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Abstract. Bernstein-Stancu operators are one of the most powerful tool that can be used in approximation
theory. In this manuscript, we propose a new construction of Bernstein-Stancu operators which preserve the
constantand e™>*, x > 0. In this direction, the approximation properties of this newly defined operators have
been examined in the sense of different function spaces. In addition to these, we present the Voronovskaya
type theorem for this operators. At the end, we provide two computational examples to demonstrate that
the new operator is an approximation procedure.

1. Introduction

In recent years, approximation theory has attracted the attention of a number of mathematicians,
especially in the field of mathematical analysis. In this context, a lot of new positive and linear operators
have been introduced and presented their approximation properties. In this direction, Bernstein’s major
work on Bernstein polynomials keep the conductor status in approximation theory for many a long day.
More specifically, Bernstein polynomials are defined as

Bu(fix) =) (’,Z)xka - x)""f(%), M)

k=0
for each bounded map on [0,1], # > 1 and x € [0, 1].

Immediately after, its expansion to unbounded interval has became common in literature. However,
uniform approximation by polynomial on infinite intervals cannot be anticipated, therefore it is natural to
strive an alteration where the interval of the operator arises from rational functions.

In 1969, Stancu would like to pick the nodes in another different way, to get more flexibility. Stancu took
into account the nodes such as when n — o0, the distance between two successive nodes and the distance
between 0 and first node and also between the last node and 1 tending all to zero. In this way, he defined
and studied the following linear and positive operators, which are called Bernstein-Stancu polynomials in
the literature:

n

Bz/ﬁ(f;x) = Z (Z)xk(l - x)n—kf(k-'__a)’ )

py n+p
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for every bounded function on [0,1], 7 > 1, x € [0,1] and o, € R and 0 < a < . Note that, if we choose
a = f8 = 0, we get the standard Bernstein polynomials given in (1).

On the other hand, King’s inspiration [15] make magnifical influence on the approximation theory and
has been finely practised to a number of well-known sequences of operators [4], [11], [12], [9], [16], [17], [18],
[20], [21]. The principal motivation of King is preserving quadratic function x? instead of the unit function
x for the standard Bernstein operators that approximate better in proportion to the past. Regarding the
King’s idea, the innovative paper is due to Acar et. al. [1], who introduced the modified Szasz-Mirakyan
operators preserving constants and ¢*®, 2 > 0. This idea has been the source of inspiration a number of
qualified papers in approximation theory and successfully applied to several well known sequences of
operators too. In more detail, 1 and ¢* for a > 0 in [22], ¢ and €** for a > 0 in [6], [7] have been preserved
with the help of modified some well known positive linear operators, such as Bernstein, Szasz-Mirakyan
and Baskakov operators. Soon after, in [13], constant and ¢, and in [2], constant and ¢™>* have been
preserved in a similar manner. Regarding the similar motivation, the most recent paper is due to Usta [19],
who obtained a general class of linear and positive approximation procedure defined on unbounded and
bounded intervals designed using an suitable function and Voronovskaya-type theorems.

This paper aims to introduce a modified version of Bernstein-Stancu operators which fix constant and
e . In the meantime, we present the approximation properties of this newly defined operators for both in
some weighted functions spaces and in spaces of continuous functions. Additionally, we provide theoretical
background in an attempt to show that this operators have better error estimation than the original operators
on certain intervals.

The entire composition of this study is composed of seven sections including this one. The rest of this
work is organized as follows: In Section 2, we summarize the fundamental facts which we use our main
theorems. Then, in Section 3, the new type Bernstein-Stancu operators which fix the constant and e™** are
introduced. In section 4, approximation properties of newly constructed operators have been introduced
while asymptotic formula given in Section 5. Finally, in Section 6, we provide some computational examples
while some conclusions discussed in Section 7.

2. Fundamental Facts

Throughout this and following sections, we shall represent by I, the set of [ﬁ, TTZ] . We will use the
notation C(I,,) for the space of all continuous real valued functions on I,,. In this manner, we shall use Cy(I,,)
for the space consisting of all bounded functions in C(l,). Here, C(I,,) endowed with the natural order and
the uniform norm || - ||, is Banach lattice. Additionally, let C.(I,) and Cy(I,,) be the Banach sublattices of all
space of real-valued bounded continuous functions on I,, described as,

Cly) =1{feCl,):3q lim fx)eR A lim f(x)eR},
x—)ﬁ a—::g
and

Coll) = {f €C.(ILy) : lim f(x)=0 A lim f(x) =0},
X5 xa%

respectively. Now let us consider the weighted space

Fy :={f € CIy) : sup pn()|f (x)] € R},

xel,

13
where p,,(x) = (x - H“Tﬁ) (TT% - x)n is the weight function with &, > 0 for m > 1 and x € I,. It is quite

apparent that this weighted space endowed with the norm

flle.n = sup pu(@)f ()],

xel,
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where f € F,, and its natural subspaces

F,={feF,:3 limi pm()f(x)eR A lirnnﬂ pm(x) f(x) € R},

n+p n+p

and

F)={f€Fy: lim py(x)f(x) =0 A lim p,(x)f(x) = O}.

n+p n+p
It must be noted that, Cy(I,)) is dense in FY, as a consequence of the Stone-Weierstrass theorem.

In addition to this, throughout this and the next sections, we take a fixed real parameter u > 0 and take
the exponential function f,,, defined by

fulx) =€, (©)
for x € [0, 1]. Moreover, as usual, we denote by ¢; the polynomials functions defined by e;(t) = t (j € N).

It might be functional to recall the following identities for every n > 1

1. By (e0) = ey,

5 Ba"g _ ney + O(I
n (81) n +ﬁ
3 Bz’ﬁ(ez) _ (n? — n)ey + Qan + n)e; + a?

(n+p)?
In particular, if one take the function described for each x > 0, as

:’l = (el - teo)ml
then for every x € [0, 1],

L B @) =0,

ney + a
n+p
(n> —n)e, + Qan +n)ey + &> 2(ney + aey)

(n + B)? n+p

2. Byf (o)) = — ey,

3. By (¢D) = &.

In conclusion, one can easily deduce that the following equality for the exponential function given in

®),

BYP( F(x) = emeltmp) (1 _x (1 _ e—p/(n+ﬁ)))" _ )

As a result, (BZ’ﬁ )u>1 is an approximation procedure in C[0, 1]; i.e., for every f € C[0, 1],
lim BS(f) = f,
n—oo

uniformly on [0, 1].
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3. Bernstein-Stancu operators preserving e

After taking into consideration the above-stated, we can introduce a general version of Bernstein-Stancu
operators which fix the function f,. For this purpose, first of all, we need to introduce a sequence (s;,)s>1 of
a real functions such that the operators,

B =B os,, (5)

have the function f, as a constant point for every n > 1. To do this, with the help of (4), we have

20/ (n+) [1 — $u(%) (1 _ efz/(“ﬁ))]n _ 872){/
such that
1 — g2a/In(n+p)-2x/n
1 _ e 2/+p)

where a, 8 € Rand 0 < a < . Here is a point that

sn(x) =

lim s,(x) = x.
n—oo

In addition to this, thanks to the fact that1 —e¢™ < x for x > ﬁ, we can smoothly deduce that,

1 — g2/ n(+p)l=2x/n < 2_x Q2allnm+p)] 4 4 _ EZa/[n(nﬂ%)],
n
< Z paltap)
n
since 1 — e2¢/["G+M1 < (. So it yields,

0 < s,(x) < Kpx, (6)
as
a
K (ﬁ n n) =0
where

282a/[n(n+ﬁ)]
T n(l — 6—2/(""'!3)),

n

for everyn > 1 and x > (/ﬁ) Here is a point that

lim K, =1,

n—o0

and additionally K, > 1 for n > 1. Taking into account all of these, the new sequence (?Bff’ﬁ )n>1 can be
expressed as

B (fn=Y f(k - “)ﬁf(x» )
k=0

n+p

where
wf n\ (1 - eZa/[n(n+ﬁ)]—2x/n k 1— eZoc/[n(n+ﬁ)]—2x/n n—k
P (*) = k 1 — o-2/(+p) (l T T 2P ) ’
forevery f € C,(I,),n 2 1and x € I, such thata,f € Rand 0 < a < 8.

Now, we can provide the following lemma without detailed proof since it can be obtained with elemen-
tary calculus.
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Lemma 3.1. For each x € I, and n € IN, then the following identities hold:

1. B8P (e0) =1,

af, .y _ N a
2.8, (e1;x) = —n+ﬁsn(x)+ i
n?—n n? + np + 2an a’n + a’f + 202
3. B ;X) = 2 " - -F =
n (€2;%) (n+ﬁ)25n(x) L T () + TPy

where a,p € Rand 0 < a < B.
In addition to this, we can present the following lemma in a similar way.

Lemma 3.2. For each x € I, and n € IN, then the following identities hold:

L 8 (¢ =1,
apoi1. oy 1 @ _
2' SBn (¢t/x) - n+ﬁslfl(x)+ Vl+ﬁ xr

n* +np + 2an

ap . _ n2 —-n
3. B (% x) = 2 PRYIE

(n+pR"

(x) +

Sn(x) — —— +x7,

a’n+a?f+2a*  2nx 2x
sn(x) +
n+p

_ a2
(n+p)3 n+pB
where a,p € Rand 0 < a < B.
In addition to this, with the help of (4), for each y > 0, we deduce that
B (%) Ha/(n+p) (1 — 5n(x) (1 - e—#/(n+ﬁ)))”/
(1 _ €2a/[n(n+ﬁ)]—2x/n) (1 _ e—y/(m.ﬁ)) n

—pa/(n+p) | 1 —
e 1 1— 6—2/(n+ﬁ)

In particular, if one take the function described for each x > 0, as
\IJT — (e—t _ e—X)m,
then we can smoothly obtain the following lemma.

Lemma 3.3. Foreach x € I, and n € IN, then the following identities hold:
1 8y =1,

2. BYP(WL;x) = e 0l0) (1 5, (x) (1 — e 104 )" — o7,
3. ?Bz’ﬁ(‘lltz;x) = De~2X _ Dp~Xpa/(n+p) (1 — 5,(%) (1 _ e—l/(n+ﬁ)))” )
where a,p € Rand 0 < a < B.

Now, let focus on the properties of the function s, (x).

Proposition 3.4. For each n > 1 and any x € 1,,, we have

B a
Sp(x) > (1 + E)x - 8)

wherea,p € Rand 0 < a < B.
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Proof. First of all, for n > 1 we know that s, is convex down increasing function in I,,. Additionally, because

of s, (ﬁ) =0and s, (ﬁ) = 1, we can easily deduce that s,(x) > (1 + g) — & for x € I, thus the proof is

completed. [

Proposition 3.5. Fora,f € Rand 0 < o < f, lim s, = ey uniformly on compact subintervals of I,,.
n—oo

Proof. ltis clear that, lim s, = e; pointwise on I,. In addition to this, every s,(x) is concave the convergence
n—00

is indeed uniform on every compact interval of I,. O

4. Approximation Properties of the Sequence (%:’ﬁ Jnz1

In this section, we now present the approximation properties of introduced operator which preserve
exponential function in several spaces.

Theorem 4.1. Let x > 0 be fixed and %ﬁ'ﬁ , > 1, be the operator defined in 7. Then,

1. B is a linear and positive operator from C.(1,) into itself; in addition to this, |B5F lle.ay =1,
2. B%(Coll) < o).

fora,peRand 0 < a <p.

Proof. 1. It can be easily shown that for each n € IN, s,(x) is positive function which given in (6). As
a explicit consequence of that, one can say deduce that %Z’B is a positive operator. Additionally, if
f € C.(I,), one can say that BZ’ﬁ (f) € C.(I,) resulting from (2) which yields BZ'ﬁ( f) € C(I,). Then, it
can be easily seen that Bz’ﬁ (f) € C(I) since s,(x) satisfy the continuity and the relation (5). Moreover,
it is obvious that lirnx_){i ) EBZ"’S (x) = lirnx_){

n+p’ n+p

(f)(x) € R. As a consequences, IIQS;);’B lle.a,y =

||233’ﬁ (e0)lle = 1 due to the positivity of each %Zw .
2. From the direct consequence of (i) and

lim BY(Hx) =0 and  lim (f)x) =0,

whenever f € Cy(l,), one can easily show the proof of (ii).
O

Theorem 4.2. For o, € Rand 0 < a < B and the fixed n > 1, consider the operators L;, defined by (7). Then
1. limyeo By (f) = f uniformly on L if f € C.(L),
2. limye0 %z’ﬁ(f) = f uniformly on compacts subsets of I, if f € Cp(I,,).
Proof. 1. In an effort to prove the first part of theorem, firstly, we need to show that
lim B3 (f,) = f, uniformly on I, 9)

for every u > 0. In accordance with this purpose, for every k > 0, we use the following useful
inequality given in [14, Lemma 3.1]

k
—ko —k n
" — < —, >1, 10
e e . n (10)
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1—¢7n

where 0, = 5— and (k,)u>1 is a sequence of strictly positive real numbers. Following the similar
method of the proof of [14, Corollary 3.4], we can deduce that

B ()0 = (F) < e (1= 5,00 (1= /D))" —emn,
_ pnitrnlon(1-s, (1)) _ o
N \ (1_57;1/(/”/%))
< e_“We‘m#Sn(x)W — e_y’x,
)
< o g e mpHen ) Ty e‘“sﬂ(x)n%ﬁ‘“ﬁ,
D))
— e_yﬁ/{ |:e_nn+pysn(x)p/(n+/g) _ e_f’sn(x),,ﬂﬁ] ,
because Inx < x — 1 and the inequality (8) holds. Then using the (10) for k = lusn(x)# and k, = n”Tﬁ,
we deduce that
B ()00 - ful)] < etiE —E
B0 ~ ol < e e
and
B () = fullo < el —E 1
1527 () = £l e an

for x € I, and the proof of (9) is completed. Then, relying the direct result of (9) and [8], we can prove
the first part of theorem.
. For the second part of theorem, we notice that

500 - e < (K, 1)+
and
ap _ n*—n 2 ) n2+nﬁ+2an a2n+0c2§+2a2
1B, (e2)(x) — e2(x)| < ((n Y K, 1)x T e T o

thereby, lim,, o %Z”B (feo, e1,e2}) = {eo, €1, e2} uniformly on compact subsets of I,,, owing to the fact that
lim,, o Ky, = 1. As a result, as {eo, €1, €2} C F}, the consequence follows from [5, Theorem 3.5].
O

In order to estimate the rate of convergence of (%ff’ﬁ (f)) for n > 1 to f in Theorem 4.2, we need to brush

up our knowledge about the modulus of continuity. In this estimation, we will take advantage of the
following definition of modulus of continuity introduced in [14]:

Definition 4.3. Let f € C,(I,). Then the modulus of continuity of a function, w* (f, ), is defined for 6 > 0 by

" (f,0) = sup If(x) = f#)l. (12)
et

In other words, this modulus of continuity can be stated concerning the standard modulus of continuity by

@ (f,0) = w(£,0),

where £ : C.(I,) = C(I,) is the continuous function defined by

f(-In6) if6e(0,1],
£(6) =
1 if 6 = 0.
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Then the following theorem would be helpful in order to express next theorems.

Theorem 4.4. [14] If P, : C.(I,) — C.(I,) is a sequence of positive and linear operators for n > 1 with

1P (e0) — €ollo,
By = [IPu(f1) = fill,
IPu(f2) = falleo,

where A,,,B,,C,, > 0asn — oo, then,
IPu(f) = fllso < Iflleon + @+ An)* (f, VAL +2B, +C),
for f € C.(Iy).

In this regard, it is clear that there is a close relation between w* (f, 0) and the particular Korovkin subset
chosen for the space C.(I,), (see [14]). At this moment we can state the following theorem with the help of
above.

&
|

A
=
|

Theorem 4.5. Forevery f € C.(I,) andn > 1,

a,f * vt 1
“%n (f)_f”oo <2w [f, 1’3 ﬁe(n_i_ﬁ)]/

under the same assumptions of Theorem 4.2.

Proof. It is obvious that, A, and C, equal to zero due to the their definitions. On the other hand, it is clear

that B, = e™ m from the (11). with p = 1 for every n > 1. So the proof is completed. [J

5. Pointwise Convergence of (%:,5 )uz1

This part of paper is devoted pointwise convergence of the sequence of B To present the convergence
we present Voronovskaya-type theorem in quantitative mean which shall allows us both degree of aimed
convergence and upper bound for the error of approximation.

The quantitative Voronovskaya-type theorem for the operators acting on bounded intervals and un-
bounded intervals can be found in the papers [3], [10], respectively. Here we take the modulus of continuity
given in (12). The main theorem of this section is:

Theorem 5.1. Let f, f”” € C.(I,). Then the inequality

n By (f,%) - £ ()] = x(1 = 0)f (x) - %x(l ~2a - x)f"(x)
£/ lan )] + |7 (0] [ba(@)] + 226 (x) + x(1 = 20 = 2)| + 2c(x)” (F; V1/1),

holds for any x € I,,, a, € Rand 0 < o < p where

<

an(x)

by(x)

nB, " (oh;x) — x(1 - x),

1 .«
En%n’ﬁ((pf; x) —x(1 - 2a — x),

() = Bl B ().

where ¢}" and W' defined in Section 3.
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Proof. Thanks to the Taylor expansion of f at the point x € I,,, we can write

fO=f@+f @x)E-—x)+ %f” () (=) +T(t,2) (t—x), (13)
where
oy = DD

2

and v is a number between x and t. If we apply the introduced operators 827 to both sides of equality (13)
and using the fact iBz’ﬁ (eo) = eg, we immediately obtain

<

B3 (£, - £ 0 = F B0~ 2 09 B ()

By (e )|
Then we deduce that by manipulating the above inequality,

n [%Zﬁ (f/ X) - f(x)] - X(l — X)f/(x) — %x(l —2q — x)f//(x)

<

£ |13y @010 - x(1 - )| + %

£ ) |18 (@320 - x(1 = 20 = )| + [183 (297 )|

In order to get simpler demonstration, we shall denote by

anx) = 18 (phx) - x(1-x),
bu(x) = %n%z’ﬁ(gbtz;x) —x(1=2a - ).

As a direct consequence of Lemma 3.2, it is obvious that a, — 0 and b,(x) — 0 as n — oo at any point x € I,.
So we obtain,

<

F/(0)] lan (o)l +

n B3P (f,x) = £ (0] = x(1 =0 f () - %x(l — 20— x) " (x) £ (0| b ()] + |n5133'ﬁ(7¢%;x) :

To complete the proof successfully, we must estimate the last term |n%ﬁ’ﬁ (T?; x)|. Taking into consider-
ation an inequality in Holhos's paper [14], we deduce that

ey

|h(t,x)| < (1 + T]w (f";0),

and

I (t, )| < 200" (f";6) if e —el] <5,

0 <25 e (750) it e — el > 0.

Accordingly, we have |k (f, x)| < 2 (1 + (e_x; ) )w* (f”;6) . With the help of this fact, we obtain

* 1’ 7 zn * 1’ 7|
B ol < 20wt (F750) B @F0) + ot (70) B @7 W),

and applying well-known Cauchy-Schwarz inequality, we deduce that
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[y * 17 Q) 2n * 17 Q) a,
nBeP(tg?;x) < 2nw’ (f ;6)%nﬁ(¢f;x)+§w (f”;0) \/%nﬁ(cp‘};x) \/ﬂanﬁ(\p;l;x).

Choosing 6 = \/% and using the notations ¢, (x) = n? \/ B ( 4 x) \/ %z'ﬁ(‘llf ; X), we obtain

n [%Z’ﬁ (f,x)— f(x)] —x(1=x)f"(x) - %x(l —2a —x)f"(x)
£ lan @)l + [f7 ] 1ba ()] +212b,(x) + x(1 = 20 = )| + 2c,(x)w (75 V1/1),

<

thus the proof is completed. [

Corollary 5.2. Let f, f”” € C.(I,). Then the inequality

tim 1[5 (F,2) = £ (9] = x(1 = 0770 + 5301 - 20 = ()

holds for any x € I,.

6. Numerical Examples

1532

In this part, two computational illustrations for the newly constructed Bernstein-Stancu type operators

are given due to display their approximation properties.

0.6 T T T T T T T T T

Test Function
O Approximation

Figure 1: %Z’ﬁ (f, x) approximation of test function f(x) = —sin(10x)e= + 0.3 on a equally placed evaluation grid of I, where & = 1,

B =2and n = 1000.
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0 T T T T T T T T T

Test Function
0.1 O  Approximation

0.2 b

031

0.4 1

05 b

Figure 2: %Z’ﬁ (f, x) approximation of test function f(x) = % + % — 3xe™™ on a equally placed evaluation grid of I, wherea =1, =2

and n = 1000.

For these numerical experiments, we consider the next two test functions such that,
f(x) = —sin(10x)e™>* + 0.3,

and

10 2

_X XY L
flx) = 3 +2 3xe™",

for n = 1000. The results of the approximation can be seen in Figures 1 and Figure 2.
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