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Abstract. In this study, we introduce a new kind of nonlinear Bernstein-Chlodowsky operators based
on g-integers. Firstly, we define the nonlinear g—Bernstein-Chlodowsky operators of max-product kind.
Then, we give an error estimation for the g—Bernstein Chlodowsky operators of max-product kind by
using a suitable generalizition of the Shisha-Mond Theorem. There follows an upper estimates of the
approximation error for some subclasses of functions.

1. Introduction

In recent years, g—calculus plays a significant role in the approximation of functions by a linear positive
operator so that the approximations are studied by suitable g—generalization of many operators known in
the literature.

Lupas [23] introduced g—Bernstein operators and studied approximation and shape-preserving prop-
erties for these operators. Phillips [24] presented another generalization of Bernstein operators based on
the g—integers. In [21], the authors introduced the linear g-Bernstein-Chlodowsky operators and obtained
approximation properties for these new operators. Many other interesting generalizations of linear positive
operators based on the g-integers were defined and studied by several researchers [1], [14], [19]-[25].

In the Korovkin-type approximation theory, the main topic is the approximation of a continuous function
by a sequence of linear positive operators (see [2, 22]). In recent years, nonlinear positive operators have
been introduced instead of linear positive operators by Bede et al., [7] (see, also, [6]). Although the
Korovkin theorem fails for these nonlinear operators, they obtained that the nonlinear operators have a
similar approximation behavior to the linear operators.

In [4]-[13], the “max-product kind operators” were introduced and Jackson type error estimation was
given in terms of the modulus of continuity. These studies have been given a significant improvement in
the approximation theory owing to the non-linearity of operators.

Note that Bernstein operators have important applications in many fields. One of them is the creation

of Bézier curves, which are very important in computer aided geometric designs, by using Bernstein basis
functions.
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In [27], they studied a new construction of Bernstein operators with the help of Bézier bases with
shape parameter A and established various approximation results. Moreover, the Stancu-type modification
of A-Bernstein operators based on Bézier bases were introduced by Srivastava et al., [32]. Many other
generalization of some operators based on the Bézier type were defined and studied by several researchers
(see, [26], [28]-[31]). For future studies, the max-product type some operators based on Bézier bases can be
examined in the light of these studies.

In this paper, we propose a further improvement in max-product type operators which is based on
g-integers. Our main contribution is to give some novel results about the max-product type g-Bernstein-
Chlodowsky operators in the approximation theory.

This paper is organized as follows: in Section 2 some preliminary remarks are given. Section 3 shows
the construction of operators on g-integers. A fundamental theorem on error estimation by nonlinear g-
operators and the approximation error for some family of functions are given in Section 4. Conclusion and
a discussion on further developments are given in Section 5. In the appendix 6, the proofs of some theorem
and lemma are included.

2. Preliminary remarks

This section deals with some preliminary definitions and fundamentals on the theory of nonlinear
max-product operators.

2.1. Max-product operators

In the interval [0, +0), it is defined a semi-ring structure with the operations “V” (maximum) and “-”
(product) . Then, ([0, +o0), V,) is called “max-product algebra” (see [4, 6]). Let I C [0, +o0) be a finite or
infinite interval and

CB.(I) ={f : I = [0,+00); f continuous and bounded on I} .

The general form of discrete max-product type approximation operators L, : CB,(I) — CB,(]) is defined by

Lu(f;%) = \/ Kalr, x)fG),  La(f3%) = \/ Kalxr, x) fx)
i=0 i=0

where f € CB.(I), n € N and for all i, K,(.,x;) € CB4(I), x; € I. These operators are nonlinear positive
operators satisfying pseudo-linearity property, that is,

Ly(a.f vV B.g;x) = a.Ly(f;x) V B.Lu(g; x)

for any a, 8 € [0,+o0) and for all f,g : I — [0, +o0). Additionally, the max-product operators are positive
homogeneous, i.e.,, YA > 0, L,(A.f; x) = A.L,(f; x). More details can be found in [7].

Glingor et al., [35] introduced the following nonlinear Bernstein-Chlodowsky operators of max-product
kind by replacing the sum operator “X ” with the max-operator “Vv”.

Vizo hui()f (1)
\/lr::o hn,k(x)

Y () () = , x €[0,b,] (1)
with
k n—k
T (x) = (Z)(bi) (1 - bf) L f:10,b,] = R,

where x € [0, b,] and (b,) is a sequence of positive real numbers such that lim,,_,., b, = 00 and lim,, .«

slF
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2.2. g-calculus

Let us first shortly summarize some elementary definitions about g-calculus.

Definition 2.1. For any fixed real number q > 0 and non-negative integer n, the g—integer of the number n is defined

by
1-q"
E +1
[n]; = { 1= 1 , [0];:=0.

Definition 2.2. The g—factorial is defined by
[n],! := [n],...[2]4[1]; with [0],! := 1.

Definition 2.3. For integers n and k, with 0 < k < n, the g-binomial coefficients are defined by

[n] g
Kkl ™ n =KL

For more information about the g—calculus, see e.g. [3].

In the following we will define a class of nonlinear g—Bernstein-Chlodowsky operators of max-product
kind and estimate the rate of pointwise convergence of these operators. Moreover, a better error estimate
for some subclasses of functions will be also given.

3. Construction of the Operators

In this section, a nonlinear approximation operator by modifying the Bernstein-Chlodowsky operators
(1) is defined. The construction is mainly based on the work of Bede et al. [6, 7].

Definition 3.1. Let f : [0,b,] — R, be a continuous function. The nonlinear qg—Bernstein-Chlodowsky operators
of max-product kind are defined as:

n 1,6,
V Suiq (1) f (%)

=0
Cg (Fi0) = ——;

with

Snig (X) = [TZL (%)l n—i (1 _qs%)

s=1

foralln € N, g € (0,1) and x € [0, b,] where (b,) be an increasing sequence of positive real numbers and satisfy the
properties:

lim b, = o0 and lim =0
n—oo n—o0 /[n]q
forn € IN.

We will show the convergence for the operators C,%)( f;x) defined by (2). However, in order to get such an
approximation we have to replace the fixed single value q € (0,1) considered in Definition 3.1, with an appropriate
sequence (q,) whose terms still belong to the interval (0,1). Otherwise, [n]; — 1qu as n — oo for a fixed q.
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Definition 3.2. Let non-negative integer n and (q,) is a sequence of real numbers such that g, € (0,1) and
limy e gn = 1. Then the g-sequence of g-integer of the number n is defined as

[n]qn = {[O]qo/ [Hq]r [zlqz/ ey [n]qn I8
There follows, according to Definition 2.1, that

1 -
[”]% = 1— qn‘
For example, let g, = 5. Then

1-q9

0l = 72 o 0, 90€(0,1)
1-q]

[1]q1 - 1 _ ql - 1/ ‘h € (OI 1)
- _7

[Z]L]Z - 1 — qz - Z/ qz € (0/ 1)
1-(z1)

[nlg, = %, an €(0,1)

T 2

So that the q-sequence of the g-number is

7 1-()
[n]qy, = {[O]qol [1]q1/ [Z]qzr ceey [n]qn} = {0/ 1/ Zr seeey %}
n+2
In order to obtain convergence for the nonlinear qg—Bernstein-Chlodowsky operators of max-product kind (2), let
q := (qn) (replacing q with (q,)) is a sequence of real numbers such that g, € (0,1) and lim, e g, = 1, and (by,) is an
increasing sequence of positive real numbers and satisfy the properties:

lim b, = co and lim bn =0,
n—oo n—oo [n]q”
forn € IN.

C%Z (f; x) are positive and continuous on the interval [0, b,,], and these operators satisfy the pseudo-linearity

property and positive homogeneous. Moreover, C%Z (f; x) reduce to cM( f;x) givenby (1) as g, — 17, and
C™ (f;0) = £(0) = 0, for all 1.
For all x € [0, b,] and g, € (0, 1), since y Sn,ig, () >0, C%,), (f; x) is well-defined.

1=l
Let us give the following simple examples for the maximum function.

1
Example 1. Let f(x) =x> +x2+1,b, =n'Pand g, =1 - e Assume that

; n—i

a0 =[] () [0 -ag)

mr =1

and

-
A%VW=%WuUU% )

[”]qn
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In the first graph in Figure 1, we show the graph of s, 4, for values i = 0,1,2 (green,blue,red) and n = 4. Then
we also show the graph of the maximum function of s, ; , (black) relative to these i points.

In the second graph in Figure 1, we show the graph of Ay, for valuesi = 0,1, 2 (green,blue,red) and n = 4. Then
we also show the graph of the maximum function of A4, (black) relative to these i points.

15
1
081
14
06
=8 05
02
0 0
02 04 06 08 1 02 04 06 08 1

Figure 1: The graph of Snjign and A 4,, respectively, for i = 0,1, 2 (green, blue, red) and its maximum function (black)

We need the following notations and lemmas for the proofs of the main results.

Definition 3.3. Foreachi, j€1{0,1,2,..,n}and x € [ [71gn b [J’+1]qnb"] , we define

(1], 7 [n+1]y,
[ilq,b
Snign (x) [7,7] - X
qn
My, jg,(x) = |
z,n,]ﬂn( ) 5n,j.qu (x) ()
and
Sn,i,qrz (x)
Mipn,jg,\X) = ———=- |
1,n,],17n( ) S1,j,qn (X) ( )
Ifl > ] + 1, then
[ilq,b
S (x)( [Tj] " X
Mo (x) = ) |
in,j, () Sn,jqn (%) ()
and if i < j—1, then
[ilq,b
Sn,i,% (x) (x a [7:] :
In
My, jq,(x) = |
l,n/]/q”l( ) Sn,]ﬂn (x) ( )
Definition 3.4. Foreachi, j€{0,1,2,..,n},i > j+2and x € [I[Vz]ﬂ]bq” ! [{;ﬂq]»;b" ] e define
[ilg,bn
) Snigy (%) mn+1l,
Mi,n,j,qn (x) = n (7)

S, Jiqn (X)
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[jlgubn  [j+1)g,bn
[”+1]r/n, [”+1]r/n ’

and foreach i, j€{0,1,2,..,n},i<j—2and x € [

[i],, b4
~ Sn,i,qn (X) (X — ﬁ)
M (0 2 S,jigu (X) g (8)

[7lgnbn  [j+1]g, bn
Lemma 3.5. Letx € [[” ;’1]% , [”ﬂq]%

(a) foralli € {0,1,2,...,n},i > j+ 2, we have

] ,foralln € Nand j € {0,1, 2, ..., n}. Then, we obtain the following inequalities:

- 2
Mi,n,j,q” (JC) < Mi,n,j,q,, (x) < Mi,n,j,q,, (JC) (1 + W) ,
n

(b) foralli €{0,1,2,..,n},i < j—1, we have

~ 2
Mi,n,j,qy, (X) < Mi,n,j,qy, (x) < Mi,n,j,qy, (x) (1 + q—n) .

n

Proof. See the proof in the appendix. [

Lemma 3.6. Letx € [ Ulanbn - [+ g, b ] ,foralln e Nand i, j€{0,1,2,...,n}. Then, we have

[n+1]y, 7 [n+1]y,
Min,jg. (x)<1.

Proof. We have two cases: a)i > jand b) i < j.

by—q'x i

[j]ﬂn hn [j+1]ﬂn hﬂ ] t
X 7

s nonincreasing on the interval [[n T, Tl

Case a. Leti > j. Since the function g(x) =
follows from (4) that

Minjg,(x) i+ 1y, (by—qi ')
Misimjg, ()  [n—1ilg, x
[i + 1y, [n + g, bu — g7 + 1y, b
[n -], [j + 11q,bx ’
Since [i + 1];, > [j + 1],,, we get
Min,j g, (X) [n+ 1], —g27[j + 11,
Mivt g, (X) [n—il,,
_ l-g-gria-g)
L—gq
= 1

Then, we conclude that

1= Min,iqn (X) > Mjt1,n,jq, (X) > 42,14 (X) > ... My, (X)
Therefore, the proof of the case (1) is complete.

Case b. Leti < j. The function h(x) = T{*’“r

since [i];, < [jl;,, similarly to (a), we can write

. . . [flgubn  [j+1]g,bn
is nondecreasing on the interval [[n L, Tl |- Also,

Min,jg, (X) o [n—i+1],,
Miimjg,(x) —  [n+1], — g,
1-— qn—i+1
n

1—gtt — g1 - gh)
1.
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Then, we clearly get
1= Min,iqn (X) > 1,1, (X) > Mj-2,1,.q (X) > ... M0,1,j,q. (x),

which completes the proof of the lemma. [

[n+1]y, 7 [n+1]g,

(a)ifie{j+2,j+3,..,n—1}issuch that [i + 1]y, — Jq,[i + 11g, > [ + 1],,, then

Lemma 3.7. Let x € [ L7l b UH]""b"]for alln e Nand j€{0,1,2,...,n}.

Mi,n,j,q,, (x) > Mi+1,n,j,q,, (x)/

b)ifi €1{1,2,...,j— 2} is such that [il,, + Jqi7'[il;, = [fl;,, then

Mi,n,j,q,, (x) > Mi—lfn,j,qn (x)

Proof. See the proof in the appendix. [

Lemma 3.8. Let x € [ Uy b UH]""b"]for alln e Nand j € {0,1,2,...,n}. Denoting

[n+1]y, 7 [n+1]g,

: n—i

we=[2] (2 T -a

we have

n

\ Snian @) = 550, ().

i=0

Proof. See the proof in the appendix. [

4. Degree of approximation by C(M) N

In this section, we give an error estimate in terms of modulus of continuity for C(M) (f) by using the
Shisha-Mond Theorem given for nonlinear max-product type operators in [6, 7].

Theorem 4.1. Let q := (g,) is a sequence of real numbers such that q, € (0,1) and lim, oo g, = 1.If f : [0,b,] — R4

is a continuous function and C%i (f;x) are the nonlinear qg—Bernstein-Chlodowsky operators of max-product kind
defined in (2), then the following pointwise estimate holds

(M 2 by
| () - f(x))<4(1+qn+l) [f, W)

where w1(f;0) = sup{|f(x) — f(Yl;x,y € [0, b,], Ix — y| < 6}

Proof. By using the Shisha-Mond Theorem, we get

[C 70 - o) < (14 5-ClRui)an (Fi60),
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where @,(t) = |t — x|. Therefore, it is enough to estimate only the following term

[i14,0n
\/Snzqn(x) [q] - X
M In
C1(1 qz, ((Px} x) = "
\/ Sn,i g, (X)
i=0
Firstly, let x € [[Ei]f;]bq" , [[n+1 ] fora fixed j €{0,1,2,...,n}. Then, from Lemma 3.8, we have
n
CM (23%) =\ M, ), o
i=0

where M; , j4, (x) is the same as (5). Fori € {0,1, 2, ...,n}and j = 0, we get M ;, 0,4, (x) < ” for allx e [O L] .

7 [n+1],

4 [n+1

Indeed, if j = i = 0, then Mg 04, (x) = x < [n% forall x € [O ] Also,ifi €{1,2,3,...,n} and j = 0, for all

X € [O, W] we obtain that
[il5,b
Snidm (X)( [;j] L ox
Mz‘n X fn
, ,O,qn( ) Sn/o/q" (x)
[n—i+1],, [n]g, b,

[n+ 1], — g~ " n+ 1y, — gy [ = 1, 'nl,,”

[n—i+kl,,

forall x € [O Tt 1T, g

] Here, for eachk =1,2,3, ...,i, we observe that < 1. Consequently, the above

4 [n+1

inequality gives that M; 0,4, (x) <

"]qn

Now, leti € {0,1,2,...,n} and j € {1,2, ..., n}. We can easily show (see the proof in the appendix) that the

inequality
(1 + T )b
Vi +1],

holds for x € [[]]’—"b" Lj+1ly, b"] . As a result, from this claim and the above inequalities we conclude that

Min,jg,(x) < (10)

[n+1]y, 7 [n+1]g,

Zb ( qVH-l )
C%) (pr;x) £ ———
AY; [n]qn
2b,|1+ 555
foralli,j€{0,1,2,..,n},n € Nand x € [0, b,], and taking 06, = %, we obtain the estimate
n n

2 b
|CSa (%) = f) <4(1+ qm) 1(f; J[n]qn)'

So that the proof is achieved. [
In the following, we illustrate the rate of convergence of the operators C%Z to certain functions by

graphics. We also compare the convergence of the max-product (nonlinear) g-Bernstein-Chlodowsky
operators and the classical linear g-Bernstein-Chlodowsky operators (see [21]) to functions.
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Remark 4.2. The classical linear g-Bernstein-Chlodowsky operators have the following form

]qn x i n—i—1 X
=L [1], G2 T (-i0)
where x € [0,b,] and (b,) is a sequence of positive real numbers such that lim,_,. b, = oo, lim,_,c o 0 and

[”]qn
(gn) is a sequence of real numbers such that q,, € (0,1) and lim,, . g, = 1 (see [21]).

Note that we prefer H(l fn; ), as opposed to the classical linear g-Bernstein-Chlodowsky operators due

to some technical complex1ty from the g-calculus.

Example 2. Let f(x) = [4sin(nx) — 2|, b, =n'Pand g, =1 - 1
In the first graph in Figure 2, we show the operators C( ) . approximation to f(x)(black) for the values n =
5,15,25(red, green, blue). Later, in the second graph in Flgure 2, we illustrate the convergence of the operators

C¥D (blue) and Cyyq,(red) to f(x)(black) for n = 25.

6 6
41 4
31 3
21 2
11 1
. - 0 - -
0 05 1 15 2 05 1 15 2
X X

Figure 2: Approximation to the function f(x) = |4sin(rnx) — 2|

. 1
Example 3. Let f(x) = e~ b, =n/Sand g, =1 - -

In the first graph in Figure 3, we show the operators C%Z approximation to f(x)(black) for the values n =

5,15,25(red, green, blue). Later, we illustrate the convergence of the operators C%) (blue) and C,, 4, (red) to f(x)(black)
for n = 25 in the second graph.

As a result, from the second graph in Figure 2 and Figure 3, it is clearly seen that for the corresponding
functions, the max- product (nonlinear) g-Bernstein-Chlodowsky operators approximate much better than
the classical linear g-Bernstein-Chlodowsky operators.
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0 02040608 1 12141618 02 04 06 08 l 12 14 16 18

X X

Figure 3: Approximation to the function f(x) = ¢~5"()

1 L . .
Example 4. Let f(x) = x*e™, b, =n'Pand g, =1 - o The approximation of C,%i to f(x) is shown in Table 1 for
different values n.

Table 1: The error estimation of f(x) = x*¢™* by using modulus of continuity

n Estimation for modulus of continuity of function

10 0.07257148244
10? 0.06316331032
10° 0.04847666096
10* 0.03492674332
10° 0.02442452536

Now, we make the following observation to get a better order of approximation for subclasses of
functions f.
Foranyi,j€{0,1,2,..,n},n € N, consider the function
[lg.bn [j + 11g,bn
, e
[n+1],," [n+1],,

fi,n,j,qn (x): [

defined by

[7]qn(%)iﬁ(1“ffqﬁ) ([i]%bn)

[”]qn

[z‘]q,ibn) )
(nl, | =]
D) ) Ha -

n

me=mwmv(

[flgubn  [j+114,bn
[n+1]g, 7 [nt+1ly,

Thus, forany j € {0,1,2,...,n} and x € [ ], we can write

n
Cha (%)= \/ finja, 0.
i=0
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Lemma 4.3. Let f : [0,b,] — [0, 00). If

CM (£;x) = max{ fin g, () fisinian (),

forall x € [ Uy UH]””b”], n € IN. Then

[1’!+1]q,, / [n+1]qn

|C(f:20) = F(0) < Ban (f o )

Proof. See the proof in the appendix. [

Lemma 4.4. Let f :[0,b,] — [0, 00). If

CO(f;x) = max{fj-1,n4,(), fim g, ()},

forall x € [—m"”h” UH]””b”], n € IN. Then

[”+1]qn / [”+1]qn

|C (f:2) = F(0) < 2001 (f o )

Proof. See the proof in the appendix. [

Lemma 4.5. Let f :[0,b,] — [0,00), n € N. If

CO(f;x) = max{fj-1,ng, (), fim g, (), Firimja, (),

[n+1]g, 7 [n+1]y,

forall x € [ Uy UH]””h”] . Then

by
|qu,,(f x) f(x)’ < 3wy ( [n]qn)

Proof. Letx € [ L b"] be fixed such that

[n+1]y, 7 [n+1]y,

C%i(f;x) finjq,(x) or C%i(fx = firimia, ().

Then C(M) (f;x) = max{fjn,jq,(x), fi+1,n,jq,(¥)} and from Lemma 4.3, we get

| (f;x) - f(x))<3“’1(f[ )

If C (f3%) = fi-tmq, (%), then CS) (f5%) = max{fj-1,14,(X), finjq, ()} and from Lemma 4.4, we get

n,qn

by,
[Chan (Fi) = f@0)] < 2w1( M%)

which completes the proof. [

Lemma 4.6 (see [7]). Let f : [0,b,] — [0, 00) be a concave function. Then the following properties hold:

(a) the function g : (0,b,] — [0, ), g(x) = 10 jg nonincreasing,
(b) the function k : [0, b,) — [0, o0), h(x) = f ( ) + is nondecreasing.

1075
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Corollary 4.7. Let f : [0,b,] — [0, o) be a concave function. Then

by
|C%,),(f;X) - f()| < 3a1 (f; W)

foralln € N, x € [0,b,].

[jlgubn  [j+1]gubn
[”+1]qn 4 [”+1]qn

Proof. Suppose that x € [0,b,] and fori,j€{0,1,2,..,n},x € [ ] If i > j, then

i+1 n—i-1
Frmin ) [4], () I a-am) ([z‘+1lqnbn)
i+1,1,,qn

[n]q,Z

-, (i)f—f( , ) f([z‘+ 11q,,bn)
(], o) o =g\ )
From Lemma 4.6(a), we shall write

([i+1]%bn) ERI ([i]qnbn) /[i]qnbn

[n],, [, [nlg, )" [nly, *
ie.,
([i + 1]%17,1) i+, ([i]q”bn)
[y, ]~ i, [nly, )’
and since

b < [j+ 1]%
by —qiix ~ [n+ 1]y, — g7+ 1],

we get the following inequality:

fi+1,n,j,qn (x) =<

[?Ln [n — iy, [j + 11,0 + 11, ( x )i‘f ([i]qnbn)

[7]q [l + 1]‘7” ([7’1 + 1]% - qzil[] + 1]%)[1']%1 b" [n]qn
[j+ 1],
Jinjq,(%) Tq,, .
Fori> j+1and g, € (0,1), from the above inequality, we obtain f;, ;. (X) > fit1,,j4,(x). Hence
fj+1,n,j,q,,(x) > f]’+2,n,j(x) 2.2 fn,n,j(x)- (11)

We can use a similar method for i < j. Then we find the inequality

[7’l]q,1 -[i— Hq,,

Jictn,jig, (0 < fin,jg, (%) [n],, — [y,

Fori < j—1and g, € (0,1), from the above inequality, we can write f;, ;4,(X) > fi-1,,4,(x). Hence

Fi-1,i0. (%) = fi-20,i(X) = oo = fou,i(%)- (12)
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Consequently, by using (11) and (12), we get

M
C§1,q,)1 (f;x) = max{fj-1,n,jq,(X), finjq. (X, fix1niq, (O},

and finally from Lemma 4.5

852 - foo) < 3en [

" [nl,,

which proves the corollary. [

5. Conclusions

In recent years, the nonlinear max-product type operators have been studied by some authors (see,
[4]-[13],[15]-[18]). In the present paper, nonlinear max-product type g-Bernstein-Chlodowsky operators
are introduced. Moreover, the degree of approximation and the rate of convergence of the operators are
investigated by using the modulus of continuity. Later, some upper estimates of approximation error for
some subclasses of functions are obtained. As a result, the max-product type g-Bernstein-Chlodowsky
operators approximate better than the classical linear g-Bernstein-Chlodowsky operators. In addition, until
now, there is no such study in nonlinear max-product type operators based on g-integers. The purpose
of this study is to fill this gap in the literature. As future work, the shape-preserving properties for these
operators may be investigated and similar studies may be integrated into other convenient operators.

Finally, note that there is a clear connection between the classical g-calculus used in this study and the
so-called (p, q)-calculus. The results of the g-analogues (0 < g < 1) which we have discussed in this article
can be easily translated into the corresponding results for the (p, g)-analogues (0 < g < p < 1) with some
parametric and argument variations. Therefore, the additional p parameter is unnecessary. Moreover, in
[33] (see, pp. 340), the authors clearly discourage some authors’ tendency to trivially use the so-called
(p, g)-calculus (see, also, pp. 1511-1512, in [34]).

6. Appendix

Proof of Lemma 3.5. (2) From (5) and (7), it is obvious that the inequality ]\_/Ii,n, e (X) < M i, (x). Also,
we have

[ily,bn [ilg,bn  [flg,bn

X —
Mirn,]}q” (x) [n]‘h [n]qu [n + 1]%

- < — : _
Mi/”/]}qu (x) [l]qnbn [l]q” b” [] + 1]L7nbn

el e, e,
Now, using the fact that [n + 1], = [n],, + ¢}, and [i],, < [1];, we can write

Mi,n,j,q,, (%) < [i]q,, [”]q,, + [l]qnﬂlﬁ - [j]q,, [n]qn

Min ) Ul (g, = [+ 115,)

[ily, + g5 = [, _ [ila, + 43 = [l

[y, =+ 10 ™ [, - [y, — L
—q'jf”’ﬁ ,$1+—2 -
[, — 715, — 70 (i), — [y, — 40

= 1+

and sincei > j+2, j < n, we get

j+1 n+1

[ily, = [l — b > [ + 2y, = [l —qh 2 4} > !
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Therefore, we obtain that

M;,

z,n,],qn(x) <1+ 2 ,
— qn+1
Min, il (%) "

which proves (a).

(b) By (6) and (8), we easily M j;,(x) < M j4,(x). Additionally, similarly to (2), we observe that

]’\V/Ii’n/jrqrz (x) S 1 +— 2 i
Min,jq, (x) [ilg, = [flg, = 4n

and since i < j -2, j < n, we may write that

[ig, =g =4 2 [ig, = [ =2, — 43
= q
> q,.
Hence, we get
A:L',n,j,q,z (x) <14 gn ,
Minjq@

which completes the proof.

Proof of Lemma 3.7. (1) Leti € {j+2,j+3,..,n—1}and [i + 1], — /g.[i + 1], > [j + 11,,.

\/ . iy by
Minjq, () [i+ 1]y, by = gy~'x Tavtr,, —
\/  [n—i x [i+115, by
M”lﬂl/]}qu (x) [ ]% ["+1]‘1»1 -
Since the function a(x) = “5 - f 5 is nonincreasing on the intervl | 5 (ke we get
Y . n—i [+ 1g, by
—Mi'n/j’q” (x) [Z + 1]‘1 ql’l [n+1]m1 [ ]‘171 [] + 1]qu
y T o[- [j+1]g b i+1 1
Mi+1/n/j/Qrz (x) [ ]qn W [ ]q" n [] ]q” n
S [i + 1], [n+ 10,6y — g7l + 11g,bn [y, bn =[] + 115, bn
- -, [j + 1lg,bu [i + 110, bn — [j + 11,bu

[+1], [y — [+ 1,
[+, li+11, - [+ 11,

The hypothesis [i + 1];, — 4 /q;[i +1];, 2 [j + 1],, is equivalent to

[i+ 105, = \Jli+ 18, = [l li + 1, > [+ 1,

which implies that [i + 1], ([{];, — [ + 11;,) = [ + 1],,([i + 1];, = [j + 1];,)- Consequently,

M, o (x
m,j,qn() >

Mi+1,n,j,qy, (x)



(b) Leti€ {1,

Mi,n,j,q,, (x)

Mi—l,n,j,q,, (x)

Since the function f(x) =

Mip,jg, (%)

Mi-1,n,jq,(x)

The hypothesis [il, + /95 [l5, > []l,, is equivalent to [i],,
lilg,) = (g, (g, =

Mo (x
z,n,],q,,() >

[, (L, =

M1, Jn (x)
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. j =2V and [ily, + /g5 [i];, = []l;,- Then we may easily write

. [ilg,, bn
[n—i+1],, X - [njuq”

i — gh= H'l [1_1] n hn :

lilg,  bu—qp X = Gt

- —qf”.ﬂx.xf;[z;]lq]qn [i[ ]q]nth is nondecreasing on the interval [ ,ﬂgh [f;illqibn ] , we get

[n—i+ 1]% [j]qnbn [j]qnbn - [i]qnbn

[ilg, [n+1],,b, - qZ’”l[j]q,,bn (714,00 = [i = 114, b4
g, [jlg, — [,
[i]q,, [j]qn - [l - 1]q,, .

\/[z]zn [il,,[i = 11, > [jl,,, which implies that
[i — 1],,), we obtain

Proof of Lemma 3.8. We claim that for fixed n e Nand 0 <i<i+1 <#n, we have

0< Sn,i+1,q, (x) < Sn,i g (x)

if and only if
0<x

In this case, from the [ ; +1] + g [”]

[z+1] ( )Hlnli[(l q"b)_

[1+1]qn by
- [”+1]qn

= ["”] equation after some simplification, we can write

i+1
1], ) Do

g,

and we can reduce the above inequality to

0<x

Hence, by taking i =0,1,2, ...,

S”:LQH (x)

Sn,2,q, (x)
Sn,i+1,q, (X)

Snnq, (x )

As aresult, foralli=0,1,2,.

if 0<x<

IA

A

IA

IA

[H'l]f]n b
= [n+1]y, *

n — 1 in the inequality above, we get
8n,0,4,(%) if and only if x € [0, by/[n + 1]%] ,
Sn1,4,(x) if and only if x € [0, by[2],, /[ + 11, ],

Snig, () if and only if x € [0, by[i + 1], /[n +1],,],

Sun-1,4,(x) if and only if x € [0, by[nl,, /[n +1,,] .
, 1, we obtain

then s, ; g, (X) < 8104, (%),

[n+1]
. b, [2]g,,
if oL, <X S o, fllq” then s, ig, (x) < 51,4, (%),
. [1g, bu
if o +q1]qn < x < by[n +1],, thens, ;g (X) < 554, (X).
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The proof is completed.
Proof of Theorem 4.1. Leti € {0,1,2,..,n} and j € {1,2, ..., n}. We claim that the inequality

(1 + %)bn
7

Vin+1],,

[jlgubn  [j+1gubn
[n+1]y, 7 [n+1]y,

(ﬂ)ie{j—l,j,j+1},

(b)yi>j+2and[i+1]; — ,/qi,[i+ 1], <[j + 1]an
(©i>j+2and [i+1],, — fqili + 1o, > [ + 115,

(d)i<j-2and[ily, + /95 [y = (74,

Min,jg,(x) <

holds for x € [ ] . The proof will be divided into the following five possible cases:

()i <j—2and[ilg, + /g5 [y, < [fl.-
Case a. If i = j — 1, then it follows from Lemma 3.6 and (6)
[+ Upbe  =pbe _ @ +a0)bs __ 2b,

. . < — .
M]—l,n,j,qn (x) = [n + 1]%1 [n]‘in - [n + 1]% - [Tl + ]‘]‘7}1

If i = j, by Lemma 3.6 , we obtain that

Mg, (x) =

Ulabn ' __ b,

[n],, T [n+1],
If i = j + 1, then using again Lemma 3.6 and (5), we have
[n+ 1]:1,, [] + 1]4,,bn - [n]q,, []‘]qnbn

[n]g, [ + 1,
(941, + aulnly, + 45™) b
[n]y,[n + 1]y,
(a2 + i, + ") b
[n +1],,

3b,
[n+1],

Caseb. Leti > j+2and [i + 1], — /9.[i + 115, < [j + 1];,, then
. ( [i]qnbn _ ) < [i]qnbn [j]qnbn

Min,jq,(x) = Mipjg,(x)

Mj+1,n,j,q,, (x) <

[n+1],, T n+1l, [m+1,
By hypothesis, since
qn[i]qn - \Mzn[l + l]q,, < Qn[j]an
we get

_ VTPl g be i+ 11,,b,
- < < .
Ml!n/]lq” (x) = [i’l + 1]% = [7’[ + 1]q”



O. O. Giiller et al. / Filomat 37:4 (2023), 1065-1085 1081

since i — 2 > 0, we can write

- b
Mi/n/jﬂrz (x) S -

Jin+ 11,

Also using Lemma 3.5(a), we obtain that

e
Mg, (X) £ —x=—.
v Jin+11,,
Casec. i > j+2and[i+1], - gili + 1];, = [j + 1];,. In this case, we first show that the function

h(i) = [i + 14, — \/94[i + 11, is increasing with respect to i. Indeed, we may write that

Wi+ 1) ~hG) 2 [i+2, — [+ 1]y, + \Jgili + 1y, — \Jaili +2],,

i
2 i+l
i+l qnn

! VI+TL, + I+ 20,

\%

" (1 - — L ] >0
\/[z +1],, + \/[z + 2],

Hence, there exists i € {0, 1,2, ..., n} of maximum value such that

[i + 1]y, — Vanli + 1], < [j + 1],
Then for i = i + 1, we get [; +1],, - \/qz,[; + 1], 2 [j + 1], and

_ [il,,bn
M- = m -
irn,ern (X) mil”fj/q” (X) [7’1 + 1]l]n

[i +1lg,bn  [flg,bn

[n+1],, [n+1],"

Since [; +1],, - qi - qz,[; + 1]y, <I[jl;,, we see that

n=n

O < T, T [+,

(1 +/[n+ 1]%)17”
[n+1],,
2b,

Jir+ 1,

Also, we have i > j + 2. Indeed, this is a consequence of the fact that k(i) is increasing and it is easy to see

that h(j+1) < [j+1],,. By Lemma 3.7(a), it follows that Z\_/L, (0= M-

i1,fqn i+1,1,5,qn

i1,f,qn

(x)>..> A_/In,n,j,q” (x). We obtain
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Minjq,(x) < — 2 for any i€ {;,; +1,...,n}. Thus, for the same i’s, it follows from Lemma 3.5(a) that

yIn+1],

2(1+q,,%)b,,

n

NSV

Case d. Leti < j—2and [il;, + /45 [ily, = [jl;,- Then

Mip g () = Mo (0)|x - Ly, b
e o [n+1],,

[j+1g,bn [, ba

n+1], [n+1],

(Il + @) bu il b
m+1l,  [m+1l,

Mi/n/j/qn (x) <

Using Lemma 3.5(b) and from hypothesis, we conclude that

(i1, + 43 )

[n +1],,
2b,

Vin+ 11,

Case e. Leti < j—2and [, + 1/qﬁ[l[i]q” < [jl;,- Let ; € {0,1,2,...,n} be the minimum value such that
[il, + \7i'[ily, = [jly,- Then i = i — 1 satisfies [i — 1], + /gi2[i — 1],, < [j],, and

ﬁ—u%m]

M1 ) [x I+ 11,

(Ilg, + ) bu  [i = 11,,bs

[n+1],, [n+1],

Since [;]q" + \/qi‘l[;]qn > [f];,, we see that

My, Jolln (%)

IN

(x)

7—1,n,j,qn

h%+¢%4m%+%ﬁn o1l
qn™n

[ +1],, C n+1],,

=
S
IA

([
(i1+ ﬁ*m%+%ﬁn
[n+1],,

(2 + /[n+ 1]%)19,1

[n+1],,
3b,

N ES.

IN
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Moreover, in this case, we have j > 2, which 1mphes i < j—2. By Lemma 3.7(b), we get M, . (x) =
i-1n ]qn
Mf . (x)>..> Mo,n,j,qﬂ (x) which implies, for the same i’s, that
i=2,1,j,qn
3b,
Mg, (X) £ ———
v Jin+ 1],

due to Lemma 3.5(b).

As a result, if we combine all the results obtained above, the truth of the claim is shown.
Proof of Lemma 4.3. We have two cases:

[7lgubn [j+1g,bu M) .
Case a. Letx € [[ r{+’ T {n+17]q ] be fixed such that C,(1 . (f3%) = finjq,(x). Since

1 b
bn (715, < _2b

1. b,
and fj,n,j,qn(x) = f([]]qn )/

T, T Tl el [,
we have
]]qn . bn
[Cla (i) = ()] = |f ]% - f@)] < 2a1 (fm)

Caseb. Let x € [ [Flgubn  [j+1]g, "] be fixed such that C, M) o (f:X) = fis1n,j4,(x). We have two subcase:

[n+1]y, 7 [n+1],

Subcase b1. If CM) (f;x) < f(x), then fi, i4.(X) < fi+1,,q,(X) < f(x) and we clearly get
Con () = f@] = FQ@) = firtna, ()

< f) = finjg. ()
by
< 2w (f, —[n+1]%)'
Subcase b2. If Cn]\gl (f;x) > f(x), then

i+ 1], by,
fj+1,n,j,q,1 (x) - f(X) = ijrl’n’j(x)f(%

qn
i+ 1], b,
f ( [j + 1, ) ).

[n]qn

|Cn q,,(f X) f(x)) ) - f(X)

For g, € (0, 1), since

U+ g Lt Uabs Gilbe _ (0ha + Ulgi+ai")be 30,

0= ., ST, el i+ 1, DT
then
U”]ﬂnbn)_ ( b_")
f( ol f(x) < 3w |f; ol

which completes the proof.
Proof of Lemma 4.4. We have two cases:

Case a. Letx € [[[ﬁf;] , [{x]l"]” ”] be fixed such that C(M (f: %) = fi-1,n,j4,(x). We have two subcase:

Subcase al. If C(M) (f;x) < f(x), then following the proof of Lemma 4.3, we get

|Chan () - f(x))<2w1(f[ =T )
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Subcase a2. If Clyy (f;x) > f(x), then

[j = g, bn
[”]qn

I (F:20 = FO| = fioimig, () = f(x) :mj_l,n,j<x>f( )—f(x)

< f(ﬂ) - .

[n]q,Z

Since .

_ [j=114,bn [j+11g, bn _ [j=1g, bn [j+114,bn _ 1400 gl (14g,)by 2b,

O<x—"gm = < Tml, ~ Tl S e, e, S el S Dl

then

[] - 1]%1 b”) b?’l

——— |- f(x) 201 | f; — .

f ( o, ) ame

[n+1]g, 7 [n+1]y, n,qn

Caseb. Letx € [M L7+ Uy, b"] be fixed such that C™) (f%) = fin,jq,(0). As in the proof of Lemma 4.3, we
get

b,
|C0 (5 2) = f(x)] < 201 (fr' m)

This completes the proof.

Remark 6.1. The computations in this paper were performed by using Maple2021.
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