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Approximation properties of semi-exponential
Szasz-Mirakyan-Kantorovich operators

Gunjan Agrawal?®, Vijay Gupta®

?Department of Mathematics, Netaji Subhas University of Technology, Sector 3 Dwarka, New Delhi 110078, India

Abstract. In the present paper, we deal with the approximation properties of semi-exponential Szasz-
Mirakyan-Kantorovich operators. Here, we establish the relation between semi-exponential Szasz-Mirakyan-
operators and its Kantorovich variant. Further, we propose the modification of the Kantorovich variant so
as to preserve the test functions e* and ¢?4* and we derive the Voronovskaya-type result.

1. Introduction

Ismail and May [20] considered exponential type operators, which preserve linear functions. In ([15],
[16]), the authors have studied the approximation properties of such operators by considering different
basis functions. This paper is about the study of semi-exponential Szdsz-Mirakyan-Kantorovich operators,
which is extension of exponential type operators. The motivation comes from ([19], [24]), wherein the
semi-exponential operators are introduced and their different types of examples are discussed. In the
year 1954, Butzer [11] considered the integral modification of Szdsz-Mirakyan operators, namely Szasz-
Mirakyan-Kantorovich operators. The approximation properties of such operators are studied in various

research papers such as ([10], [13], [14], [17], [25]). Very recently, Herzog [19] proposed the semi-exponential
Széasz-Mirakyan operators defined by

. k
(ﬁmm=2£wvtyﬁ>o M)
k=0
where -
PRIRIEY
These operators satisfy the differential equation

(k—nx)

(D + B)sh(x) = =5}, (x),
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where D represents differential operator i.e. D = 4. As a particular case, if § = 0, the operators (1) reduce
to exponential-type operators viz.

00

CHOEICHIOEDY snk<x>f(§), @)

where
Kok
—nx X

Suk(x) =€ s

Motivated by the recent studies, we now consider the Kantorovich variant of (1) as below:

oo (k+1)/n
K’ = p t)dt. 3
KEF(x) n;snkm fk/ 0 )

The paper is organised in the following manner:

In section 2, we estimate the moments and central moments for the operators (3) and find the bounds for their
basis function. Section 3, provides a relation between the operators (1) and (3), the rate of convergence for
the function of bounded variation and some direct estimates. Also, this section includes the Voronovskaya
type asymptotic result for the operators (3). In section 4, we modify the operators (3) so as to preserve the
test functions eA* and ¢24* for A > 0. Further, we obtain the moments, central moments and the asymptotic
formula for our modified operators.

2. Auxiliary Results
In the sequel, we use the following results. Throughout the paper we denote ¢;(t) = #,i=0,1,2,...

00

Lemma 2.1. For m-th order moment given by (Sf’;em)(x) Z k(x)( ) , m € N U {0}, we have the following:

S = 1, Gepw =L,

Sheaw = L0+,

(Shen)®) = i "){ x(B + m)(Bx +nx +3) + 1),

(SPenx) = G+ ”){ x(B + 1) (B + 2n2 + 6+ nx + 6nx +7) +1),
(SPes)x) = x(ﬁ n ){ (B + n)(Bx> + 3%nx> + 108247 + 3612 + 20

+255x + 1% + 101242 + 25nx + 15) + 1},

Seow = B n+ ){ (B + m)(Bixt + 48%nxt + 15 + 682 + 45623

+6562x% + 4pn°x* + 456n°x> + 1308nx” + 90Bx + n*x* + 15n°%°
+65n%2% + 90nx + 31) + 1.
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Proof. The moment generating function of the operators defined by (1) is given as

x k k
Pefty(y) = O Ul T
Shet = Yot
— e—(n+ﬁ)x€(n+ﬁ)xe%

= exp{(n + ﬁ)x(e% - 1)}

and

8 J’
(Shen)(x) = [ = (expln + p)x(en - 1)})]
Thus the result follows by above identity. [

A=0

Lemma 2.2. The moment generating function of the operators defined by (3) is given as
A

(K@) = " Dol + prrcet - )

Proof. By definition (3), we have
0 (k+1)/n
(Kl (x) = nzsﬁk(x) L Aldt
k=0

i e —e™)
k:
n(e? - 1) —(n+/§)x [(n+ ﬁ)xe

A k!
k=0

= @exp{(n + ‘B)x(e% - 1)}.

Hence the result follows. [

A
n

Remark 2.3. Expanding the right hand side of the Lemma 2.2 using Mathematica, we have

AQBx + 2nx + 1) . A? <3ﬁ2x2 + 6pnx? + 6Bx + 3n2x + 6nx + 1)

2n 6n2

KPe'Yx) = 1+

3

50 {4ﬁ3x3 + 128702 + 186%%% + 12Bn°x> + 36pnx* + 14x + 4n’x® + 18n°x°

+14nx + 1} + {5ptx" + 2087 nx" + 408°x° + 308%nx" + 120822 + 75422

A
120m4
+20ﬁn3x4 +12081°%° + 1508nx” + 30Bx + 5nx* + 40n3x® + 75n°x + 30nx + 1}

T {655x5 +30B%nx° + 758%* + 60B%nx° + 3008%nx* + 2608°x° + 608713«

+4508%n*x* + 780p%nx> + 2708%x* + 30pn x> + 30081 x* + 780Bn*x> + 540pnx?

+62Bx + 6n°x° + 75n*x* + 2601 + 270227 + 62nx + 1} + {78°2° + 42p7nx®

A
5040n°
+1268°x° + 1058*n%x® + 6308*nx” + 7008*x* + 1408°1°x® + 12608°n°x” + 28008 nx*
+14008°x° + 1058%n*x® + 12608%n°x° + 42008%n*x* + 42008%nx> + 903p%x* + 42pn°x°
+630pn x> + 280081 x* + 420081°x> + 1806pnx> + 1268x + 7n®x® + 126n°x> + 700n*x*

+14001323 + 9031%x% + 126nx + 1} +0 (A7) .
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Lemma 2.4. The following result holds:

Khep)x) = 1,
2Bx +2nx +1

Kie@w = ————,
38%x2 + 6Bx(nx + 1) + 3n%x> + 6nx + 1
(Kl = TP ,
(Kfes)(x) = 41?{4/3%3 + 623 (2nx + 3) + 2Bx (6n*22 + 18nx +7) + 4n’x® + 18n%x? + 1dnx + 1},
1
(KPey)(x) = 5?{55%4 +20% (nx + 2) + 156222 (20 + 8nx + 5)
+10Bx (2% + 122722 + 15nx + 3) + 5n*x* + 401 + 75n%x% + 30nx + 1},
1
(KPes)(x) = @{65%5 +15p%x*(2nx + 5) + 208%° (3n22® + 15nx + 13)
+30p% (272 + 15024 + 26mx +9) + 2x (15n*x* + 1501 + 390122 + 270nx + 31)
+61°x° + 75n*x* + 260n°x° +270n%2% + 62nx + 1,
1
(KPee)(x) = ﬁ{ﬂ%éx(’ + 424°2° (nx + 3) + 35p%x* (3nx? + 181x + 20)

+1408°2% (2% + 9n*x® + 20mx + 10) + 21% (5u'x* + 60n°x® + 2007222 + 200mx + 43)
+14Bx (3n°x° + 45n*x* + 2001 + 300n%2% + 129nx +9) + 7n°x® + 126n°x° + 700n*x*

+140013%% + 9031222 + 126mx + 1}.

Proof. We know that the m — th order moment is the coefficient of 4+ in the expansion of moment generating
function, hence from Remark 2.3 we obtain the required result. [

Lemma 2.5. If we denote yfim(x) = (K,’S;(el — xep)™)(x), then we have

[‘lﬁ/o(x) = 1,
26x+1

e = 2 —,

B 3B%x% + 6Bx + 3nx + 1
["lnrz(x) = 32 ,
£ = 46223 + 18622 + 2Bx(6nx +7) + 10nx + 1

3 413 ,
/Jﬁ () = 5B%x* + 408%x® + 1582x2(2nx + 5) + 10Bx(8nx + 3) + 15n%x% + 25nx + 1.

5n4

Proof. The proof follows easily from Lemma 2.4. [

Let kﬁ(x, H=nYr si (0Pn(t), where ¢,(t) represents the characteristic function of the interval [%, ’%1].
Hence,

@ﬂﬂif&mww&
0

Lemma 2.6. For x € (0, ), we have

fykﬁ( t)dt<1+6ﬁx+3nx+3ﬁ2x2 <<
o UNET e YR
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and

* 1+ 6Bx + 3nx + 34°x*
fz Ko (x, Hdt < 3G 37 , X<z < oo

Proof. On applying Lemma 2.5, the proof follows immediately along the lines of [23]. O

Lemma 2.7. For x € (0, ),
1

V2e(n + ﬁ)x.

Proof. Using the bounds as given in [27], we have the above inequality. [

sﬁ () <

Lemma 2.8. For x > 0, we have

V1 +3x

<038

Z S = 5
k=0

Proof. The proof follows along the lines of [26]. O

3. Approximation for (Kf Ji)

Theorem 3.1. The following relation exists between semi-exponential Szdsz-Mirakyan-operators and its Kantorovich
variant:

1+ )&t = 0o 5o,

where S are convex of order 1 and F denotes the integral fox f()dt.

Proof. Consider

D) = k1 (8 +krz>kex<ﬁ"> L - n)x’f(i '+ n)ferpm
= (n+P)sh,_, (x) = nsh, () — B, (x).
Thus,
(D +B)sh(x) = (n + B)shy_, (x) = sl (x). @)
Now,

Oosionw = Yo +peor(E)-p Y e (L),
k=0 k=0
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Using the relation (4), we obtain

(Do Sk oP)(x) Z (n+p)s’_(x) - nsnk(x) () ﬁz S, (OF ()

- k+1 k
*ﬁkzsﬁk(’“’ ( ) F(a)}
(k+1)/n o0 (k+1)/n
s () f F(b)dt + g(nzo‘sik(x) t)dt]

= 6w+ LK,

which proves the required relation. [

1102

Remark 3.2. Here we show the validity of our Theorem 3.1, by considering few monomials. Applying Lemma 2.1

for f(t) = ey, we have

) (DoSko f ) F(Bdt)

; n \ (e +n)
(n+ﬁ)DOS oer) (+ﬁ)D{ 7 }

= (Kbeo) ().

(77

Next if we take f(t) = ey,

)(Dosfg f J{G0)

n o ﬂoe—z
(n+ﬁ)(D S 2)
_on (B +
_2(n+ﬁ)D{
= 520 (p ) + o)

= (Kber)(x).

(77

@w+m+mﬁ

For f(t) = e,

b
(n_'_ﬁ)(DoS ff(t)dt)

(5) (st )

- 3(nT:- ﬁ)D{ v ((ﬂ + n)’es +3(8+n)e + e ) }
312 (3(,5 +n)’ey + 6(8 + n)ey + eo)

= (Kbeo)(v).

This verifies the connection obtained in Theorem 3.1.
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Theorem 3.3. Assume that f is a function of bounded variation on every finite interval on (0, 00). Then for sufficiently
large n, there exists a constant M, such that

_{fwﬂ;fwvH 3 ( vizw+1yﬂﬁj £
2A(2B+ 1+ Bx) +x - M
{ }Zvﬁgm+;,

2
n=x
k=1

where

fH)—f(x") 0<t<x
gx(t) = 10 t=x
fH) - f(x*) x<t<o

and V(g,) denotes the total variation of g, on [a, b].
Proof. Using Lemmas 2.6, 2.7 and 2.8, we obtain the desired inequality following [17] and [18]. [

Let us define C*[0, o) to be the collection of all such functions g such that |g(x)| < N(1 + x2), where the
constant term N depends on g and is independent of x. The space C*[0, ) is equipped with the norm

gl = sup g(x)(1 +x*)7"

x€[0,00)

Now, for g € C[0, o0) N C*[0, 0), let the weighted modulus of continuity [21] be given as

-1
Qg, 0= sup |gx+h)— g ((1 +h)(1 + xz))

k<, x€[0,00)
By the property of Q(g, C), the following inequality holds:
lg(t) — g(0)| < 2[1+ (¢ - 21 + |t = x|+ 22 + CZ)Q(g, Q), (5)

where x, t € [0, ).
We now prove the Voronovskaya type asymptotic result, which has been extensively studied by a number
of researchers in [1], [2], [4] etc..

Theorem 3.4. For f’, f” € C[0, o) N C*[0, o0), we have

5 2Bx+1]  f7(x) [3B%x% + 6Bx + 3nx + 1
(Knf)(0) = f(x) = f'(x [ o ] > [ 312

< 8.0 (1 +D)Q(f”,n?).
Proof. By Taylor’s expansion,
N( )

+ E(u, x)(u - x)?,

£ = £ + 0= 0 () + (u - 220

where &(u, x) = 5 L £"(0) — f”(x)) is a continuous function vanishing at 0 and 6 € (x, u).
Now, applying the operator K® to the above inequality, we obtain

5 oo [2x+1]  f7(x) [3f%x% + 6Bx + 3nx + 1
(an)(x)—f(x)—f(x)[ o ]_ 5 [ 32

< (Ki(€Gu )l = 0%) ().
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Also by Lemma 2.5, we conclude that

(KRE@ Dl - 0)) () = 8[uh, () + T ()] (1 + DA, )
=8[0(m™) + C*Om™)| @ + A", 0).
If we choose C = n%, then
(KR, 0l = x)9)) (1) < 8.0 (A + D)QF”,n?),
which lead us to the desired result. O
Corollary 3.5. For f’, f” € C[0, o) N C*[0, o0), we have
2px +1 X
T] _

tim | (K] A)(0) - f(0)] = /() >/,

Lemma 3.6. For a function f which is bounded on [0, o0), let ||f|l = sup |f(x)|. Then

x€[0,00)
&Epe| < 7.
Let Cg[0, c0) denote the space of all uniformly continuous and bounded functions on [0, o) and
Cy[0,00) = {g € Csl0, ) : ¢', 9" € C5[0, ).
For a > 0, the K- functional is given as
K(f, a) = inf{llf - gll + allg”1l}

where g € C;[0, ). Then Ky(f, @) < Cawa( f,a%), where w, denotes the modulus of continuity of second
order and C is a positive absolute constant. For more details, one may refer [12, pp. 177, Theorem 2.4].

Theorem 3.7. Fot f € Cp[0, o),

2 1
(K P) _f(x)' < Can(f, \/0%) + w(f' ﬁ;: )

where w is first order modulus of continuity and

24B%x% + 36Px + 12n + 7

ah(x) = o

Proof. Let us define the operators IZﬁ : Cp[0, 00) — Cg[0, o0) by

o 8 2Bx +2nx +1
mmw=mm@—d——g——%ﬂn

In view of Lemma 2.4, it is clear that these operators preserve linear functions. By Taylor’s expansion, we
may write

t
ﬂﬂ=ﬂ@+0—@i@ﬂlfc—wfwﬁu
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) (x)

where g € C;[0,00) and x, t € [0, o0).

Thus,
t
(Rog)) - 90| < (Kﬁ f (t = v)g" (0)do

2Bx+2nx+1

sl [ , 2 (2Bx +2nx + 1 ,
<K, f (t =v)g" (v)dv|| (x) + ——— —v|g" (v)dv
. X 2n
2ﬁ«+2nv+1
2B8x +2nx +1
e T B e

Now, on applying Lemma 2.5, we are led to

2Bx +1)\?
@ -ow| < (i +( L) o
~ {3ﬁ2x2 +6Bx +3nx + 1 +(Zﬁx+ 1)2}|Ig”||

3n? 2n
= @yl
By the definition of the operators Kﬁ and Lemma 3.6, we obtain

RS HEN < IEKE AN + 21111 < 3l

Finally, we may conclude that

Kip@ - f@)| < |Righ® - 9|+ [(RE(f = )6 - (F - )| +

f (Zﬁx +22:x + 1) B f(x)‘

2n

f (M) —f(x)I

<@gl +4lf - gll +

< Clah@lg"lI+11f - gll} + w(f' & 1)'

Considering infimum over g € C;[0, ) and using the property of K- functional, we obtain the required
assertion. [J

4. Preservation of ¢?%*, g = 1,2

Many researchers have explored the preservation of exponential functions in the recent past. ([3], [5],
[6],[7], [8] and [22]) can be used for more in-depth research in the related area. For showing the preservation
of exponential function, we consider the following form of semi-exponential Szasz-Mirakyan-Kantorovich
operators:

— °° (k+1)/n
(Kb H)x) =n sﬁk(af(x))f f(t)dt. ©6)
k=0 k/n
For preservation of e*, we must have
00 (k+1)/n

(Khe'yw) = e = nZs (@) flat
k=0

k/n

:
PSS

= =D oxpln + et - 1),
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which implies
In(Ae™) — Inn(e" — 1)
(n+p)ern-1)

ah(x) =

Clearly, lim alx) =x.

Next, we define the operators, which preserve e/* and ¢4, in the following way:

fo ha (k+1)/n
(K, f)(x) = ne™ Z s (ah(x) f e F(b)dt. %
k=0 kfn

Lemma 4.1. For x € (0, o0) and n € N, the following relations hold:

=p X1 —e
(Kye)(@) %exn{(mﬁ)(

In(Ae™) —Inn@E"* - 1)\, =
(n+p) @ — 1) )( F-1))

=f e -1 In(Ae®) = Inn(e?” = 1)\, x
R = M el s (MGELE D) (¥ <)

net (e —1) In(Ae?) — Inn(e?" = 1)\ ;
By — exp{(n+ﬁ)( (s ) e = 1) )(eﬂ —1)}.

Proof. Using Remark 2.2 and the value of ab(x), we have

(?:ew)(X) =

=B x(1 _ 2 L
(Ke0)(x) = %exp{(n +Bah()(e - 1)
et (1 -e7) In(Ae™) - InnE” - 1)\, s
= exP{(n+ﬁ)( I )(e —1)},
(?jew)(x) = %em{(ﬂ + )b ()™ - 1)}

ne’¥(e — 1) In(Ae™) — InnEe" = 1)\, =
=Texp{(n+ﬁ)( s B —1) )(en —1)},

(Eiemt)(x) = Mexp{(n + )l () e — 1)}

3A
In(Ae?*) — Inn(e?" - 1))(83: ~ 1)}

B ne’ (e —1)

3 F {(” " ﬁ)( (1 + ) " — 1)

O

Remark 4.2. Let ¢!, (1) = (e —e™), i=0,1,2,.... Then

=5 =
Kol )0) = [1 - <1<neo><x>]

o], nea-e ) In(Ae™) —Inn(E*/" — 1)\ 4

=¢t [1——A exp{(n+ﬁ)( I )(er —1)}],
(2¢i,x(t))(x) = (ﬁez’“)(x) - 26“"‘(?26““)(@ + e“"(?ieo)(x)

_ 2 [ne"‘x(l —ew)

A exp{(n +p) (ln(AEAX) el - 1)) (e% - 1) } - 1] ,

G+ B =)
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=B =B =B =B
(K@i (D)) = (K,e*)(x) — 46 (K, e*)(x) + 624 (K, M) (x)

—4e3Ax(ﬁ¢t)(x) + e‘*’*’c(ﬁeo)(x)
o ne =1) ln(AeA")—lnn(eA/”—
- e (M ) <)

ne’* (e —1) In(Ae**) — In n(eA/” z
_4—2 ex, {(n+ﬁ)( i p) e —1) ) —l }

0 +e4A"n(1 . ) {( +ﬁ)(ln(AeAX) — Inn(e" - 1))( “ 1) }

(n+B) (et = 1)

Let C[0, o) be the subspace of C[0, o) consisting of continuous real valued functions on positive real axis
such that lim f(x) is finite.
X—00

Theorem 4.3. If f € 6[0, 00) has second order derivative in the interval [0, 00), then
=B
i (R0 - £0)) = 428700 - a0+ 370,
Proof. From Taylor’s expansion, we have

fB) = (fologa)e™) = (f ologa)(™)+ (f o loga) ()¢ .(B) +
+g(e™ — )3 (),

ol ’” eAx
(f Og;) ( )Sbi,x(t)

where g is a continuous function which vanishes at 0. Applying the operator K, on both the sides of above
inequality, we get

= = = o log)” (™) =8
(KN = f(K,eo)x) + (f o loga) (@)K, ) (H)(x) + M(K Vi (H))®)

=B
+(K,g(e" — )P () ().

As
(f o loga) (€)= e A7 f(x)
and
(f ologa)” (™) = e (A7 f"(x) = A7 f'(x)),
therefore

=
(K )(x) = f(x)

=P =P
fx) [(Kneoxx) - 1] + AT K, (D))
AR () = AT () =

+ > (K, ¥ ()(@) + (K ng(e“”—e“"")wﬁ,x(t))(x)
ne*(1 ) log(Ae?*) —logn(e™ = 1)\, -a
R S

AxA f(x )EAX

net*(1 —e) log(Ae®) —logn(e™ = 1)\, -a
e
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+€_2AX(A_2f”(;C) - A‘lf’(x))ezAx
[neAx(l —e) log(Ae?*) —log n(e/™ — 1)) (e% ~ 1)} ~ 1]

A exp{(ﬂﬁ)( (n+ P —1)
=B
+(K,g(e™ = M)y (D))

ne’*(1—ew) log(Ae) —log n(e?" = 1)\,
= [—A exP{(n + ﬁ)( (n+p) (eAln = 1) )( )} - 1]

=B
[0 - 5200+ 5 £/ + (Ragle™ = 907 (00

From Cauchy-Schwarz inequality, we may write

=p 2
(Kyg(e = e™)3 (0)(x) .

n

~$ i =p
< [(Kngz(eA f-et x)(f))(x)] [HZ(Kani,x(f))(X)]

Next we have, .
,}i_{{ln(Kn!]Z(eA f—e™)(B)x) =0

and simple computations lead us to

=
(Kug(e = ™93 (0)()] = 0.

lim n
Hence,
: :ﬁ 3A ’ X "
tin R0 0) = 4%700 - s 00+ 5700
which proves the result. [

Remark 4.4. The original Szdsz-Mirakyan operators, defined by (2), preserve linear functions but this property is
not possessed by their modified form defined by (1). The preservation of affine function of different operators have been
discussed by the authors in [9]. One may modify the operators (1) so as to preserve affine function. We will discuss
this elsewhere.
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