12|
= IXZIE +1ZYIE = 21X ZIIZY"|l, cos O, + IX*ZIE + 1ZY|?
= IXZIZ + 1ZYIF + 1X°Z - ZY°|2.

X*Z,Zy*

O
Remark 2.5. Let X and Y be normal operators and let Z be an operator on H. By (2) we have

IXZIZ +1ZYIP = (X*Z, X"Z) +(ZY", ZY")
= Tr(Z'XX'Z) + Te(YZ'ZY")
= Te(Z'XX'Z) + Te(Z'ZY"Y)
= Tr(Z'X'XZ) + Te(Z'ZYY")
= Tr(Z'X'XZ) + Te(Y'Z'ZY)
=(XZ,XZ) +(ZY,ZY) = |IXZ|> + 1ZYI].

Therefore if in Theorem 2.4, X and Y are assumed to be normal operators, then we retain the Fuglede-Putnam theorem
modulo the Hilbert-Schmidt class.
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We now state a interesting inequality for Hilbert-Schmidt operators.

Theorem 2.6. If X and Y are Hilbert—Schmidt operators on H, then
KX, OF < XL IYDAXL, YD) (6)
Moreover, the inequality in (6) becomes an equality if and only if CY*X is positive for some scalar C.

Proof. Let X = U|X| and Y = VY] be the polar decompositions of X and Y, respectively. By (1), (2) and the
Cauchy-Schwarz inequality, we have
2
(X P = [Te(1Y1v-uixi)
2
=[xy v 2)

2
— <|Y|1/2V*U|X|1/2’ |Y|1/2|X|1/2>'

IA

||Y|1/2V*U|X|1/z||jH|Y|1/2|X|1/2Hj
= Te(| XU VYV UIX]Y2) Te( X2 Y| XT2)
= Tr(V|Y|V*U|X|u*)Tr(|Y||X|)
= Te(|Y 111 T Y111)
= Tr(|Y*FIXC) Te(IYTIXT) = X7 Y DX, YD
The inequality in (6) becomes an equality if and only if
|Y|1/2|X|1/2 _ CIYI”ZV*U|XI1/2

for some C € C, and hence |Y]|X| = ([Y|V*U|X]|. So, by (1), we obtain |Y||X| = CY*X. Therefore, the inequality
in (6) becomes an equality if and only if (Y*X is positive for some C € C. [

As a consequence of Theorem 2.6, we have the following result for trace-class operators.
Corollary 2.7. If X is a trace-class operator on H, then

TrX] < TrlX]. )
Moreover, the inequality in (7) becomes an equality if and only if CX is positive for some scalar |C| = 1.

Proof. Let X = U|X| be the polar decomposition of X. Since |X|'/2U and |X|'/? are Hilbert-Schmidt operators
on H, by Theorem 2.6 and (1), the result follows. [

Remark 2.8. Let X and Y be Hilbert-Schmidt operators on H and let A € R*C. By Theorem 2.6, we have

KX, VP < VXL 1Y) VX YD KX, Y
< VX, T KX YD) KX Y1+ A(X 1Y IXIXL YT = KX, YOPR).

This implies

2 1 * * A * *
KXOF < 773 VXL YD VXL Y KX, YL+ T XL YIXIXL YD (8)
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Note that by Theorem 2.6 we have

T+ +/\ \/(IX*I Y] VXL Y KX, YL+ —(IX*I YIAX] YD

<13 )\ L YIXX YD + —(IX*I Y DAXI YD
= (IXTLIYIXIXL YD,
and hence the inequality (8) refines the inequality (6).

Here we present one of the main results of this paper. In fact, the following theorem enables us to provide
alternative proofs of some well-known inequalities for the Hilbert-Schmidt norm.

Theorem 2.9. For non-zero Hilbert—Schmidt operators X and Y on H the following properties hold.

2
(i) cos ®Xy < cos ®|X 1+ €OS ®\X\,IY\'

(ii) | cos ®X,Y| < min { \/COS O iy ‘/COS O }

sy . D .2 )
(iii) sin”@,. ., +sin“ O, < 2sin”O,,.

Proof. (i) By (3), (4), Definition 2.1 and Theorem 2.6 we have

2
cos’ 0,, = (—Re(X, ) )

[IXI1, 11Y11,

2

< |<X,2Y>|2

XIS IYN1
< AXLIYD XL YD
XY, XL YL,

_ Re(IX*|, IY")  Re(IX], [Y])

ESINERE!

=c0s0,. . cosO, .

(ii) The proof follows immediately from (i).
(iii) By the arithmetic-geometric mean inequality and (i) we have

sin®@.. ... +sin’®

XY G

=2 (cos2 .
<2-2cos®,.. . cos®

XLy IXI1Y1

<2-2c0s’@,, =2sin’O,,.

2
+ cos @mm)

O
Remark 2.10. Let X and Y be non-zero Hilbert—Schmidt operators on H. For any A = 0, by (3) and (8), we have
(Re<x, Y) )2 o KX P
XL = xEv?
L ORIV VAR TYD KX, V1 + 21X, 1Y DXL YD)
s 211112
XTI
_ 1 Re(|X*|, IY*|> Re(I X, [Y]) KX, Y)|
LA\ 1], 11| [l e ], IXILYA,
A Re(IX*| [Y')  Re(IX], [Y])
LA e, |
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So, by Definition 2.1 it follows that

cos®. .. \/cos C) KX, 1)l + A O,y COSO, . (10)

2
cos”© IXL1Y1 ”X”z”Y”z 1+ A cos XY IXL1Y1

<
T14A

Note that by (9) we have

KX, V)l A
oS Oy v \/COS O XLV + 7 o8 Oy COS O
2 2

1X],1Y]

1
1+A

A
< T cos G)\x*um cos O, + o1 cos ®|X*|,w*| cos O,

= cos® cos®

XY X111

Therefore, the inequality (10) is a refinement of the inequality in Theorem 2.9(i).

3. Inequalities for the Hilbert-Schmidt norm

In this section, by using Theorem 2.9, we provide alternative proof of some well-known inequalities
for the Hilbert-Schmidt norm. First we present a considerably briefer proof of an extension of the Araki-
Yamagami inequality [1] obtained by Kittaneh [3, Theorem 2].

Theorem 3.1. If X and Y are Hilbert—Schmidt operators on H, then

|| 1x1 = 1Y

“ 1= | < 21 - 2.

Proof. Since the desired inequality trivially holds when X = 0 or Y = 0, we may assume X,Y # 0. By (3),
Remark 2.3(iii), Theorem 2.9(i) and the arithmetic-geometric mean inequality we have

[DSENE "2y

= = i

j + |1

Jivi

, cos (.

IX1Y1

i+ [mf =2 xif [ |, cos©

= 2/IX|I2 + 21IYI2 = 21XI,1Y1l,( cos ©.,,., + cos O, )

XY

IX*11Y*] IXIIY1

< 2IXI12 + 2117 - 4lIX1,l1Y1, \/cos® cos®
< 20XIE + 2IYIE ~ 4IXIL 11| cos ©,, |
< 20IXIE + 201 = 41X 1], cos O, = 21X - Y.
|
As an immediate consequence of Theorem 3.1, we get the Araki-Yamagami inequality [1, Theorem 1].

Corollary 3.2. If X and Y are Hilbert—Schmidt operators on H, then
[1X1 =11, < V211X = YIL,-

Remark 3.3. Inn [1], Araki and Yamagami remarked that 2 is the best possible coefficient for a general X and Y.
Now let X and Y be normal operators. Since X and Y are normal operators, the spectral theorem (see [8]) implies that
IX*| = IXI, 1Y*| = |Y| and hence, by Theorem 3.1 we obtain

HXT =Y, < [1IX = Y],

Therefore, if X and Y are restricted to be normal, then the best coefficient in the Araki-Yamagami inequality is 1
instead of V2.
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The following result is a special case of [6, Theorem 2.1].

Theorem 3.4. If X and Y are Hilbert—Schmidt operators on H, then

IX + YIP < |11+ 1Y

2|| IX] + Y] ||2.

Proof. We may assume that X, Y # 0 otherwise the desired inequality trivially holds. By (3), Remark 2.3(iii),
Theorem 2.9(i) and the arithmetic-geometric mean inequality we have

|11+ Y]

e mlf = (ixy

+ I

f+ 2| 1x]

Il

| Cos Qx*uw)
x (1 + [+ 2| | m]], cos ©,,,)
= (IIXIE2 + IIY1Z + 211X1,I1X1), cos ©,,.,. )
x (IXIZ + Y12 + 20IXIL11Yl, cos ©,, )

2
= (IXIZ + IVIZ)” + 4IXIZIYIE cos ©,. ., cos ©

[X*IY*] IX11Y]
+ 20IXILIYIL(IXIZ + 1YI2)( cos ©,,., + cOs O, )
2
> (IXIZ + IYIE) + 4IXIZIYIE cos ©.,,., cos Oy,

+ 41X YL (IXIE + 1Y) \/cosca 0s ©

X117 IXLIY1
2
> (IXIZ +11YIE) + 4UIXIZNYIE cos® ©,,,
+ 4lIXILIYIL(IXIZ + 1YIZ)] cos ©,,, |
2
> (IXIZ + 11YIE) + 4UIXIZNYIE cos® ©,,,
+ 4)IX1L 11, (IXIZ + 1Y) cos ©,,,
2 2 2 4
= (IXIE + VI + 2IXIL 1Yl cos ©,, ) = [IX + YII2.
|

Next, we provide alternative proof of an inequality for the Hilbert-Schmidt norm due to Kittaneh [5,
Theorem 2.1].

Theorem 3.5. If X and Y are Hilbert—Schmidt operators on H, then
2
[[1X1 = 1] < 1X + YILIX = Y-

Proof. Since the desired inequality trivially holds when X = 0 or Y = 0, we may assume X, Y # 0. By the
arithmetic-geometric mean inequality we have

IXILIYIL(1 + cos ©,,) < 2AIXILIYIL, < IXIZ + Y]

Then, since cos®,, ., > 0, we obtain

1X1,1Y1
IXILIYIL(cos©,,, +cos? @) < cos @, (IXIE + 1Y),
and so

IXIL11Y1l, cos © (11)

XY IXLIY®

< cos O, (IXIZ +11YIZ) = IXIL 1Y, cos®©
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Therefore by (3), Remark 2.3(iii), Theorem 2.9(ii) and (11) we have

2
1K + YIRIX = YI2 = (IXI2 + IVIE)” - 4IXI2IYIE cos? ®,,,

1XL1YI

2
> (IXIE + Y1)~ 4IXIEIYIP cos ©
>

2 2 2
1X1IY1 + 4:”)<”2 ”YHZ cos ®\XHY\

(

(

(1112 + ||Y||f)2 — 4/IXIL 1L (IXIE + 1Y) cos ©
(112 + VI = 21XIL1YI] cos ©,,,, )

(

|11+ w1 = 21| 1], cos@,,,)" = [[1x1 - m]["

|
The following result may be stated as well.

Theorem 3.6. If X and Y are Hilbert—Schmidt operators on H, then

|11+ 1Y

< V2| IX1+ 1]

Proof. We may assume that X, Y # 0 otherwise the desired inequality trivially holds. Since -2 < cos ®
2cos®, ,, < 1, by the arithmetic-geometric mean inequality we get

Xy
X11Y]

20XIL 1YL, ( cos ©,.,., =208 O, ) < 2XILIIVIL, < IXIE + (Y2

XY
Hence

2/IXI1,11Y1l, cos O, . < IXIZ + Y1 + 4l1XIL1YIl, cos ©, (12)

IX*IY* 1X]1v1*

So, by (3), Remark 2.3(iii) and (12) we have

|11+ Y]

2 % 2 % 2 % %
=]+ e+ 2l e[
= IXIZ + Y1 + 21X, 11 Y1l cos © ..

< 2|IXI2 + 2117 + 4lIX1, Y1, cos ©,,,

= 2|+ [+ 211 | [[1v1]] cos ©,,,) = 2f[1x1 + 11

cos ©
2

O

In [6, p. 584], Lee conjectured that for arbitrary n-by-n matrices A and B, the inequality

V2+1
2

la+B] < 141+ 181,

holds. Very recently, a proof of Lee’s conjecture has been presented in [7] as our work was in progress. We
end this section by a proof of Lee’s conjecture for operators.

Theorem 3.7. If X and Y are Hilbert—Schmidt operators on H, then

V2+1
2

||x + Y||Z < |11 +1Y1 1|2.
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Proof. Since the desired inequality trivially holds when X = 0 or Y = 0, we may assume X, Y # 0. By (3),
Remark 2.3(iii), Theorem 2.9(ii) we have

V11 L alf + [l 2 ][] cos,)
\/_+1(

\/_+1

i1+ m|f; =

IXIE + 1IYIE + 20X 11, COS@mm)

(IIXIZ + IYIE + 201X1L, 1Y), cos® ©,,, )

\/_ 1
= ||X||§ +IYIE + 20XILIYIL, cos ©,, + ———(IXIF +[IYI)

+ XYL (V2 + 1)cos ®,, —2cos0,,)
\/_ 1

2
(I, = 1vi,)
+ ||X|| YIL((V2=1) + (V2 + 1) cos? O, —2c0s®,,)
\/_ 1

=[x+ v+

(11, - 11,
+ ||X||2||Y||Z(\/\/§ -1- \/\/§+ 1cos @X,Y)2

=[x+ i+

> ||x + Y||f
0

Remark 3.8. Suppose My(C) is the algebra of all complex 2 X 2 matrices. Let Det(A) denote the determinant of
A € My(C). Recall (seee.g. [2, p. 460]) that for A € My(C) we have

1

IA| = (VDet(A*A) I + A*A).
VT A) + 2 Det(AA)
Now, let B = [0 0] C= [O 0] and D = 0 . Then simple computations show that |B| =
! -1 of 01 1-12 V8 -2 P P
3- V8 —+/ V200 - 14
[(1) 8] |B*| = [O 0} ICl=|C| = [O 0} and |D| = V8 . Therefore,
V200 - 14 V8 -2

1871 +1C’|

[

V2||1B +1cl ||, = «/E'l[(l)

T
ol 9

Hence the inequality in Theorem 3.6 is sharp. In addition, we have

T e B i

V32 -4

and
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and
ﬁ+1|||3|+|D|(| V241 4- V8  —4/V200-14
2 : 2 |Il=/v200 - 14 N
_ Y2t | 10— V72 -4 V3200- 56
2 — /3200 - 56 VB-2

So, the inequality in Theorem 3.7 is also sharp.
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