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Abstract.

Let X, Y be two sequence spaces defined by speeds of the convergence, i.e.; by monotonically increasing
positive sequences. In this paper, we give necessary and sufficient conditions for a matrix A (with real or
complex entries) to map X into Y. Also the analogue of the well known result of Steinhaus, which states

that a regular matrix cannot transform each bounded sequence into convergent sequence, for the sequence
spaces defined by the speeds of convergence has been proved.

1. Introduction

Let X, Y be two sequence spaces and A = (4,x) be a matrix with real or complex entries. Throughout
this paper we assume that indices and summation indices run from 0 to co unless otherwise specified. If
for each x = (xx) € X the series

Aux = Z ApkcXk

k

converge and the sequence Ax = (A,x) belongs to Y, we say that the matrix A transforms X into Y. By (X, Y)
we denote the set of all matrices which transform X into Y.

Let throughout this paper A = (Ax) be a positive monotonically increasing sequence, i.e.; the speed
of convergence. Following Kangro [3], [5] a convergent sequence x = (xx) with

limxe:= &) and f(x) = Ak (4 = £(x)) (1.1)

is called bounded with the speed A (shortly, A-bounded) if lx(x) = Oy (1), and convergent with the speed A
(shortly, A-convergent) if there the finite limit

lim (¥) := b(x)

(1.2)

exists. We denote the set of all A-bounded sequences by m*, and the set of all A-convergent sequences by
¢*. It is not difficult to see that ¢* c m* C ¢, where c is the space of all convergent sequences. In addition to
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it, for unbounded sequence A these inclusions are strict. For Ax = O (1) we get ¢! = m* = c. Let u = (ux) be
another speed of convergence, and

¢y = {xec: I(x) = (k(x)) € col,

mgz{x:(xk) cxem Negl,

where ¢y is the space of all sequences converging to zero. In [3]-[5] necessary and sufficient conditions for
Ae (mA, m“), Ae (C/\,CH) and A € (cA, m“) were found (see also [1] and [6]).

In this paper we find necessary and sufficient conditions for A ¢ (m/‘,c“), and also for A € (mA, mb ),
A€ (m)‘,cg), A€ (c)‘,mg), A€ (C/\,Cg), A€ (mg,m“), A€ (mé,mg), A€ (mé,c“), A€ (mg,cg), A€ (cg,m“),
Ae (cé‘,mg), Ae (cg, c”) and A € (cé,cg).

Let c4 be the summability domain of A, i.e.; the set of sequences x (with real or complex entries), for
which the finite limit lim,, A,,x exists, and let

dy(x) := Ay (A,,x - limAnx)

for every x € c4. Let

cg ={x€caq : limA,x =0},
n

cﬁ ={x=(x) : Ax e},

chy=lxeca s dx) = (da(x) € col,

zf‘ ={xe c?q 1 d(x) €c},
A

ny i={xec : dx) €col,

2 i={xecy : I(x) = (k(x) €},

' ={x=(x) : xec and b(x) = &(x) = 0}.
It is easy to see, that n!* c z' c ¢* cm* c ¢, n* c¢) cct, 2" cm) cmh, n) Ccj,, andn) Cz). In

addition to it, for unbounded sequence A these inclusions are strict. For Ay = O (1) we get ¢} = c* =m" =,
' =n* =my =cpand 2, = n} =}, = ca.

Lete=(1,1,..), ¢ = (0,..,0,1,0,...), where 1 is in the k-th position, and A~! = (1/A¢). Thene € ¢} c c* C
m", ¢ e nt, A7 € ¢* ¢ m”* and 1! does not belong into #*. In addition, if Ay # O (1) we get A™! € 2} € m]}
and A~ does not belong into cj. For A = O (1) we get A™! € ¢} and A™! does not belong into 2.

A matrix A is said to be regular if lim, A,x = lim, x, for every x = (x,) € ¢, and A-conservative if
A€ (c*,c"). A A-conservative matrix A is said to be A-regular (see [7]) if

ch ne' = cé and zﬁ nect =24
It is well known the Steinhaus result, which asserts that a regular matrix A cannot transform all bounded
sequences into c (see, for example, [2], p. 51 or [1], p. 11). We prove the analogue of this result showing

that a A-regular matrix A cannot transform all A-bounded sequences into ¢’.
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2. Auxiliary results

For the proof of the main results we need some auxiliary results.
Lemma 2.1 ([2], p. 44, see also [8], Proposition 12). A matrix A = (a,x) € (co, ¢) if and only if conditions
(D) limy, ayy := ax for all k
and
(In) )% |2l = O (1)
are satisfied. Moreover,

IimA,x = Z A Xk (2.1)
k

Lemma 2.2 ([2], pp. 44-45, see also [8], Proposition 23). We have A = (anx) € (co, ¢o) if and only if conditions (I)
and (II) with ay = 0 are satisfied.

Lemma 2.3 ([2], p. 51, see also [8], Proposition 10). The following statements are equivalent:
(@) A = (an) € (m,c).
(b) The conditions (I), (II) are satisfied and

lim Z | — a| = . 2.2)
k

(c) The condition in (1) holds and

the series Z lauk| converges uniformly in n.
k

Moreover, if one of statements (a)-(c) is satisfied, then the equation in (2.1) holds.
Lemma 2.4 ([8], Proposition 21). A matrix A = (ay) € (m, co) if and only if equation (2.2) with a; = 0 holds.

Lemma 2.5 ([2], p. 42, see also [8], Proposition 1). A matrix A = (a,x) € (m,m) = (c,m) = (co, m) if and only if
condition (I) holds.

Lemma 2.6 ([2], p. 46, see also [8], Proposition 11). A matrix A = (au) € (c, c) if and only if conditions (I), (IT)
are satisfied and
(1) there exists a finite limit lim,, )", ay = 7.
k

Moreover, if A € (¢, c), then

liyr]nA,,x =&t + Z(Xk - é)&lk.
k

Lemma 2.7 ([8], Proposition 22). A matrix A = (au) € (c, co) if and only if conditions (I) with ar = 0, (II) and (I1I)
with t© = 0 are satisfied.

A conservative matrix A is said to be t-multiplicative, if there exist a number 7 such that

IimA,x = tlimx,,.
n n

Lemma 2.8 ([2], p. 419, see also [6], p.20-21). A matrix A = (au) is T-multiplicative, if and only if conditions
(D), (II) with ay = 0 and (I1I) with T # 0 are satisfied.
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Lemma 2.9 ([1], Proposition 9.2). Every element x := (xi) € c" can be represented in the form

x = &(x)e + b(x)A! + Z lk(x)/\ﬂek;
- k

ie,c!={x=z+ar+Be:zent;a,peC)

Now we give the necessary and sufficient conditions for A-regularity of A, which was proved in [6], pp.
141-142. As this proof is available only in Estonian, we present this result with the proof.

Lemma 2.10. Let A be unbounded sequence. A matrix A = (ay) is A-regular, if and only if condition (I) with ar = 0
holds, and

(IV) Ae € cM\z4,

(V) The matrix B = (by) defined by

is T-multiplicative (T # 0), where 7 is defined by

T=limA, )| ””kA—_”k 2.3)
n k
k

Proof. Necessity. Let A be A-regular. Then A is also A-conservative. Hence B is conservative (see [1],
Theorem 8.3). It follows from the definition of A-regularity that

A~ A AL
n,Nc' =n";

ie,Ae (nA, nA). Since Aek € n?, we have a; = Bk, where
,Bk = liﬁnﬁnkr ,Bnk = /\n(ank - ak)-

Since A7! € z'\n!, we have AA™! € z'\n?. Therefore

Thus, B is T-multiplicative.
The validity of condition (IV) immediately follows from the definition of A-regularity.
Sufficiency. Let conditions (I) (with a; = 0), (IV) and (V) be satisfied. Since ¢ = {x = z+aAd™ ' +fe : z €
n'; a,B € C} (see Lemma 2.9), we have ¢} = {x =z+ aA™ + fe : z € n};; a, p € C}. Hence by the definition
of A-regularity it is sufficient to show that AA~! € z'\n* and A € (nA, n"). Indeed, in this case from (2.3) we
get lim, A,A~! = 0. Hence
liygndn(/\‘l) =1#0.

It means that ™! € 2 \n),, and then AA™! € zM\n'. If x € n', then Ax := (\wxi) € o and

limd,(x) = lim A, Y e = lim A, Y “AL"Akxk = lim B,(Ax) = 0,
n n n k n
k k

since T-multiplicative matrix B € (cy, ¢o) by Lemma 2.2. Thus A € (nA, nA).
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3. Main results

Now we are able to prove the main results of the paper.

Theorem 3.1. Let A, # O(1). We have A = (ax) € (m", c“) if and only if
(VI) Aéc € ct,
(VII) Ae € ct,
(VIII) )% '”A’—lkkl converges uniformly in n,

(IX) tn Y. "l”f\—;‘“l converges uniformly in n.
k

Proof. Necessity. Assume that A € (mA,c“). It is easy to see that ¢f € m" and e € m*. Hence conditions (VI)
and (VII) hold. Since, from (2.1) we have

Xk
Ak

+¢& &= hzlcnxk’ (k(x)) em

for every x := (x;) € m", it follows that

Apx = Zk" ”Aikklk(x) + &, where U, := Zk:ank. 3.1)

By (VII) we have () € ¢#, and from (3.1) we conclude that the matrix

Ank
Ay i=|—
* ( Ak )

transforms this bounded sequence (Ix) into c. On the contrary, for every sequence (lx) € m, the sequence
(Ix/ Ax) € co. There exists a convergent sequence x := (x;) with & := limy xx, such that [ /Ay = x¢ — &. Thus,
we have proved that, for every sequence (Ix) € m there exists a sequence (x;) € m" such that Iy = Ay (x; — &).
Hence A, € (m,c). This implies by Lemma 2.3 ((a) and (c)) that condition (VIII) is satisfied and for every
x = (x) € m" we get

() i=limAx =) i—’;lk(x) + Elim A, (3.2)
k

Hence for every x := (x;) € m" we can write

Apk — Ok
Ak

Vn(x) = [un(Anx - (P(x)) = Hn li(x) + élun(mn - 11’1111 Ay). (3.3)
k

Since (yx(x)) € c for every x := (xx) € m", from (3.3) we conclude, by (VII), that the matrix Apy € (m,0),

where
A — a
A= (“” nkAk k)'

Therefore condition (IX) is satisfied by Lemma 2.3 ((a) and (c)).

Sufficiency. Let conditions (V1) - (IX) be satisfied. Then relation (3.1) also holds for every x € m", condition
(I) holds by (VI) and (,,) € m* by (VII). Hence by Lemma 2.3 ((a) and (c)), we obtain A, € (m,c) by (IX).
Then also the limit ¢(x) exists for every x € m" and is finite, and therefore relation (3.2) holds for every
x € mh. Consequently, using again Lemma 2.3 ((a) and (c)), we have A, , € (m, c) by (VI) and (IX). Therefore

from (3.2) we can conclude that A € (mA, c“) by (VII).

Remark 3.1. Theorem 3.1 holds also for A, = O(1). Indeed, in this case (Ix(x)) € ¢ for every x := (xx) € m".
Therefore instead of Ay € (m,c) and Ay, € (m,c) we get Ay € (co,¢) and Ay, € (o, ¢). These inclusions hold
by Lemma 2.1 if and only if condition (VI) holds and
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0O L ! = 0,
OXD g1, T 125 = O(1).
Besides, the Vahdlty of conditions (X) and (XI) follows from (VI), (VIII) and (IX) (see also Lemma 2.3).
Remark 3.2. Conditions (VIII) and (IX) in Theorem 3.1 can be replaced by conditions (X), (XI) and
(XII) lim,, Z M =0, s := limy, py @k — ).

Besides, if u, = O(1), then it is necessary to replace O(1) by o(1) in (XI); i.e., condition (XI) is equivalent
to condition | |
(XTII) lim,, % # =0.

Indeed, in the proof of Theorem 3.1, instead of Lemma 2.3 ((a) and (c)) it is necessary to use Lemma 2.3
((a) and (b)). The limit s; exists and is finite by condition (VI) and the validity of condition (XIII) follows
from (XI) for u, = O(1).

Now we prove the analogue of the well known theorem of Steinhaus (see, for example, [2], p. 51 or
[1], p. 11).

Theorem 3.2. Let A, # O(1) and a matrix A = (anx) be A-regular. Then A does not belong to (m}‘, cA).

Proof. Assume that A is A-regular and A € (m", cA). Then, by Lemma 2.10, A is T-multiplicative (t # 0),
where 7 is defined by (2.3), where a; = 0. Also the sequence

|2k
k
converges uniformly in n by Theorem 3.1. Hence
_ lim,, A, a,
7= Zk“ TP

Since AéF € ¢! by Theorem 3.1 and A is A-regular, then

lim Apa, = 0.
n

Therefore T = 0. This leads to a contradiction. Thus, a A-regular matrix A cannot belong to (mA c")

Theorem 3.3. Let A, # O(1). A matrix A = (ay) € (c C ) if and only if conditions (X) and (XI) are satisfied, and
(XIV) Aé* € ¢,
(XV) Ae € ¢},
(XVI) AL~ € ¢t

Proof. Necessity. Assume that A € (c c ) It is easy to see that ¢t, e, A7 € ¢*. Hence conditions (XIV) -

(XVI) hold. Since the equality in (3.1) holds for every x := (x;) € ¢!, and the finite limit 7 = lim,, %, exists by
(XV), then the matrix A, transforms this convergent sequence (Ix(x)) into c. By similar arguments as those
used in the proof of the necessity in Theorem 3.1, we may show that, for every sequence (i) € ¢, there exists
a sequence (xx) € c* such that Iy = Ay (xx — &). Hence A, € (c¢,c). This implies by Lemma 2.6 that the finite

limits a; and
Ank
= hm Z

exist, and that condition (X) is satisfied. Using the statement in (3.1), for every x € ¢!, we can write

) = a'b(x)+ Y j—’; (Ie(x) = b(x)) + TE- (3.4)
k
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Now, using (3.1) and (3.4), we obtain

tn(Anx = (X)) = iy Z Ank — (lk(x) b(x)) + pn Wy — 7) & + wy [Z /\_k _ A] (3.5)
%

k

for every x € ¢*. Since

Mbx) =0 (3.6)

lim p,, (W, —7)E =0 and lim‘un[z%—
3

by (XV) and (XVI), then A, , € (co, co). Hence condition (XI) is satistied by Lemma 2.1.

Sufficiency. Let conditions (X), (XI) and (XIV) - (XVI) be satisfied. First we note that relation (3.1) holds
for every x € c* and the finite limits a;, 7 and a” exist correspondingly by (XIV), (XV) and (XVI). As (X)
also holds, then A, € (c,c) by Lemma 2.6, and therefore relations (3.4) and (3.5) hold for every x € ¢*. The
relations (3.6) also hold by (XIV) and (XV). In addition, using conditions (XI) and (XIV), we can assert that

Apu € (co,¢0) by Lemma 2.2. Thus, A € ( A “)

The proof of the next results is similar to the proof of Theorem 3.1 (see also the following Remark
3.2). Therefore we give for these results only short outlines of the proofs. The general role in the proof of
Theorem 3.1 had the matrices Ay and A, ). Therefore we always show the role of these matrices in the next
results.

Theorem 3.4. Let A, # O(1). A matrix A = (ay) € (m*,cg ) if and only if conditions (X). (XIV) and (XV) are
satisfied, and
(XVII) lim,, g, 2 bzl — o,

Outline of the proof. It is easy to see that now A, € (m,c). Since (y(x)) € co for every x := (x) € m", we
have A, € (m,co). We complete the proof using Lemmas 2.3 and 2.4.

Theorem 3.5. Let A, # O(1). A matrix A = (a,) € (m m ) if and only if conditions (XI) and (XIII) are satisfied,
and

(XVIII) Aék € mg ,

(XIX) Ae € m}).
Outline of the proof. In this case ¢(x) = 0 for every x € m*. Hence, due to (/(x)) € m and (y,(x)) € m, we
have A, € (m, co) (see (3.2)) and A, , € (m, m). So we complete the proof using Lemmas 2.4 and 2.5.

Remark 3.3. Condition (XIII) is redundant in Theorem 3.5 for p,, # O(1), since in this case the validity of
(XIII) follows from (XI).

Theorem 3.6. Let A, # O(1). A matrix A = (ayx) € (mA m“) if and only if conditions (VIII) (or (X)) and (XI) are
satisfied, and
(XX) Aek € mH.
Besides, if u, = O(1), then it is necessary to replace O(1) by o(1) in (XI).
Outline of the proof. Since in this case Ay € (m,¢c) (see (3.2) and Ay, € (m, m), we complete the proof using
Lemmas 2.3, 2.5 and Remark 3.2.

Theorem 3.7. Let A, # O(1). A matrix A = (a,x) € (m(’)‘, mg ) if and only if conditions (XI), (XIII) and (XVIII) are
satisfied. Besides, for p, # O(1) condition (XIII) is redundant.

Outline of the proof. Since in this case A, € (1, c) (see (3.2)) and Ay, € (m,m), we complete the proof using
Lemmas 2.4 and 2.5.

Theorem 3.8. Let A, # O(1). A matrix A = (ay) € (m" c“) if and only if conditions (VIII), (IX) (or conditions
(X), (XD))) and (V1) are satisfied. Besides, if p, = O(1), then it is necessary to replace O(1) by o(1) in (XI).
Outline of the proof. Since in this case A € (m,c) and A, € (m,c), we complete the proof using Lemma
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2.3.

Theorem 3.9. Let A, # O(1). Amatrix A = (a) € (mg, CS) if and only if conditions (XIV) and (XVII) are satisfied.
Outline of the proof. Since in this case A} € (m,c) and A, ;, € (m, cp), we complete the proof using Lemmas
2.3 and 2.4.

Theorem 3.10. Let A, # O(1). A matrix A = (a,x) € (cé,m“) if and only if conditions (X), (XI) and (XX) are
satisfied.

Outline of the proof. Since in this case b(x) = 0 for each x € cg, A) € (co,c) and Ay, € (co,m), we complete
the proof using Lemmas 2.3 and 2.5.

Theorem 3.11. Let A, # O(1). A matrix A = (ay) € (cé,mg) if and only if condition (XI) with ax = 0 and
condition (XIV) are satisfied.

Outline of the proof. Since in this case b(x) = 0 for each x € cé, A € (co,c0) and A, € (co, m), we complete
the proof using Lemmas 2.2 and 2.5.

Theorem 3.12. Let A, # O(1). A matrix A = (a) € (cg, c“) if and only if conditions (VI), (VII) (X) and (XI) are
satisfied.

Outline of the proof. Since in this case b(x) = 0 for each x € cé, Aj € (co,¢) and Ay € (co,¢), we complete
the proof using Lemma 2.1.

Theorem 3.13. Let A, # O(1). A matrix A = (ay) € (cg,cg) if and only if conditions (XIV), (XV) and (XI) with
ai = 0 are satisfied.

Outline of the proof. Since in this case b(x) = 0 for each x € cg, Ay € (co,c) and Ay, € (co, co), we complete
the proof using Lemmas 2.1 and 2.2.

Theorem 3.14. Let A, # O(1). A matrix A = (ay) € (c",mg) if and only if conditions (I), (XI) with ar = 0 and

(XIX) are satisfied, and a* = 0.
Outline of the proof. In this case ¢(x) = 0 for each x € ¢*, A € (¢, ¢p) and A, , € (¢, m). Since condition (X)
follows from (XI) for a; = 0, we complete the proof using Lemmas 2.1 and 2.3.

Theorem 3.15. Let A, # O(1). A matrix A = (a,x) € (cA, mg) if and only if conditions (I), (XI) with a; = 0, and
conditions (XIX) and (XX) are satisfied.

Outline of the proof. In this case ¢(x) = 0 for each x € ¢*, A, € (¢, ¢p) and A, , € (¢, m). Since condition (X)
follows from (XI) for a; = 0, we complete the proof using Lemmas 2.1 and 2.3.
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