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Abstract. The study of magnetic curves, seen as solutions of Lorentz equation, has been done mainly in
3-dimensional case, motivated by theoretical physics. Then it was extended in higher dimensions, as for
instance in K&hlerian or Sasakian frame. This paper deals for the first time in literature with magnetic Frenet
curves in higher dimensional paracontact context. Several classifications are provided here for different
types of magnetic curves on para-Sasakian manifolds. Some relations between magnetic Frenet curves
and Lorenz force are obtained on these spaces and examples of magnetic curves associated to paracontact
magnetic fields are constructed. Some explicit equations of the paracontact magnetic curves on the classical
para-Sasakian manifold (R***!, ¢, &, 7, g) are given at the end.

1. Introduction

The notion of magnetic field (see [22]) was first studied in physics, but now it is of interest for both
physics and mathematics. From mathematical point of view, a magnetic field on a (semi-)Riemannian
manifold (M, g) of arbitrary dimension is defined as a closed 2-form F, and it gives rise to a (1,1)-tensor field
¢, which is called the Lorentz force associated to F (see [30]). In the particular case of the 3-dimensional
oriented Riemannian manifolds, the 2-forms can be identified with vector fields by using the Hodge star
operator and the volume form. Moreover, from physical point of view, a static magnetic field on the
Euclidian space Elisa divergence-free vector field, since it can be identified with a closed 2-form, by
considering the orientation of E* (see [4]).

The trajectory around which a charged particle spirals under the action of a magnetic field is called
magnetic curve (or magnetic trajectory) associated to the magnetic field. If on a (semi-)Riemannian manifold
(M, g) a magnetic field F (which induces the Lorentz force ¢) acts on a particle of charge g, then any
corresponding magnetic curve y satisfies the Lorentz equation V,,)" = g¢()’), where V is the Levi-Civita
connection of g.

In the theory of surfaces, any nonzero constant multiple of the area form is a magnetic field, whose
associated magnetic curves are studied by Sunada [30] on compact Riemann surfaces of genus > 2 and
Comtet [17] on the hyperbolic plane H?.
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Moreover, starting from the theory of Riemann surfaces, Adachi studied in [2], [3], [4], Kdhler mag-
netic curves in non-flat complex space forms, by using the fact that any nonzero constant multiple of the
fundamental 2-form plays the role of magnetic field, called Kdhler magnetic field. In [23], Kalinin charac-
terized the Kihler magnetic curves on complex space forms, using the fact that this type of manifolds is
H-projectively flat. He showed that in this case the Lorentz equation reduces to a second order differential
equation.

An important class of magnetic fields is given by the Killing vector fields, since their divergence vanish.
The magnetic trajectories associated to a Killing magnetic field are called Killing magnetic curves, which in
the 3-dimensional context may be seen as Kirchhoff elastic rods (see [6]), and also as solitons of the localized
induction equation (see [7]). For the characterization of Killing magnetic curves in several 3-dimensional
spaces see e.g. [6], [14], [16], [18], [19] and the references therein.

The study of magnetic curves is particularly interesting in odd dimensional Riemannian context, espe-
cially on almost contact metric manifolds, which are the odd dimensional analogous of almost Hermitian
manifolds, whose fundamental 2-form is not always closed. It was natural to study magnetic curves in
the context of contact metric manifolds and in particular on Sasakian manifolds, where the fundamental
2—form is exact, hence closed (see [5], [12], [13], [20]). In this case, the Reeb vector field (a particular
unitary Killing vector field), defines the so-called contact magnetic field. The Sasakian manifolds are
the odd dimensional analogous of Kédhler manifolds, but the magnetic curves corresponding to contact
magnetic fields on Sasakian manifolds of arbitrary odd dimension are not only circles, like in the Kahler
context, but also geodesics obtained as integral curves of the Reeb vector field, Legendre p-curves seen as
1-dimensional integral submanifolds of the contact distribution, and ¢—helices of osculating order 3 (see
[20]). The magnetic trajectories associated to contact magnetic fields could be studied on cosymplectic
manifolds of arbitrary odd dimension, since the fundamental 2-form is closed. Such a study was done in
[21], where a classification result, similar to that from the Sasakian case, was obtained.

A notable correspondent of contact geometry (see e.g. [9], [10], [11]) is paracontact geometry, where a
huge number of papers was published. In dimension 3, several characterizations of magnetic curves were
obtained on quasi-para-Sasakian manifolds and in particular on para-Sasakian manifolds (see [14] and
[16]). In their paper, [1], Abbassi and Amri exposed several interesting results on the unit tangent bundle,
to show the importance of magnetic trajectories in the paracontact context.

The purpose of this paper is to fill a gap in the literature of magnetic fields theory, by classifying the
Frenet magnetic curves associated to paracontact magnetic fields on para-Sasakian manifolds of arbitrary
odd dimension. In Section 3, we classify in a unitary way both space-like magnetic curves (with space-like
or time-like acceleration) and time-like magnetic curves, corresponding to paracontact magnetic fields on
para-Sasakian manifolds of arbitrary odd dimension. The magnetic curves obtained in our classification are
geodesics given as integral curves of the Reeb vector field, non-geodesic ¢-circles of constant paracontact
(hyperbolic) angle, Legendre ¢p—curves, and (hyperbolic) p—helices of osculating order 3. Different from the
magnetic curves on Sasakian manifolds, which have constant contact angle, the magnetic space-like Frenet
curves with space-like acceleration and the magnetic time-like Frenet curves on para-Sasakian manifolds
have constant paracontact hyperbolic angle. Subsequently, different from the Sasakian case, the non-
geodesic magnetic curves of the mentioned types on para-Sasakian manifolds can be ¢-circles of constant
paracontact hyperbolic angle and hyperbolic ¢p—helices of osculating order 3. In the last section, we give
the explicit equations of the paracontact magnetic curves on the para-Sasakian manifold (R*'*1, ¢, &, 1, 9).

2. Preliminaries

Firstly we recall some notions concerning the paracontact geometry, the magnetic and Frenet curves.

2.1. Paracontact manifolds

The notion of almost paracontact structure on a differentiable manifold of arbitrary dimension was
introduced by Sato, as follows:



C.-L. Bejan et al. / Filomat 37:5 (2023), 1479-1496 1481

Definition 2.1. ([28]) A triple (@, &, n) is called an almost paracontact structure on a differentiable manifold M, if ¢
is a (1,1)—tensor field, £ is a vector field and 1 is a 1-form satisfying:

P*=1-1®¢& nE) =1 (1)

In this case, (M, @, &, n) is called an almost paracontact manifold. If, moreover, dn(&, —) = 0, then & is called the Reeb
vector field.

In the sequel we recall some consequences of the above definition, given for example in [8].

Remark 2.2. On a paracontact manifold (M, @, &, 1) the following items hold good:

(@) pE=noqp=0;

(b) The dimension m of the manifold may be either odd or even and rank ¢ = m —1;

(c) Kernp =Im ¢, Ker ¢ = span{¢};

(d) The restriction of ¢ to the paracontact distribution Kern is a product structure, whose eigen distributions
corresponding to the eigenvalues 1 and —1 may have different ranks.

When an almost paracontact manifold carries a (semi-)Riemannian metric, then two relations of metric
compatibility and anti-compatibility with the underlying structures are known in literature. Namely, the
notion of almost paracontact Riemannian manifold was introduced by Sato in [29] (requiring the Riemannian
metric compatibility with the almost paracontact structure), while the notion of paracontact metric manifold
was given by Kaneyuki, Kozai, Williams in [24], [25] (involving a semi-Riemannian metric anti-compatible
with the almost paracontact structure). Both above mentioned notions were generalized in [8]. Throughout
the paper we deal with the following new notion (a particular case of that given in [8]), which we introduce
as follows.

Definition 2.3. An almost paracontact manifold (M, ¢, &, ) is called an e-almost paracontact metric manifold if
it carries a semi-Riemannian metric g, related with the underlying structure by the following metricity relation:

9(@X, @Y) = en(X)n(Y) — g(X,Y), VX, Y € ¥(M), )
where ¢ is 1 or =1, according as & is space-like or time-like, respectively.

Remark 2.4. Accordingly to [8], a e-almost paracontact metric manifold (M, @, &, 1, g) has the following properties:

(i) The manifold M has odd dimension m = 2n +1;

(ii) The restriction @ to the distribution D = Kern is a paracomplex structure (i.e., the eigen distributions D*
and D~ of the product structure @ [xer have equal dimensions and O = D* & D~);

(iii) The metric g restricted to D is a semi-Riemannian structure of neutral signature (n,n), and therefore, the
signature of g on M is either (n,n + 1) or (n + 1, n) according as & is time-like (i.e. € = =1) or & is space-like (i.e.
€ = 1), respectively;

(iv) (@, g) restricted to the distribution D is a para-Hermitian structure (see the survey [15] for this notion).

Moreover, for this type of manifolds one has

(v) (X) = eg9(X, &), VX € X(M).

Definition 2.5. The fundamental 2-form of the e-almost paracontact metric manifold (M, @, &, 1, g) is the 2-form
Q on M, defined by

QX Y) =g9(X, 9Y), VX, Y € X(M). 3)
A e-almost paracontact metric manifold (M, @, &, 1, g) is said to be normal if the relation
N(XY) =2dn(X, V)&
holds for all X,Y € X(M), where N is the Nijenhuis tensor field given by
N(X, Y) = ¢*[X, Y] + [X, @Y] = ¢[pX, Y] = ¢[X, Y], VX, Y € ¥(M).

Recall that the exterior differential of ) is expressed as

X, ) = 31X = Y100 = 1([X, YD, VX, Y € ¥(M).
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Definition 2.6. A e-almost paracontact metric manifold (M, ¢, &, 1, g) is called a e-paracontact metric manifold if
Q = dn. If, moreover, the e-paracontact metric manifold is normal, then it is called a e-para-Sasakian manifold.
A e-paracontact metric manifold (M, @, &, 1, 9) is called e-K-paracontact manifold if the Reeb vector field is Killing.

Remark 2.7. If in the above definition we consider that the Reeb vector field is space-like, i.e. ¢ = 1, we obtain the
almost paracontact metric manifolds, which were classified by S. Zamkovoy and G. Nakova [31] in twelve classes (see
also [27]).

Remark 2.8. A e-para-Sasakian manifold (M, ¢, &, 1, g) is characterized by the relation:

(Vxp)Y = en(NX - g(X, V)&, VX, Y € X(M), 4)
where V is the Levi-Civita connection of g. This relation yields

Vx& = —epX, VX € X(M). )

Remark 2.9. From (5) and the relation g(pX,Y) = —g(X,@Y) it follows that on a e-para-Sasakian manifold
(M, p,&,1,9) the Reeb vector field & is a Killing vector field, i.e. the e-para-Sasakian manifold (M, @, &,1,9) is
a K-paracontact manifold. The converse is not true in general, but a 3-dimensional paracontact metric manifold is
K-paracontact if and only if it is e-para-Sasakian.

We introduce now the notion of e-¢-basis on a e-almost paracontact metric manifold, similar to that of
@-basis on an almost paracontact metric manifold, for which we quote e.g. [14, p. 425].

Definition 2.10. Let (M, ¢, &, 1, 9) be a e-almost paracontact metric manifold and let U, be a neighbourhood of a

,,,,,

.....

Remark 2.11. Any e-almost paracontact metric manifold admits at least locally a e-¢@-basis.

2.2. Frenet Curves on semi-Riemannian manifolds

Extending the Frenet equations for the Minkowski space [26, p. 35] to a semi-Riemannian manifold
(M, g), with g of signature (n + 1, 1), we define the Frenet curve of osculating order r > 1 as follows:

Definition 2.12. Let y : I — M be a pseudo-arc length parametrized space-like or time-like curve in a semi-
Riemannian manifold (M, g), with the metric g of signature (n + 1,n). We say that y is a Frenet curve of osculating
order v > 1 if there exist some pseudo-orthonormal vector fields {y,v1,...,v,-1} along y, such that

Vyy = &1K1V1,

V)-,Vl = —&oK1Y + E2KaVo, (6)
Vyvi = —gj kvt + €juikjvip, forjef{2,r-2},
V)‘/Vr—l = —&r2Kr-1Vr-2,

where g(y,7) = €9 = £1, g(v;,vi) = & = £1, and «; is a positive C* function of the pseudo-arc length parameter s,
called the i—th curvature of y, foreachi € {1,...,r - 1}.

In particular, a Frenet curve of osculating order 2 with constant curvature x1 is a circle.

Further, a Frenet curve of osculating order r, such that all curvatures k1, %z, ..., Ky—1 are constant is called a helix
of order .

Remark 2.13. The relation between the causalities of 7, vi and v, is given by €, = —¢egeq (see [26, p. 35]).

Example 2.14. A geodesic in a semi-Riemannian manifold (M, g) is a Frenet curve of osculating order 1.
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Remark 2.15. The curvatures of a Frenet curve y of osculating order r > 2 in a semi-Riemannian manifold (M, g),
with the metric g of signature (n + 1,n), have the expressions

K1 = g(Vy)),vl) = —g()), V)ﬂ/l) > 0,
K = g(V;)Vi_l,Vi) = —g(v,-_l,Vy-vi) > 0, i€ {2,. o, = 2}.

Definition 2.16. Lety bea Frenet curve of osculating order v on an almost paracontact metric manifold (M, ¢, &, 1, g).
When r > 2, we say y to be a p-curve in M if span{y,vi,...,v,_1} is @-invariant.
A @-curve y in M is said to be Legendre p-curve if n(y) = 0.
A @-curve of osculating order 2 with constant curvature «k is called a ¢-circle.
A @-curve of osculating order r > 2 with all curvatures k1,%2, ..., kr—1 constant is called a gp-helix of order r.
The functions t;j = g(vi, v;) for 0 < i < j < r—1, where vy = y, are called the ¢-torsions of a ¢-curve y.

Remark 2.17. In [20], a p-curve of osculating order 2 was defined by the p—invariance of span{y, vi, &}, but since
& = 0 and @* has the form (1), the p—invariant space reduces to span{y,v1}, as in Definition 2.16.

2.3. Magnetic curves on semi-Riemannian manifolds

Let (M, g) be a semi-Riemannian manifold, on which a particle of charge 4 moves under the action of
a magnetic field. In this case the magnetic field is identified with a closed 2-form F,, to whom one can
associate a (1,1)-tensor field ¢, called the Lorentz force, by the relation:

F(X,Y) = 9@, X, Y), ¥X,Y € X(M). (7)

A magnetic curve (or trajectory) associated to F; is any curve y on M, which satisfies the Lorentz equation (or
Newton equation):

VY = 0q(y), (®)

where V is the Levi-Civita connection of the metric g.

When the particle moves under the action of gravity only, i.e. the magnetic field vanishes, the relation
(8) reduces to the equation of geodesics under pseudo-arc length parametrization, namely V,y = 0.

A uniform magnetic field is a magnetic field F, for which F; is parallel with respect to V, i.e. VF,; = 0.

An important property of the magnetic trajectories is that their speed is constant. A magnetic trajectory
y(s) is called normal magnetic curve if it is parametrized by the pseudo-arc length, i.e. g(y,y) = £1.

On a 3-dimensional semi-Riemannian manifold (M3, g), where any closed 2-form may be identified
with a divergence-free vector field via the Hodge star operator and the volume form dv,, one can define a
magnetic field Fy associated to a divergence-free vector field V on M3, by:

Fy(X,Y) =du,(V,X,Y), VX YeXMP). 9)
On the other hand, the cross product x on (X(M?>), g) can be defined by:
9X XY, Z)=dv,(X,Y,Z), VX Y,ZeXM). (10)

Next, from the relations (7), (9) and (10), it follows that the Lorentz force associated to Fy can be expressed

as
HX)=VxX VXeXM),

and the Lorentz equation (8) takes the form

If, in particular, the divergence-free vector field V is Killing, then Fy is called Killing magnetic field, and
its trajectories are called Killing magnetic curoves.
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3. Magnetic curves on Para-Sasakian manifolds

Consider a e-paracontact metric manifold (M, ¢, &, 1, 9) and its fundamental 2-form Q. Due to the
skew-symmetry of ¢ with respect to g, (3) becomes

Q(Xr Y) = _Q(QUX/ Y)/ VXr Ye %(M)/
and then using (7) we can define the e-paracontact magnetic field with strength g € R* on M by
Fi(X,Y) =qQ(X,Y), VXY eXM). (11)

From (3), (7) and (11) we can express the Lorentz force ¢, associated to the e-paracontact magnetic field
F; by the relation

Pq = —q9-
Then, the Lorentz equation (8) takes the form
Vyy = =497, (12)

where y is a smooth curve parametrized by pseudo-arc length on M, called a e-paracontact normal magnetic
curve of magnetism q or a trajectory of the magnetic field F,.

Definition 3.1. Let y be a curve on an almost paracontact manifold (M, @, &, 1, g). The angle between y and & is
called the paracontact angle of the curve y.

Lemma 3.2. Let y be a trajectory of a e-paracontact magnetic field F; of magnetism q € R\ {0} on a e-para-Sasakian
manifold (M, p,&,1,g). The curve y has constant speed and the paracontact angle is constant or, equivalently,

ny)=meR

Proof: By considering a e-paracontact magnetic curve on a e-para-Sasakian manifold (M, ¢, &, 1, g) and
by using relation (12), we obtain

d . . - -
25907 =29(Vy7.7) = ~299(97,7) =0,
i.e. y has constant length.
By taking into account Definition 2.1 and relation (12), we have the following equalities:
d . . . - .
759 7) = 9(VyE,7) + g(&, Vy7) = —eg(@y, ) — qniey) = 0,
which yield g(&, y) = const., i.e. n(y) = const. O

Proposition 3.3. Let y be a Frenet curve of osculating order r on a e-para-Sasakian manifold (M, ¢, &,1,9). If y isa
non-geodesic normal magnetic curve associated to a e-paracontact magnetic field F; of magnetism g € R\ {0} on M,
then:

e i) The curve y has osculating order r < 3.
o ii) The Lorentz force satisfies:
Qgy = e1K1v1,
e
Pgv1 = e1(1 - 50776)1{—1)? + 21109 sgn(qro — €o)va,

Pgva = —e1q10 sgn(gno — €o)v1,

where sgn denotes the signum function.
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o iii) The Reeb vector field & is space-like (i.e. the manifold is para-Sasakian), given by:

K
& = eonoy + o sgn(qno — é‘o);lvz (13)

e iv) One has e1()} — €0) > 0 and the first curvature of y is

K1 = gl \fe1(13 — €0).

In particular,
- Ifr=2thenn = %,andkl = Ve (1 - eg?).
— Ifr = 3, then the second curvature of y is x» = |qno — €ol.
Proof: From the Lorentz equation (12) and the first Frenet formula in (6) we obtain
eiKIv = =4y, (14)
and then, by using the metricity condition (2) and Lemma 3.2, it follows that
sle = qz(sng — €0), (15)

hence one has ¢1(enj — &) > 0, and

K1 = |gly/e1(em; — €o)- (16)

From (14), we have that the action of the Lorentz force on the tangent vector to y is

Pgy = e1x1v1,

which yields
n(v1) = 0. (17)

Next, applying to (14) the covariant derivative with respect to y, using the relation (4), the Frenet
equations (6), Definition 2.1, and the expression (16) of x;, we obtain the following identity:

eaK1KoVo = €1€q(g10 — €0)(€oMoy — €E). (18)

When y has osculating order 2, i.e. x, = 0, the relation (18) yields two cases: 1 = %0 ory = ﬁé.
In the second case, y is an integral curve of &, which implies that Vyy = 0, i. e. y is a geodesic, which
must be excluded from the classification.

In the case when 1y = %0, the relation (15) yields ¢1(¢ — €9g?) > 0 and then from (16) we obtain

K1 = +J€1(e — €04?).

When y has osculating order r > 2, i.e. 1, # 0, by taking the norm of the two hand sides of equation
(18), a simple calculation yields K% = e(qno — £0)?. It follows, on one hand, that ¢ = 1, i.e. £is space-like and,
on the other hand, that

K2 = |qn0 — €ol.

Next, from (18) we get that £ has the expression (13) from the statement.
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Since we proved that the signature of £ is 1, we obtain from (13) that

2

K

2 1
Mp€o + ?52 =1,

hence

K7 = e2g’(1 = 115€0),
and replacing &, by —g9e1, we can write

K7 = e1q*(mf — €o)-

Applying ¢ to (13) and using (14), we obtain that
Pvy = €110 sgn(gno — €0)v1, (19)
which shows that the action of the Lorentz force on v; is the one given by the theorem.
Next, since k1 # 0, by applying ¢ to (14) and replacing & from (13), we obtain

pv1 = 61%(60175 = 1)y = eano sgn(gno — eo)va, (20)

i.e. the action of ¢; on vy is that given in the statement.
If we take the covariant derivative with respect to y, then (20) yields

£28gn(qno — €o)

0 (21)

Vyva = [q(eomy — Dvi — (Vy@)vs — (Vyv1)]

From (2), (17) and g(y, v1) = 0 we have that V,(¢v1) = 0. Moreover, by using the second Frenet formula
in (6), (14), (19), and the fact that ¢, = —eg¢e1, (21) becomes

Vyvp = —e1xv7.

Comparing the above expression with the one given by the third Frenet equation from (6), we obtain
k3 = 0, i.e. the Frenet magnetic curve has osculting order 3. O

Remark 3.4. Concerning the statement i) of Proposition 3.3, the curve y is a helix, as we commented in Example
2.14.

In the geometry of manifolds, there is a concern to determine the shape, by using curvature.

In the sequel, we use the curvatures of a Frenet curve to determine the shape of normal magnetic curves
in the context of para-Sasakian manifolds. Thus, we now provide a classification result for the normal
paracontact magnetic curves, in the mentioned background.

Theorem 3.5. Let y be a Frenet curve and let F; be the paracontact magnetic field of magnetism q # 0 on a para-
Sasakian manifold (M, ¢, &, 1, g). Then y is a normal magnetic curve on M associated to F, if and only if it is one of
the following:

i) a geodesic obtained as an integral curve of &;

ii) a non-geodesic @-circle of constant paracontact angle such that o = %“ and 0 < e1(1 — eof?) = &%

iii) a @-(hyperbolic) helix of osculating order 3, with space-like axis &, and with curvatures satisfying

0 < g?e1(n} — €0) = k3 and «2 = |qno — &ol, where no = 1(y) = const € R.
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Proof: Let us consider a normal magnetic curve y associated to F;.

If v is a geodesic on (M, ¢, &, 1, 9), we have on one hand that V;y = ¢,y, where V is the Levi-Civita
connection of g and on the other hand that V;y = 0, hence ¢,;) = 0. Since ¢; = —g¢y, and on a para-
Sasakian manifold ker ¢ = span{¢}, it follows that y € span{&}. Then, the properties of y and & to be unitary,
yield y = £&, i.e. y is an integral curve of £ up to a change of the sign of the parameter, which yields the
item 1).

On the other hand, if y is not a geodesic, then by i) of Proposition 3.3, y is a circle (r = 2) or a hyperbolic
helix (r = 3). By ii) of Proposition 3.3, for ¥ = 2 (respectively v = 3), {y,vi} (respectively {y,vi,v,}) is
@-invariant, i.e. y is a g-circle (respectively a ¢-helix). Next, iv) Proposition 3.3 yields the items ii) and iii).

To prove the converse part of the statement we shall show that each curve described at items i), ii) and
iii) is a paracontact magnetic curve on the manifold.

Firstly, on a para-Sasakian manifold (M, ¢, &, 17, g) we take a curve from item i), i.e. a geodesic y obtained
as an integral curve of ¢, thatis V) = 0 and y = &. Since on the para-Sasakian manifold we have ¢& = 0,
by using the two previous equalities, we obtain V,y = —g¢y, i.e. y is a paracontact magnetic curve on
M, 9, &,1,9)-

Next, we consider a curve from item iii), i.e. a @-(hyperbolic) helix y of osculating order 3, of space-

like axis & and of curvatures x; = |g]| ,/el(ng — &), K2 = |gno — &ol, where 19 = n(y) = const. € R. Since

n(y) = g(&,y), it follows that % g(&,7) = 0, or equivalently g(V;¢,7) + g(&, Vyy) = 0. By using (5) and the first
Frenet equation from (6), we obtain e1x17(v1) = 0, i.e. n(v1) = g(&,v1) = 0, hence & € span{y, v,}, which can
be written as

& = eonoy + ean(va)va. (22)

Since ¢ is space-like and unitary, i.e. g(&,&) = 1, and €, = —¢gpéy, it follows that [n(v2)] = | /6'1(773 - €9),
and taking into account the expression of k1, we have:
K1
w2l = 1%
w2l =

Applying the covariant derivative with respect to y in the expression (22) of £ and then using (5),
followed by the Frenet formulas (6) for osculating order 3, we obtain:

@y = (e1€2n(v2)x2 — €0€11)0K1) V1,
and it follows that
g(@y, y) = (e1e2n(v2)K2 — €0€1T]0K1)2 1. (23)
The relation (23) replaced into the metricity condition (2), yields:
2

sm%n(vz)z — 2epe182Mok1K21)(v2) + (£1K] — 1)17% +¢&9=0. (24)

By solving the equation (24) with respect to 1(v;) and then replacing x, from the hypothesis, we obtain
two solutions:

ng) = KL, T+ EOSENG K1 o)
lq] lgno — ol q
and
n(va) = Efl—_lqmo —fo%8ng
lq] lgno — ol

By substituting the first above expression of n(v;) into (22), we obtain the Reeb vector field, given by:

&= eonoy — 8182% sgn(qno — €o)va.
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Then, applying V, and using the Frenet formulas from (6) with r = 3, we have
K
Vy.& = [epernoxy + Ezj sgn(qno — €o)k2]v1.
Next from (5) and the expressions of «; in the hypothesis, it follows that
. K1 . .
-y =& ?vl, ie. gy = e1x1v1.

Finally, from the first Frenet formula we conclude that y is a magnetic curve associated to F,.

For the second expression of 1(v,) from above, by following the same directions as for the previous case,
we obtain a change of sign in the expression of ¢,)’, hence y is a magnetic curve corresponding to —F,. Since
the magnetism g can be either positive or negative, it follows that the magnetic curves corresponding to F,
coincide with those associated to —F,;. Hence y from item iii) is a magnetic curve corresponding to F;.

In particular, the curves exposed in ii) are also paracontact magnetic curves. O

Remark 3.6. When the paracontact magnetic curve y falls in case i) of Theorem 3.5, then y must be space-like.

In the sequel, by considering each causality of the Frenet curve y, from Theorem 3.5 and Remark 3.6,
we obtain, as consequences, the following characterizations of the paracontact magnetic curves.

Corollary 3.7. On a para-Sasakian manifold (M, @, &, 1, g), a space-like Frenet curve y with space-like acceleration
is a paracontact normal magnetic curve if and only if y is one of the following:

a) a geodesic obtained as an integral curve of &;

b) a non-geodesic @-circle of constant paracontact hyperbolic angle
0=+ argcosh(‘;—l) with k1 = /1 — ¢%, when the magnetism is q € (-=1,1) \ {0};

) a @-hyperbolic helix of osculating order 3, with axis &, and with curvatures i = |gsinh 0, ko = |1 - qcﬁ@l,
where O is the constant paracontact hyperbolic angle and cosh 6 = + cosh 0.

Proof: Consider a Frenet paracontact normal magnetic curve y on M, with g9 = €1 = 1.
Item a) is already proved by Theorem 3.5 i).
If in Theorem 3.5 iii) we take ¢y = €1 = 1, we obtain r]é > 1, because k1 > 0. Subsequently, there exists

0 € R such that 19 = +cosh 8, which will be denoted in the sequel by cosh 6. In this case it follows that

K1 =g Yeosh?6 -1 = lgsinh O], k, = |1 - chs\h-/el, and thus item c) is proved.
When the osculating order is r = 2, by using Theorem 3.5 ii) we obtain that g = % and k2 =1-¢% >0, ie.

l9l < 1 and nj > 1. Thus we have again that there exists 6 € R such that o = cosh 6 = % Since cosh 0 > 1 it

follows that cosh 6 = %‘”, or equivalently, 6 = + argcosh (ﬁ) Thus the statement b) follows, which completes

the proof.
To prove the converse, we take into account that any curve y from items a), b), c), is a curve described in
Theorem 3.5 at item i), ii), iii), respectively, and then y is a paracontact magnetic curve on the manifold. O

Corollary 3.8. There do not exist space-like Legendre o—curves with space-like acceleration, which are paracontact
normal magnetic curves in a para-Sasakian manifold (M, ¢, &, 1, g).

Proof: 1f we suppose 1(y) = 0, it follows that cosh & = 0, but since cosh9 > 1 for every 6 € R, which
contradicts the assumption, and hence we conclude the statement. O

Corollary 3.9. On a para-Sasakian manifold (M, @, &, 1, 9), a space-like Frenet curve y with time-like acceleration is
a paracontact normal magnetic curve if and only if v is one of the following curves:
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a) a geodesic obtained as an integral curve of &;
b) a non-geodesic ¢@-circle of constant paracontact angle 6 = arccos% € [0, 7t], with k1 = /g% — 1, when |g] > 1;

c) a Legendre @-curve in M, with k1 = |q|, x = 1, i.e. a 1-dimensional integral submanifold of the paracontact
distribution. Moreover, in this case & = —sgn(q)va;

d) a @-helix of osculating order 3, with axis &, and of curvatures i1 = |g|sin 6, k2 = |1 —q cos 8|, where 0 € [0, 7t]
is the constant paracontact angle.

Proof: Let y be a Frenet curve with 9 = —¢; = 1 on M. Item a) is already proved by Theorem 3.5 i).
Taking €y = 1 and ¢; = —1, we obtain from Theorem 3.5 iii) that 7]3 < 1, i.e. there exists 0 € [0, ] such

that np = cos 6 and then x; = |q| V1 — cos? 0 = |g|sin 6, k; = |1 — g cos 6], and thus any curve from item d) is
a paracontact magnetic curve.

For r = 2, we obtain from Theorem 3.5 ii) that 19 = % and x? = ¢* —1>0,1e. |g] > 1 and 1} < 1, hence
there exists 0 € [0, ] such that g = cos 0 = %, or equivalently, 8 = arccos % Thus, any curve described at
b) is a paracontact magnetic curve.

To prove item c), we assume that 7(’) = 0, which yields cos 0 = 0,i.e. 0 = % Then, by substituting this
particular value of 8, the expressions of x; and x; from item d) reduce to k; = |g| and x; = 1. Then, from
(13) it follows that & = —sgn(g)v», hence d) is proved.

The converse follows by the fact that any curve y described at a), b), d), is a curve from items i), ii), iii)
of Theorem 3.5, respectively, and any curve from c) is obtained by particularizing d) for 0 = 7. O

Corollary 3.10. On a para-Sasakian manifold (M, @, &, n, g), a time-like Frenet curve y is a paracontact normal
magnetic curve if and only if one of the following instances holds good:

a) y is a non-geodesic @-circle of constant paracontact hyperbolic angle 0 = argsh ( - %), and with k1 = \J§*> +1;

b) y is a Legendre g-curve on M, with 1«1 = |q|, ko = 1, i.e. a 1-dimensional integral submanifold of the
paracontact distribution. In this case & = sgn(q)vo;

c) y is a p-hyperbolic helix of osculating order 3, with axis &, and of curvatures 11 = |g|cosh 0, x, = |1 +gsinh 0,
where O is the constant paracontact hyperbolic angle and 1y = sinh 6.

Proof: By taking a time-like Frenet curve y on a para-Sasakian manifold (M, ¢, &, 7, g), from the first
Frenet equation, (12) and (2) we have that

2

1 ) ) L 2 2
g(v1,v1) = <9V, Vyp) = q—zg(wr Py) = q—z(né — &) = q—z(né +1) > 0.
K K K K

Since the first normal to a time-like curve is a space-like vector, we shall take a Frenet curve y on M,
such that g = -1 and ¢; = 1.

Taking into account Remark 3.6, we conclude that a time-like Frenet magnetic curve can fall either in
case ii) or iii), Theorem 3.5.

Then, by taking a non-geodesic Frenet curve with ¢y = —1 and ¢; = 1, we obtain from Theorem 3.5 iii),
that 1 is a real constant, hence there exists 6 € R such that 19 = sinh 0. In this case the curvatures become

k1 = lgl /1 + 15 = |glcosh 6 and «; = |1 + gsinh 6|, and the proof of item c) is concluded.

If the magnetic curve y is a Legendre curve, i.e. n(y) = 0, it follows that sinh 6 = 0, or equivalently 6 = 0.
Then, the above expressions of x; and «; reduce to x; = |g| and x, = 1. Moreover, the expression (13) of &
becomes & = sgn(q)v,. Thus, item b) is proved.

When r = 2, by using Theorem 3.5 ii), we obtain that 179 = —% and k3 = 1+ ¢, for all g # 0, hence there

exists 0 € R \ {0} such that g = sinh 6 = —%, or equivalently 0 = argsh( - %)



C.-L. Bejan et al. / Filomat 37:5 (2023), 1479-1496 1490

Conversely, since any curve y described at a) and c), is a curve from items ii) and iii) of Theorem 3.5,
respectively, and any curve from b) is obtained from c) by taking 6 = 0, it follows by Theorem 3.5, that y is
a normal paracontact magnetic curve on the manifold. O

Proposition 3.11. A @-helix y of order 3 on a para-Sasakian manifold (M, @, &, 1, g) has constant paracontact angle
if and only if to; = 0. In this case we have the following properties:

i) All p—torsions are constant and 11 # 0;

ii) The following relations hold good:

g(v2, &) = eoe1(kator — K1712) and T3, — €175, = €0; (25)

, . . _ K , .
iii) v is a paracontact magnetic curve of magnetism q = o having constant paracontact angle given by
To1T12

g(é, 7/) =¢&o K1T12—K2 T 1;
iv) If 112 = 0, then y is space-like (respectively time-like) Legendre gp—curve given in Corollary 3.9 c) (or

respectively in Corollary 3.10 b)).

Proof: The Frenet equations for a p—helix y of osculating order 3 on a para-Sasakian manifold (M, ¢, &, 1, 9)
are

Vyy = &1K1V1,
Vyvy = —gok1) + €2K2V2, (26)
V)‘,Vz = —&1KaV1.

The derivatives of the p—torsions of y with respect to the pseudo-arc length parameter s are

d d . ) ) .
T = = 9y, ov1) = g(Vyy, ovi) + 9, (Vy@)v1) + g(y, oVyrn),

d d

25T = %9(71 pv2) = g(Vyy, ov2) + g7, (Vy@)va) + g(y, pVyv2),
d d

252 = %{](thﬂ/z) = g(Vyvy, ov2) + g(v1, (Vy@)v2) + g(vi, Vo).

By using (26) and the metricity condition (4), the three above derivatives reduce respectively to

d

25T = eon(v1) + 22702, (27)
d

%702 = £1K1T12 + &on(v2) — €1K2To1, (28)
i’r = —&0K1T (29)
75 12 = ~Eok1To.

From (26) and (5) we obtain the following relations:

d
%9(7, &) = erx1g9(v1, &), (30)

d
%Q(VLE) = —eok19(y, &) + eak2g(v2, &) + To1,

d
%g(Vz, &) = —e1x29(vy, &) + 102

With respect to the Frenet frame, the Reeb vector field £ decomposes as follows:

& =eog(y, )y + e19(v1, E)v1 + €29(v2, E)va,
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and since & = 0 we have that
P& = eog(y, E)py + e1g(v1, E)pv1 + e29(v2, E)pva = 0.

Then, from the above relation and g(y, &) = g(v1, &) = g(v2, p&) = 0, we obtain the following equalities:

e19(v1, E)tor + €29(v2, E)Tt2 = 0, (31)
—e0g(y, E)To1 + €29(v2, E)T12 = 0, (32)
—eog (Y, E)To2 — €19(v1, E)T12 = 0. (33)

We suppose that y has constant paracontact angle 6 and the curvatures «;, x; are nonzero constants. It
follows that g(y, &) = constant, and from (30) we have that g(v1, £) = 0, which together with (33) yield either
i) o2 = 0, or ii) g(y, &) = 0. In Case i) the relation (27) (respectively (29)) leads to 7¢; = constant (respectively
to 712 = constant). In Case ii), since g(y, &) = g(v1, &) = 0, it follows that & is collinear to v,, hence g(v,, &) # 0.
Then from (31) (respectively (32)) one obtains T, = 0 (respectively 71, = 0), i.e. ii) is a particular case of i).

Conversely, if 7, = 0, the relations (31) and (33) lead respectively to

g1, E)1o1 =0, g(v1,E)T12 =0,

from which we have either Case I) g(v1, &) # 0 and 71 = 712 = 0, or Case II) g(v1, &) = 0. Since in Case I) we
obtain that all ¢p—torsions vanish, which is a contradiction, we conclude that Case 1II) is the only possible
case. Consequently, g(v1, &) = 0, and then from (30) it follows that % g(y,&) =0, i.e. the paracontact angle 8
is constant.

Next, if the paracontact angle is constant, or equivalently 7o, = 0, the relation (28) leads to

g(v2, &) = €oe1(K2To1 — K1T12), (34)

i.e. the first relation in (25) is proved.
In this case, as proven before, g(v1, &) = 0, hence the expression of £ reduces to

& =eog(y, &)y + e29(v2, E)va,
and then
pe = eog(y, )Py + £29(v2, E)gv2 = 0. (35)
Moreover, since ¢y and v; are both orthogonal to y, it follows that ¢y is collinear to v; and one has
QY = —TmVv1, (36)
hence 7¢; # 0. Similarly, we can write
vy = T12V1 (37)
and then from (35) and (34) we obtain
9y, &) = eo(k1T12 — K2T01)T12/To01- (38)
By using (36), (37), and the metricity relation (2) we obtain
9(y, &) = o + 17y, (39)

e = e ey 0
g(@y, pva) = —e1t1T12 = 9(7, £)g(&, v2).
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Then, from (40), (34) and (38) we have the following relation involving the ¢—torsions and the curvatures
of y:

(k2T01 — K1712)°T12/To1 = To1T12- (41)
Moreover, (38) and (39) yield

(K2To1 — K1T12)2T%2/(T%1) =&t 51’%1- (42)
By replacing (41) into (42) we obtain

3, = € + €175, (43)

and thus the second relation in (25) is proved.
If 712 # 0, since 7¢1 # 0, then (41) and (38) become respectively

K1T12 — K2To1 _ To1

To1 K1T12 — K2T01 ’
and T017T12
SY) =T
g( )/) 0 K1T12 — K27T01
which prove the first relation in (25).

When 71, =0, (43) yields T%l = —¢gpé1, and then from (39) it follows that g(y, &) = 0, i.e. y is a Legendre
@—helix and (40) becomes g(¢&, 12)? = ¢&,. This relation holds only when €, = 1, more precisely when ¢p = —¢;.
Moreover, the relations 712 = 0, (34) and (40) yield ¢, = K%T%l, and since T%l = &, it follows that k¥, = 1, and
the last part of the proposition is proved. O

Remark 3.12. The space-like and time-like Frenet magnetic curves on para-Sasakian manifolds of dimension 2n +1,
characterized in the corollaries 3.7, 3.9, 3.10, yield (for n=1) the helices obtained in [14] on f—para-Sasakian manifolds
with p = 1.

4. Examples of magnetic curves associated to paracontact magnetic fields

We construct first a para-Sasaki structure (¢, &, 7, g) on R*"*! and then we provide the magnetic curves
corresponding to the paracontact magnetic field on (R?"+1, @, &,1,9), which for n = 1 can be particularized
to those obtained in [14] on the hyperbolical Heisenberg group Hi.

We denote by (x', i, z)ic(1,..,) the canonical coordinates of R**!, on which we consider a vector field

d

ézzgl

and a 1-form 7], defined by
l n
n= Edz + hz;(xhdyh — ytdx").
As the distribution Ker7 is parallelizable, let {Xi, Yi}ieq1,..,n) be a basis of vector fields, which gives a
parallelization of Kern. If we take a (1, 1)—tensor field ¢ on R***!, such that
eXi=Yi, @Yi=X;, @&i=0, i€{l,..., n}, (44)

then the structure (¢, &, 17) turns out to be an almost paracontact structure on IR?**1.
From now on, we take, in particular,

N R
X,-—$+2y£, Yz—a—yl.—sz,le{l,...,n}, (45)
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which have the Lie brackets
[Xi, X;1=1Y:;,Y;]1=0, [X;Y;]=-204¢ [Xi,él=1Y:,&]1=0, ije{l,...,n},

where 6;; is the Kronecker delta.
The structure (¢, &, 1, g) on R2"*+1 ig almost paracontact metric, where

g=n®n+ Z (@ = (@dy")?). (46)
h=1

Moreover, since dn = g(-, ), i.e. dn = Q, it follows that this structure is a paracontact metric one on
]R2n+1'

By appling the Koszul formula to the metric g, given by (46), we obtain the components of the Levi-Civita
connection with respect to the p—basis {X;, Yi, E}icq1,..n):

VX,.X]' = Vyx.Y]' = Vgé = O, Vin]' = _VX,»Y]' = 6115

o 47
iné = VéXi = —Y,‘, Vyié = VgY,’ = —Xl', 1,]€ {1, .. .,1’1}. ( )

The relations (44)-(47) imply (4), which based on Proposition 3.3 iii) shows that (R***!, ¢, &,1,9) is a
para-Sasakian manifold.

On this para-Sasakian manifold (R?+1, @,&,1,9), we classify in the sequel the magnetic curves corre-
sponding to the paracontact magnetic field F;, and we give their explicit parameterizations.

Theorem 4.1. A smooth curve y on the para-Sasakian manifold (R***1, ¢, &, 1, g), parameterized by the pseudo-arc
length s, is a normal magnetic curve associated to the paracontact magnetic field F; if and only if y is one of the
following curves:

a) astraight line parameterized as

h=1

y(s) = (cls +xb, chs+ v, ('70 + Z:(cly0 —cixl ]s + Zo] ,
i€fl,...n)

.....

where ¢, ¢ € Rand x'(0) = x) € R, ¥'(0) = v}, € R, and g(&,7) = no € R.

b) a @-helix with axis & parameterized as

i i

y(s) =(2ﬂjl_ p sinh[(219 — g)s] + 2_ . cosh[(2n9 — q)s] + x, (48)

) ¥ i
—2 cosh[(210 — g)s] + pT— sinh[(2170 — q)s] + v,
Y (@) - (@37)
2o+ s+
no 2m -4

2170 Z(alyo — ahxl) sinh[(2n0 — q)s]+

+5— Z(“zyo alixly cosh[(2ny — q)s] + zo) ,
o — 4 =1 i€f1,...,n}

wherea a G]Randx(O)—x €R, y'(0) = yé, z(0) =zp e Rand g(&,7) =mno € R.

c) a @-circle of constant paracontact angle, whose equation is (48), in which 1y = %“
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Proof: Let y be a curve parameterized by pseudo-arc length, given by
() = ('), ¥'(5), 28t
Let us write the speed y with respect to the @-basis {X;, Yi, E}ieq1,... ny in the form
7(s) = ()X + f)Yi+c(s)E, i €{l,...,m), (49)

where a/(s), fi(s) and c(s) = 17(7)(5)) are smooth functions
On the other hand, from y = x'=% &x’ + y F+ 25 32 and (45), we obtain

))ZJ'CiXi+]'/iYi+ leyl Zny +z

which, compared with (49), yields

f=a, y=p 2= 2(c _ iny-i + inyi). (50)
i=1 i=1
The curve y is a magnetic curve associated to the paracontact magnetic field F; = qQ = —qg(pX, Y) if it
satisfies the Lorentz equation (12). By replacing (49) and using (47), then (12) becomes
(@ —2eB)X; + (B — 2ca')Y; + ¢& = —gB'X; — qa'Y;,
which is equivalent to the following ordinary differential equations system:
= Q2c-q)p’

B = (2c—ga (1)
¢=0.

Since the third above equation has the solution c(s) = const € IR, i.e. n(y) = const € R, we use the notation
c(s)=no e R.
Now we distinguish two cases which lead to the equations in the statement.

Case I) When g = 219, the system (51) has the solution
ai(s) = ¢} = const € R, Pi(s) =, = const € R, c =19 € R. (52)
Next, from (50) and (52), we obtain that

. . . . . . n
xX=cs+xl, y=cs+y), z:Z(no+ Y (clyt — chxl) |s + 2o,
-1

i.e. in this case the magnetic curve is a straight line with the equation from a).

Since &9 = g(y,7) = 15 + él ((cﬁ’)2 - (cg)z) and the curve is parametrized by pseudo-arc length, then the
line is either space-like (respectively time-like) according as €y = 1 (respectively ¢y = —1), or light-like when
= X (7 - ).

Case II) When g # 21, the system (51) is equivalent to

d'(s) = (210 — )%a’

B(s) = 2no - g)a’
c(s) = no = const € R,
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which has the solution
ai(s) = a cosh[(2ng — g)s] + a, sinh[(2n9 — g)s],
B'(s) = a} sinh[(219 — q)s] + a cosh[(210 — 9)s], (53)
c(s) =mng = const € R,

where ocl, a € R and x/(0) = x €ER, y 0) = yg,e R, foralli€{1,...,n}and g(&,y) =no € R.

By replacmg (53) into (50) and integrating, we obtain the following equations for the coordinates of the
points of the magnetic curve:

xi(s) =

sinh[(2n9 — q)s] +

cosh[(Zno —q)s] +xi,

2no q Zno

yi(s) = m cosh[(2n — 9)s] + 27 2 sinh[(2no — g)s] + v,

Z ((ah)Z ((Xh 2)
Z(S) T]O + T S (54)

n
+21]§—'7 hgl(a}f]/g - agxg) sinh[(zﬂo B q)S]

21]§_q El(a’;y — allxl) cosh[(210 — g)s] + zo,

+

wherea a € R and x/(0) = x €R, y(0) = yé, z(0) =z9 € R, foralli e {1,...,n}.

Subsequently, in Case II) the magnetic curve is the helix given at item b) of the Theorem. Since the
curve is parametrized by pseudo-arc length and &y = g(y,7) = mj5 + XLy, ((a’ll)2 - (ag)z), then the helix is
either space-like (respectively time-like) accordingly as ¢y = 1 (respectively ¢g = —1), or light-like when
1 = Ei (@3 = @)

If in (54) we take 1y = %0, we obtain, according to Theorem 3.5 ii), that the magnetic curve is that given
at item c).

Conversely, one can easily verify that the curves from items a), b) and c) of the Theorem satisfy the
Lorentz equation (12), where ¢ is the (1,1) tensor field on R*"*! given by (44). O

Remark 4.2. The normal paracontact magnetic curves on the para-Sasakian manifold (R***1, ¢, &, 1, g), described
in Theorem 4.1, at items a), c), b), are respectively of the types i), ii), iii) of Theorem 3.5. The curvatures of these three
classes of curves have the constant values mentioned in Theorem 3.5 at each item.
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