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Abstract. In this paper, we study the following quasilinear Schrodinger equation

u

~u V= (A1 + 1) )5

=h(u), xeRN,

where N > 3, 2* = 2 V(x) is a potential function. Unlike V € C3(RY), we only need to assume that
V € CY(IRM). By using a change of variable, we prove the non-existence of ground state solutions with
Berestycki-Lions conditions, which contain the superliner case:

lim hs) = +00
s—o+00  §
and asymptotically linear case:
. h(s)
lim — =17

s—>t+oc0 S

Our results extend and complement the results in related literature.

1. Introduction

This article is concerned with a class of generalized quasilinear Schrédinger equation

—Au+ VU = (AL + 1) u

m = h(u), X € ]RN, (1)

where N > 3,2 = 2% V(x) satisfies the following conditions:
(V1) V e C{(RN, R);
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(V) 0< Vs = |llirn V(x) < V(x);

(V3) VV(x) - x < 0 for all x € RN, with the strict inequality holding on a subset of positive Lebesgue
measure of RY, and the mapping t > NV(tx) + VV(tx) - (tx) is non-increasing on (0, o).
Standing wave of the following quasi-linear Schrédinger equation is a hot problem

idiz = —Az + W(x)z — k(x, |z]) — Al(lz])I’ (1z]*)z (2)

wherez: RXRN — C, W : RV — Ris a given potential, I : R > R and k : RN X R — R are suitable
functions. For various types of /, the quasilinear equation of the form (1) has been derived from models of
several physical phenomenon. For more physical background, we can refer to [2, 8, 10, 12] and references
therein.

Set z(t, x) = exp(—iEt)u(x), where E € R and u is a real function, (2) can be reduce to the corresponding
equation of elliptic type (see [7]):

—Au + V(x)u — Alu?)l'(u®)u = h(x,u) xRN, 3)

If we take g>(u) = 1 + w, then (3) turns into quasilinear elliptic equations (see [15])

~div(g*(u)Vu) + g(u)g’ W)|Vul> + V(x)u = h(x,u), x € RV, 4)
For (4), there are many papers (see [6, 15-17]) studying the existence of standing wave solutions. If we set
7 (u) = 1+ 2u?,
then (4) reduces to the following well-known quasilinear Schrodinger equation
—Au + V(xX)u — uAW?) = h(x, u).

Many recent studies have focused on the above quasilinear equation, see for example [3, 9, 20] and references
therein.

For (1), Shen et al. [18] proved the existence of positive solutions with asymptotically linear nonlinearity.
In [13], Miyagaki et al. studied the first eigenvalue for (1) and the existence of nonnegative solutions on
bound domain. As far as we know, there are few paper focused on the nonexistence of ground state solutions
for (1). In general, many scholars [4, 11, 14, 21] considered the nonexistence of ground state solutions with
V € C*}(RY) and asymptotically linear growth as [11]. But in this paper, motivated by [5, 11, 19, 21], we
consider nonexistence of ground state solutions for (1) with Berestycki-Lions conditions and we only need
to assume that V € C(RY). So the method in [4, 11] do not work in our problem and we used some new
ideas come from [5, 19, 21], which was used to deal with semilinear problems and quasilinear problems,
respectively. Next, we assume h(t) = 0 for t < 0 and also give the following assumptions on I :

(h1) h € C(R,R), and there exists C > 0 and p € (2,2") such that |h(t)| < C(1 + |tF7!);

(hy) h(t) = o(t) ast — 0;

(h3) there exists £y > 0 such that fOLO (h(s) — Vws)ds > 0;
Remark 1.1. Note that (h}):

there exists B > 0 such that h(t) > |t™*t for 2 <q <2

is stronger than the condition (h3), which was first established by Berestyski and Lions in [1]. Indeed, in view of (1Y),
we infer that

@ > BIt2,

which shows that (hy) holds. Moreover, (hs) contains the superlinear and asymptotically linear case. Indeed, the
following conditions (h}) and (hY) all satisfy (hs), where

) 1im " - o

s—400 S
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and

(1)) lim @ =1n>Vs

s—+00 §

for some ) € R. So, our results extend and complement [4, 11, 14, 18, 22].
As [7], we deduce that the Euler-Lagrange functional associated with (1) is

I(u) = % L;N gz(u)IVMI2 + % LN V(x)u? - - H(u),

where H(u) = fou h(s)ds. Due to the appearance of the nonlocal term f]RN ¢*(uw)|Vul*dx, I may be not well
defined. To overcome this difficulty, a variable substitution as follows: for any v € H!(R"), Shen and Wang

[15] make a change of variable as u = G™'(v) and G(u) = fou g(t)dt, and then the functional I in form can be
transformed into

J ) = % fR N(IVUIZ + V()G @) - fR ) H(G'(v)), xeRYN. (5)

In addition, the limit energy functional of (5) is
J=(0) = lf (Vo + VaulGTH ()P —f H(G(v)), xeRY. (6)
2 RN RN

From our hypotheses, it is clear that J and J* are well defined in H(RN) and 7, > € C{(RY, R).
To state our result, we need define

M= fv e HRM)\{0} : P(v) = 0},

where

po)= 232 [ Wk S [ Ve oF

7)
1
S | (VW@ -0IG'@P-N | HG ().
¢ [ wve-nictor-N [ HE o)
Moreover, let
M = o € HRV\O) : Puto) = 0,
where
Po@) =52 [ W+ [ VeIG@R-N [ HG o). ®

Now, we are ready to state the main result of this paper.
Theorem 1.2. Assume that (V1)-(Vs) and (h1)-(h3) are satisfied. Then ¢ := infs J is not a critical level for the
functional J. In particular, the infimum c is not achieved.

The remainder of this paper is organized as follows. In section 2, we prove Theorem 1.2.

Notations: Throughout this paper, we make use of the following notations:

° J];QN & denotes f]RN & dx and C denotes the different constants;

e [7(RY) denotes the usual Lebesgue space with norms [[ll, = ( f]RN Iulp)ﬁ, where 1 < p < oo;
e Forany v € HY RN\ {0}, v(x) = v(x/t) for t > 0.
e Let HY(RN) = {u € L2(RN): Vu e Lz(]RN)} with the norm

el = (f (IVul? +u2))z '
RN

e The weak convergence in H'(RYN) is denoted by —, and the strong convergence by —.
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2. Proof of Theorem 1.2
In this section, we prove Theorem 1.2. At first, we present some useful lemmas and corollaries.
Lemma 2.1 ([22]) For the function G}, the following properties hold:
(1)1 < g(G\(s)) < \/é foralls € R;

(2)|G7X(s)| < sl forall s € R;
(3) 16 < 1) for all s € R;

9((511(5)) =
@) y?G*ES()sS)) <|G7Ys)P forall s € R;
(5) lim @ =1land lim —Gi;(s) = \/g
Isl=0 |s]—+c0

By (V3), we can conclude that
NV [V(x) = V()] + (1Y = 1) (VV () - x) 2 0. 9)
In (9), letting t — +oo, then we have
NV(x) + VV(x) - x = NV. (10)

In (10), it is easy to check that VV(x) - x — 0 as |x| — +oco.
Lemma 2.2. Assume that (V1)-(Vs), (h1) and (hy) hold. Then

— N 2 - NtN=2 4 (N - 2)tN

P Vo2, Yo e H(RM), ¢ > 0.
N (v) + N IRNIvl, ve H(RY), t>0

T©) = T(o) + 1

Proof. By (5) and (9), we have

J () = I (vr)

1- N2

= 5 f]RN |VU|2 + % fRN [V(x) — tNV(tx)] |G_1(Z))|2

-(1-#Y) f}R ) H(G'(0))

T S e [ Ve« Ve ic o

-N f}R i H(G’l(v))}

2 —N#&N-2 p (N -2)N
+ ( )fwmz
]RN

N

f 5 | NIV - Vo) + (7 - )9V ) 6 )
1N 2 - N2+ (N - 2)V 2
> N P(U) + 2N RN |VU| .

This completes the proof. O
In view of Lemma 2.2, we get the following corollary.

Corollary 2.3. If (V1)-(V3), (h1) and (hy) hold, then for v € M, J (v) = maxs>0 J ().
To prove M # 0, we set

0= {v e H(RYM) : fw [%V‘x,lc‘l(v)l2 - H(G‘l(v))] < 0}-
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Similar to the proof in [5, 19, 21], we can get the following important lemma.
Lemma 2.4. Assume that (V1)-(Vs), (h1), (ho) and (h3) hold, then © + (0 and

{o € H'RV)\(0} : Po(v) < 0 07 P(0) < 0} € ©.
Proof. By the proof of Theorem 2 in [1], and (h3), it is easy to see that ® # (. Next, we prove the following
conclusion into the two cases:

Case 1: if v € HY(RM)\{0} and P (v) < 0, then it follows from Lemma 2.2 that v € ©.
Case 2: if v € H'(RN)\{0} and P(v) < 0, then it follows from (10) that

N [%Vm|c—1(z;)|2 - H(G_l(v))]

]RN
—pw - 222 [ wer - [ v -vos T o
<—— f Vo> — = f (NV(x) = NV + VV(x) - x) |G (0)?
< —E IVo]* < 0.
]RN

which shows that v € ©. This completes the proof. O
Lemma 2.5. Assume that (V1)-(Vs3) and (h1)-(hs) hold, then for any v € ©, there exists a unique t, > 0 such that
Uy, € M.

v

Proof. Let v € O be fixed. Assume that

v:= 90 = [ wor+ S [ viier@r - [ e o
Set
Y’(t)zl\%tl\H f |Vv|2+%tN—1 fR V(tx)|G ()
N 5 [ V- ecor N [ HG o) =0
Then

%tl\"z f |Vv|2+ﬂ f INV(tx) + (VV(tx) - (t))] G (0)]?
RN RN

2
—NN HGilv,

which implies that P(v;) = 0 © v; € M. It is easy to check that ltirr01 Y(t) = 0, Y(f) > 0 for t > 0 enough small.

From (V) and Lebesgue Dominated Convergence Theorem, we have

t—+00

. 1 o Y T
lim | (3ve9167 @F ~HG ) = fR (3v-I6 @P - HG @)

and

t—+o00

lim f (VV(tx) - ()G L) =0
RN
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Moreover, one has
Y(t) = tN‘3(¥ f Vol + %]tz f VED)IG (o)1
RN RN
2
+ % fR N(VV(tx) - (tx)|G L (w)]* = N#? fR ) H(G—l(v)))
= tN—3[¥ . IVo]* + Nt ( fR ) %VOOIG‘l(v)IZ - H(G ' (v) + ot(l))]

and thus Y(t) < 0 for ¢ large. Thus max Y (#) is achieved at some #, > 0 such that Y'(¢,) = 0 and v, € M.
>

Next, we prove the uniqueness. Let a(t) = 2 — NtN=2 + (N — 2)tN. For any given v € O, if there exist
t1,t, > 0 such that vy, v, € M. Thus P(vy,) = P(v,) = 0. Therefore, we have

N — Y
T 2 Twn) + 22 + Lo, B = 70, + EE v, i
1
and
N tN
T(0) > T(o) + NNl Pon) + 200,16 = 7(0,) + 20w, e,

which shows that t; = t,. Thus t, > 0 is unique for v € ©. The proof is completed. O
By Corollary 2.3, Lemma 2.4 and Lemma 2.5, we can get the following lemma.
Lemma 2.6. Assume that (V1)-(V3) and (h1)-(hs) hold, then i/r\}(f gJ =c= inef; maxsso I (v¢). Furthermore,
VE!

inf J® :=c¢* = mf maxso J = (vy).

Lemma 2.7. Assume that (V1)-(Vs3) hold. Then
(i) there exists p > 0 such that ||Voll, > p for any v € M;
(i) ¢ = i/r\}[fj > 0.

Proof. (i) For any v € M, we have that P(v) = 0. By Lemma 2.1, (#;)-(h;) and Sobolev embedding theorem,

we get
B2 [ wops f G )P
]R
<N

2 |Vv|2 f [NV(x) + VV(x) - x]IG(v)]?

- f H(G‘l(v))Ss f IG (@) + C.IIVoll3 .
RN RN

If we choose ¢ = ¥ Z‘” then there exists p > 0 such that [|Vo|l, > p for any v € M.

(ii) For any v € M, by (V3), we have
I =) - :Pw)
-5 | vet - 55 [ v nicior )

1
> — Vo2 > 0.
Nf]RN| |

This completes the proof. O
Lemma 2.8. For any v € M., there exists a unique t > 1 such that v, € M.
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Proof. For any v € M. C ©, by Lemma 2.5, there exists a unique ¢ > 0 such that v; € M. Next, we show
t > 1. In fact, it follows from P (v) = 0 that

N-2 N

2 -1 __N N
S [ wepen [ HG =5 [ velcor, 12)

which shows that P(v) > 0. Moreover, by v; € M, one has
N=2n- f Vo2 = NtV f H(G \(v))
2 RN RN
tN
-5 [ Ve + (V- @6 o 13)
]RN

tN
<N f Vol (o).
2 Ju

It follows from (12) and (13) that

s fRN Vol .
Jon HG1@) = 3 fou VoG (@)

The proof is completed. O

Lemma 2.9. For any v € M, there exists a unique t € (0, 1] such that v; € M.

Proof. For any v € M C ©, similar to Lemma 2.5, we have that there exists a unique ¢ > 0 such that v; € M.
Next, we show ¢ > 1. In fact, it follows from P(v) = 0 and (10) that

VV(x) -
- [ o= [ HG o) =3 f Vi) + T G
2)F ]RN 2 ]RN N
1 (14)
<1 f ValG ()P,
2 ]RN
which shows that P.,(v) < 0. Moreover, by v; € M., one has
-2 tN
N—HH IVol? + N f VeolG (@) = NtV f H(G'(v)) = 0. (15)
2 ]RN 2 ]RN ]RN

It follows from (14) and (15) that

1
2 = fRN Vol <1
 Je HG @) = L [ VeGP
The proof is completed. O
Lemma 2.10. If v € Mo, then v(- — y) € M, for all y € RN. Moreover, there exists 0, > 1 such that v(%) eM

and limy . 0, = 1.
Proof. Since v € M., by the translation invariance, we have that (- — y) € M., for all y € RN. By Lemma
2.8, there exists 0, > 1 such that v(%) € M. Suppose by contradiction that there exists a sequence {y,,} ¢ RN

such that |y,| = +c0 and 0,, = 6 > 1 or +co as n — +o0. Next, let

(VV(Oy,x + yu) - (0y,X + Yu))
N .

Z(Oy,x + yu) = V(Oy,x + 1) +
It follows that
H(G™0) - 5 Z(0,x+ 3G )P < HG™ @) - 3 VelG™ (0P
<C(IG' @) + G (@) € L'(RY).
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Thus by the Lebesgue Dominated Convergence Theorem, one has

lim (H(G-l(v)) - %Z(wa + yn)IG‘l(v)Iz)

[yul—>+00 JRN

- fR (HG @) - 3velc @),

Moreover, for each y, € RN, we have that v(%) € Mwith 6,, > 1. Thus we know

N-2 ) NO;, )
— f [Vol? :Ne;nf H(G ' (v)) - 2y f Z(0y,x + yn)IG ()P,
RN RN RN

which implies that the right hand side of the above inequality goes to +co or
Ne [ [HG ) - Va6 0P,
RN 2

however, the left right hand side is fixed on % fIRN [Vo]? > 0. Since v € My and @ > 1 or +oo, this is a
contradiction. This completes the proof. O

Lemma 2.11. ¢ = Cw.

Proof. Let 9 € H'(RV) be the ground state solution (which is positive and radially symmetric) of the
autonomous problem at infinity, 9 € M and coo = J(9). For any given y € RV, let 9, := 9(x — y). By the
translation invariance of the integrals, we know that 9, € M and ce = J*(8,). From Lemma 2.8, for any
y € RY, there exists 0y > 1 such that \@y = 9y(-/0y) € M. Thus we have

|j(§y) — Coo = |j(‘§y) _joo(sy)l

1 A 1 1 A
S O VSP=5 | IV&F+5 | V@IGTS)P
2 RN 2 RN 2 RN

_1 -1 2 _ -1/4 -1
5 [ veieteor- [ HGIE)+ [ HGE)

1 1
= '5(91;—2 -1) fR ) IVI]> + 591; fIR ) V(x0, + »IG ()P

—% f VoIGTI O + (1 - 6Y) f H(G‘l(S))'
RN RN

1 _
s§|9;V 2—1|fRN|VS|2+'1—9§])jH;NH(G 1(9))

+ % f |0YV(x0, + y) - Ve IGT (9.
RN

Since 6, — 1 as |yl = +co, we have %|Gly\"2 - 1|fRN [V3]> — 0 and ‘l - Gly\’lf]RN H(G™(8)) — 0. More-
over, by V(x6, + y) - Ve as [y| - +oo, we get %f]RN |6;\’V(x6y +y) - Voo( IGL(9)]? — 0. It follows that
limyy 400 T(§y) = Coo. Thus ¢ = inAf4 T () < Coo.

vE

Next, we only need to claim that ¢ = ir}\f/{ J () = ce. If v e Mand 6 € (0,1] satisfy v(-/0) € M, then it
ve
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follows from (V3) that

g =3 [ Wb+ [ verrer- [ He o)

fR
( [ e~ [ T 1(v)lz)

> = Vol?
N Ivl

GN 2
> — [Vol?
N Jrn

> T (v(x/0)) = Coo.

Thus for any v € M, J(v) > ce. Therefore ¢ = inAf/( J(0) 2 ce. This completes the proof. O
vE

Proof of Theorem 1.2. Suppose by contradiction, that is, there exists v € H L(RN), which is a critical point
of the functional J at level c. In particular, that, v € M and J(v) = c. By Lemma 2.9, there exists ¢ € (0, 1]
be such that v; € M. It follows from (V3) that

=0 =g [ wr- [ T
tN-2 VV(x)-x,
> J 0 [ e o

> J%(vy)

> Coo = C.

Thust =1,v € Ms and J¥(V) = €. In view of Lemma 2.14 in [19], T’(v) = 0. We can show that v > 0 by
(h1)-(h2) and a standard argument. Hence, it follows from

N-2 VvV .
c=J0) = [ Wi~ f G > o =
RN e 2N

This is a contradiction. The proof is completed. O
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