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Existence and UH-stability of integral boundary problem for a class of
nonlinear higher-order Hadamard fractional Langevin equation via
Mittag-Leffler functions

Kaihong Zhao?

?Department of Mathematics, School of Electronics & Information Engineering, Taizhou University, Zhejiang, Taizhou 318000, China

Abstract. The Langevin equation is a very important mathematical model in describing the random motion
of particles. The fractional Langevin equation is a powerful tool in complex viscoelasticity. Therefore, this
paper focuses on a class of nonlinear higher-order Hadamard fractional Langevin equation with integral
boundary value conditions. Firstly, we employ successive approximation and Mittag-Leffler function to
transform the differential equation into an equivalent integral equation. Then the existence and uniqueness

of the solution are obtained by using the fixed point theory. Meanwhile, the Ulam-Hyers (UH) stability is
proved by inequality technique and direct analysis.

1. Introduction

In order to describe the random motion of particles annihilated in the fluid due to the collision between
particles and fluid molecules, the French physicist Paul Langevin proposed the famous Langevin equation in
1908. Many random phenomena and processes can be described by Langevin equation [2, 3]. However, for
some very complex stochastic systems, the description of Langevin equation is not so accurate. Therefore,
the classical Langevin equation has been extended and modified. For example, Kubo [13, 14] put forward
a general Langevin equation to simulate the complex viscoelastic anomalous diffusion process. It is worth
noting that the derivatives in these generalized equations are of integer order. Because fractional differential
has advantages in describing the process of memory and viscoelasticity, another generalization of the
Langevin equation is the fractional Langevin equation. For example, Eab and Lim [4] applied fractional
Langevin equation to describe the single-file diffusion. Sandev and Tomovski [16] established a fractional
Langevin equation model to study the motion of free particles driven by power-law noise. In addition, some
new achievements have been made in the study of fractional calculus and fractional Langevin equation in
the recently published papers (see [1, 9, 17-20, 39]).

As we all know, for a system with practical application background, its stability is very important.
According to practical needs, scientists have put forward many concepts of system stability. Ulam-Hyers
stability is one of the most important stability, which is raised by Ulam and Hyers [10, 21] in 1940s. In recent
ten years, the research on Ulam-Hyers stability of fractional differential systems has been highly praised by
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many scholars. There have many works dealing with Ulam-Hyers stability [8, 15,22, 25-27, 29, 30, 33-35, 37]
and generalized Ulam-Hyers stability [11, 23, 28, 31, 32, 38] of fractional systems. However, only a few
previous papers [5, 6,24, 31, 32, 36] are involved in Ulam-Hyers stability of fractional Langevin systems. We
singled out several enlightening research results for special presentation. For example, in [5], the authors
considered the Ulam-Hyers stability of the following fractional Langevin equations

(*LDS, y)(x) — Ay(x) = (),

and
(RDg, y)(x) = A(R"DE y)(#) = g(x),

where A e R, x>0, n—-1<a<nm-1<p<mm<nmnéeN,fg:€CR",R),and "D, is the
standard Riemann-Liouville fractional derivative of order .

In [24], the authors discussed the Ulam-Hyers stability of the following fractional Langevin equations
with impulses

LCDP(LCDY — M)x(B) = f(t,x(), t € T\ At tay .., b,
Ax(ty) == X(t;) - x(t;) =I, I eR

where | = (0,1), @, p and a + § are belongs to (0,1) and A > 0, f € C(J X R, R), LCD: is the standard Liouville-
Caputo fractional derivative of order *, the impulsive points satisfy 0 = fop < t; < --- <ty < ty41 = 1, the
symbols x(t/) = xlg(r)l+ x(tx + &) and x(t,) = XILI(I)E x(ty — €) are the right and left limits of x(t) at the point t = .
However, among the published research results on fractional order systems, the research papers in-
volving Hadamard fractional derivatives are relatively rare than Riemann Liouville or Liouville-Caputo
fractional derivatives. Therefore, there are few papers on UH-stability of Langevin system with Hadamard
fractional derivative. Inspired by aforementioned, this paper mainly considers a class of nonlinear higher-
order Hadamard fractional Langevin equation with integral boundary condition of the form
DA [ D AJu(t) = ftu), a<t<T,
LH]"‘au(T) :uK- LHIP (T), w'(a) = u’(a) = ... = u® V(@) = 0 @
et ~ull), )

where0<a<T,0<B<an-1<a<nn>2A>0,«xeR "D and LHD?:’g represent Hadamard
fractional derivative of type Riemann-Liouville, f : R X R” — RR.

We focus on the existence and Ulam-Hyers stability of solutions of (1) by using fixed point theory and
Mittag-Leffler functions. The remaining structure of the paper is as follows. Section 2 introduces some
definitions and lemmas about Hadamard fractional calculus, Mittag-Leffler functions and Ulam-Hyers
stability. In Section 3, the existence and Ulam-Hyers stability of (1) are proved. Section 4 makes a brief
summary.

2. Preliminaries

This section mainly introduces some concepts and lemmas of Hadamard fractional calculus of type
Riemann-Liouville, the Mittag-Leffler function and the concept of Ulam-Hyers stability for (1).

Definition 2.1. [12] For a > 0, the left-sided Hadamard fractional integral of order a > 0 for a function u :
(a, +c0) — R is defined by

LHye u(t) = ﬁ ][:(log é)a_l @ds,

provided the integral exists, here log(-) = log, (), I'(:) is the gamma function.
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Definition 2.2. ([12]) For a > 0, a > 0, the a-order Hadamard fractional derivative of type Riemann-Liouville of a
function u € C"[a, c0) is defined by

1 a\" rt £\ 0L u(s)
LHpa — _ — —_ — < =
D7, u(t) —F(n =) (tdt) j’; (logs) S ds, n—-1<a<n n=[a]+1,
where [a] denotes the integer part of the real number o > 0.

Lemma 2.3. [12] Assume that u € C(a, T) N L'(a, T) with a-order Hadamard fractional derivative of type Riemann-
Liouville. Then

t a-1 t a=2 e
LH]“I)QLHng(t) =u(t)+c (log 5) +c (log &) + ...+ (log ;) ,
wherec; e R,i=1,2,...,n—1,nandn = [a] + 1.
Lemma 2.4. [12] If a, f > O, then the following properties hold:

LHD3+LH a M(t) — M(t), LHI,?*— LH]?M(t) _ LH X+ﬁu(t), LHI)Zt+ LHD?M(t) — LHDZ‘;"/Su(t)I

at at

LHDEQ (log é)ﬁ_l = T(I/;(f)a) (log é)ﬁ_a_l , LH 3+ (log é)ﬁ‘l _ r(;(f)a) (log é)ﬁﬂ)t—l ,

especially, "D, (log é)a_] =0,j=12,...,[a]+ 1

Definition 2.5. [12] The one-parameter Mittag-Leffler function E ,(z) and the two-parameter Mittag-Leffler function
E,p(z) are defined by the series expansion

Eu(z) = kZ;‘ Tak+1)’ a,z€C, R(@) >0, Eup(z) = kZ:;‘ Tk +B)’ a, B, z€C, R(a) >0,

where C is the complex field, R(a) is the real part of complex number a.

Let | = [a,T], X = C(J,R). Then X is a Banach space with the norm |[u|| = Sup;; [u(t)]. We shall study
the existence and Ulam-Hyers stability of solution of (1) in (X, || - ||). Now we introduce the concept and
property of Ulam-Hyers stability. Let z € X, € > 0, consider the following inequality

| LHD§+ [LH

DY - Al - ft2)| < a<t<T. )

Definition 2.6. Assume that for all € > 0 and each solution z € X of inequality (2), there have a constant M > 0
and a solution u € X of system (1) such that

llz(t) = u(t)ll < Me,
then the equation (1) is called Ulam-Hyers stable.
Remark 2.7. A function z € X is a solution of inequality (2) if and only if there exists a function ¢ € X such that

@@ lp(hl <ea<t<T.

LH__,_
(b) D[ DS - Alat) = f(t,2) + o), a<t<T.
Lemma 2.8. [7] Let E be a non-empty closed subset of a Banach space X. If .# : E — E is a contraction mapping,

then 4 has a unique fixed point x* € E.
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3. Main results

In this section, we focus on the existence and stability of solutions for system (1). To this end, we need
to prove the following important lemmas.

Lemma 3.1. Forany 0 <a < tandy,d > 0, the following integral holds.
t -1 o-1 +6-1
e s\ lds  TOIT©) [, tY
fﬂ (log 5) ' (log ﬁ) s I'(y +96) (loga) ' ®)
Proof. Letlog? = ¢ and denote the integral on the left-hand side of (3) as I, then
logﬁ ¢ =l 1 ¢ t y-1 t o0-1 t
_ - 5—1 nlog £ B - L L L -
I= fo (loga é) ETdE =—= L (log p nlog a) (17 log a) log adn

Fr+o-1 1 Fy\ro-1 1"()/)1"(5)
— L _ \y-1,0-1 — -
(1°g a) fo (L= ™ dn (1°g a) T(y+0)°

The proof is completed. [
Lemma 3.2. Consider the following p-order Hadamard fractional differential equation of type Riemann-Liouville
YHDE u(t) + Au(t) = h(t), t>a, (4)

where a,;u > 0,1-1 < p <1,1>2,A>0. "MD" represents Hadamard fractional derivative of type Riemann-
Liouwville. If h(t) € C((a, +00), R) is a given function, then the general solution of (4) is read by

l .
PR A AL F\H ds
uy =Y d, (log;) Eppcion [—A(log[;) ]+ f (log;) Eop —/\(log 5) ]h(s)—,
=1

¢
. s

where dq,dy, . .., d; are some unknown constants.

Proof. From Definitions 2.1-2.2 and Lemmas 2.3-2.4 together with (4), we have

u-1 u-2 u=l
u(t) = =AM u) + R + ¢ (log E) +co (log E) + ..t (log 2)

:% t (10 S)u 1 MS) r( ) f “ 1h(5)

F\HT t F\U 1
+cl(logu) +c2(loga) +. +Cl(10ga) , (5)
where ¢y, ¢, ..., ¢ are some unknown constants. Next, we apply the successive approximation method to
solve the equation (4). Let ¢; = Haf—;ﬁ—l)’
i ,
d; F\HT
uo(i’) = —] (log —) ’ (6)
].Z_; Tu—-j+D\ ®a

then the following recursive formula is obtained

_ Up— 1(5) 1 g £\l h(S)
(1) = to(t) + 7 )f Tds+m)fm(logg) "2 @)
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(7) can be rewritten into the following fractional integral form
n(8) = uo(t) = A+ Mt () + FTLR(E).

By employing (7) or (8) and (3), one has

() =uo(t) + r_(i) Zl: T(u = ]}‘+ 1) f (05°) ) ) (os5) % T T f

T(I(u-j+1) (1 5)2“‘]' 1 *(1

=ug(t) + F( ) Z p(y — ] +1) r(zy j+1) * L(p) Jar

! 2 (_/\)k—l log H 1 h
=24 L T+ 1 F(u)f

a

and

ua() =uolt) + 7o 5 F( ) Z dj Z T(lc(y /E)I; _:_ 1 t(log E)H_l (log )ky / ds

s
+ﬁft(log )th(s)[L(logT)th( )dT dS+F(y)f

— (=AY T(wkpu—j+1) F\ kD]
=00+ JZ‘ Z i e ey 1 L)

t

‘7 (‘yA))Z f (10g )" 1 I@[f;(log%)y 1h(T)—]ds+ % (108

J (=AYt (log )" H ! h(s)
Yy Fku—j+ ) r(u)f

j=1 k=1

+ ﬁﬂ(logs)y 1 h(s)[fu (log )y 1h(’c)%]ds.
Noting that
e bos ) [ s s
(r(:))2f (T)[f (IOg E)H_l (k’g%)#_l i_s]d%
— 2u-1
(r(:))ZI ()[ if?zl;ff) (k’g%)} ]d?T
Bring (11) into (10), we have

I 3 (=A)! (log ﬁ)kp—j t 2 (= A1 F\ku-1 ds
ZOEDIDY Thu—-j+1) f ; T(kp) (log 5) he)S

“ 1 h(s)
s

u-1
e

S

y -1 h(S)

e

1057

(8)

(10)

(11)

(12)



K. H. Zhao / Filomat 37:4 (2023), 1053-1063 1058

Repeating the above process, we derive

mil (=) 1 log f ( M) 1 F\L s
n(f) = Zd YT Tl —j+ 1) f < T(ku) 5) o5

j=1 k=1
ku+u—j
Lo & (M) (log ) el () Yl g
=Y4 +f —(10 -) hs)=. 13
L szzoa F(ky+y—]+1) ;F(ky+y) 85 ©)5 (13)

Letting m — +o0 on both sides of (13) together with Definition 2.5, we get

;u]

Lo (—/\)k .
ut) = ;‘dij:O‘ F(ky+y—]+1 f Z r(;y)\jk#)( t)kr ' 1h(s)ds—s
: s AL A(log )] §
:f;dj(log‘é)} ];;% fz[ F(k:i (s ) s
5) d (logt)y B | (logt)y]+ fﬂt (logZ)H 115,1,1[ (tog 5] |05 (14)

The proof is completed. O

Lemma 3.3. Consider the following BVP of Hadamard fractional differential equation of type Riemann-Liouville

{ wHpf [Mpe 4 /\]u(t) — (), a<t<T, 5)

LHJe w(T) =« - LH] u(T), w@ =u"(@=...=u" D@ =0
where0 <a<T,0<f<an-1l<a<s<nn>22,A>0xekR LHDZK and LHD?: P represent Hadamard fractional

derivative of type Riemann-Liouville. If h(t) € C((a, +00), R) is a given function and H(T,a) # 0, then the unique
solution of (15) is given by

)= [ utpE - S [ i, 16)
where
n-1 a—f
Gn(t,s)=(log§) Ea_ﬁ,n[ (log ) ], (17)
H(t9) = Gault, ) ~ Gt ) a9

Proof. Letv(t) = LHDS .u(t) and denote [a — ] = p, then the first equation of (15) becomes
MDY Pty + Ao(h) = h). (19)
It follows from Lemma 3.2 that the general solution of equation (19) is

p

t a—p—j t\@B
o)) =) dj(10g ) Faparpoje [—/\ (10 7) ]
i=1

=

t a-p-1 a—p
; f (1og£) Encpaop [—/\(logé) ]h(s)%. 20)
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In view of (3), (20) and Lemma 2.3, we have
£\f-1 \f2 £\B-1+p
u(t) = LH]fﬂ(t) =0 (log a) +c (log ;) +.ooot ey (log 1;)

P F\aj t\aB
Y4 (log E) Encpaciot |~A (log 5)
=1

t -1 —
£\ £\ P d
+ f (1og -) Eucpa [—A (log -) ]h(s)—s, 1)
at S S S
where dy,dy, ..., dy, c1,¢,...,cy-p are some unknown constants. Noticing that0 < <aandn-1<a <n,
according to boundary value conditions u/)(a) =0, j = 1,2,...,n— 1, we obtaind, =d3 = ... =d, = ¢; =
€2 =...=cyp = 0. So (21) is simplified as

t a-1 t Ué—ﬁ t t a—1 t Ué—ﬁ ds
u(t) = dy (loga) Eapa| -7 (loga) + +(log§) [ ) (logg) o 22)

From (22), we have

T a+p-1 T a—f
LH]fiu(T) =d; (log E) Eu—patp [—A (log ;) ]

T a+p-1 a-B
T T ds
+ f (log ;) Euposs [—)\ (log ;) ] ), (23)
2a—1 a-B T 2a—1 a—p
H () = dy (log %) Earpoa [—)\ (log g) ] N f (log I) Eapa [—/\ (log Z) ]h(s)@.
o U0 s s
(24)

By (23) and (24) associated with boundary value conditions “*]% u(T) = « - LH]f .1(T), we obtain

1 d ds
d = “HT.a) L H(T, s)h(s)?. (25)

Substituting (25) into (22), we get (16). The proof is completed. [
From Lemma 3.3, we have the following important conclusion.

Lemma34. Let0<f<an—-1<a<nn>22,A1>0,k€R, f:RXxR"— R IfH(T,a) # 0, then u(t) € Xis
a solution of equation (1) if and only if u(t) € Xis a solution of the following fractional integral equation

¢ T
u(t) = ﬁ Gu(t, s)f(s,u(s))? - % f+ H(T,s)f(s,u(s))ds—s, a<t<T, (26)

where G, (t,s) and H(t,s) are defined as (17) and (18), respectively.

According to Lemma 3.4, we define a mapping .# : X — X as follows:

t T

(A u)(t) = fw Ga(t,s)f(s, u(s))ds—s - % L H(T,s)f(s, u(s))i—s, a<t<T. (27)
Thus the solution of the equation (1) is equivalent to the fixed point of the mapping .# defined as (27).
For convenience and unification, we make a priori estimation of Mittag-Leffler function under certain
conditions.



K. H. Zhao / Filomat 37:4 (2023), 1053-1063 1060

Lemma3.5. Let0<a<s<t<T,0<f<aax=22n2x1 U0<A<W,then
08 7

@)

£\ P 1
Eafﬁ,'q I:_/\ (log g) ” < 1—)\(10g %)a-ﬁ .

log )" (g )™ | x(logt)"™""
2) Gyt 9) < B (it 5) < B)___ 2D
( ) |Gr]( /S)| = 1—A(10g§)a_ﬁ, | ( /S)l = 1—A(10g%)a_ﬁ 1—/\(10g%)a_ﬁ

Proof. Whenn>1,0<f<aandm €N, 1=TI(1) <I'(m(a—-p)+n). Thus we have

Ea gy [—/\ (logé)a_ ]' _ i M Smio [_A(log é )a—ﬁ]m

o T(m(a—p) +1)

<y [/\ (10g2) ]m < i :A (tog g)aﬁ]m I S

1—)\(10g%)a a

Thus the conclusion (1) holds, and E, 4, [— A (log é)a_ﬁ ] is absolutely uniformly convergent. By (1) associ-
ated with (17) and (18), one easily gets (2). The proof is completed. [J

In addition, our main results need the following assumptions.
(C1) Assume that f € C(J X R,R), and for all t € ], u,v € R, there has a constant Q > 0 such that

If(t,w) = f(t,0) < Qu —71].

(C2) Leta, T, @, B, A and « are some real constants satisfy0 <a < T,0<f<a,n—-1<a <nn22and

A > 0. Assume that 0 < A < —L— H(T,a) #0and 0 < p < 1, where
(1 T) B P
og 7

T 2a-1 T a—p T a+p-1 T a—p
H(T,a) = (log ;) Eo-p2a [—/\ (log ;) } —-K (log ;) Eo-pa+p [—)\ (log ;) ]

TQ( log §)a

p= |H(T, a)| (1 -2 (log %)a—ﬁ)2 [%'H(T, a)| (l -A (log %)aﬁ) . % (log 5)20(1 . :i : (log g)oﬂrﬁl ]

Theorem 3.6. If (C1) and (Cy) are true, then we have the following two claims
(i) the eqution (1) has a unique solution u*(t) € X;

(ii) the equation (1) is Ulam-Hyers stable, namely, assume that z(t) € Xis a solution of inequality (2), and u*(t) € X
is a unique solution of equation (1), then

llz(t) = w (Ol < pe.

Proof. Now, we apply Lemma 2.8 to prove that the claim (i) in Theorem 3.6 holds. Define a mapping
A : X — Xas (27), it suffices to verify that ./ is compressive. Indeed, u € X and f € C(J X R, R) indicate
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(A u)(t) € X. For YVt € ], u(t), v(t) € X, by employing (C;) and (C;) together with (17), (18), (27) and Lemma
3.5, one has

(= o< [ [6,6,9] 16,16 - s o]

ol f HCT, ) -, us) ~ 5, ()| 2
< f Gutt, 9] @) ~ o + ey f H(T,9)- Q) ~ o
, ] ¢ a-1 1 t a-1
<f &QI (s) - v(S)I§+ (o) ap
@ 1-1(logZ)" S HTa)1-1(log L)

|- @ - on =

y fT [ (log ;)211—1 . K (log %)Mﬁ_l
1-A (log %)a_ﬁ 1-A (log %)a_ﬁ

o t a-1
s;_f(l"gf) 1d—s-@-llu—vn+ <log“)
)U‘ . s S

1- 2 (log I)* " Je H(T,a[1 - A (10g £)"" |

a

1 T T 2a-1 T a+p-1 ds
vyl (R IR G B R
1 t a-1
= Q- =l + (108 ) o
a[l - A(log I) ] |H(T,a)|[1 - )\(log %) ]

e T R I

TQ( log %)a -
5|H(T a)| (1 -A (10g I)a—ﬁ)2 [§|H(T,a)| (1 -A (log g) )

1 2a-1 x T a+p-1
+ ﬂ(1og ;) o (log;) ]llu—vll = pllu - oll. (28)

(28) gives
(2 u)(t) = (A o)D)l < pliu = ol. (29)

It follows from (29) and (C;) that .#Z : X — X is a contractive mapping. From Lemma 2.8, we conclude
that .# exists a unique fixed point u*(f) € X, which is a unique solution of equation (1). Thus, the claim (i)
holds.

Next, we will prove that (ii) in Theorem 3.6 holds. Let z(t), u*(f) € X be a solution of inequality (2)
and a unique solution of equation (1), respectively. By Remark 2.7, The derivation of similar Lemma 3.4 is
obtained

0= [ Gut 916,260 +061% - 2D [ pir it ) + 061 E 0)
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Since u*(t) satisfies the equation (26), we derive from (26) and (30) that

t
-0 = [ Cutt = - Sl ("1 o @

Similar to (28), we have
o ' Ga(t,2)
)01 [ Cutt OIS + D [, oy

ds G(t a)
< [t 9% + et [, ] < pe )

llz(t) = (Dl < pe. (33)

(32) leads to

So we conclude from (33) and Definition 2.6 that equation (1) is Ulam-Hyers stable. The proof is com-
pleted. O

4. Summaries

It is well known that the Langevin equation a powerful tool in describing the random motion of particles
in fluid. In a particularly complex viscous liquid, the integer-order Langevin equation describing the motion
of particles is no longer accurate. Some scholars began to use fractional Langevin equation as model to
study this problem, and achieved good results. Therefore, the study of the dynamic properties of fractional
Langevin equation can provide mathematical theoretical support for such physical problems. In this paper,
we study the existence, uniqueness and Ulam-Hyers stability of solutions to the integral boundary value
problem for a class of nonlinear higher-order fractional Langevin equation. The mathematical theories and
methods of this paper can be used as a reference for the study of other fractional differential equations.
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