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Existence of mountain-pass solutions for p(-)-biharmonic equations
with Rellich-type term
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Abstract. This manuscript discusses the existence of nontrivial weak solution for the following nonlinear
eigenvalue problem driven by the p(-)-biharmonic operator with Rellich-type term

(x)-2
AGAUPO2Au) = A 'giiww;" forxeQ,
u=Au

=0, for x € dQ.

Considering the case

1 < minp(x) < max p(x) < ming(x) < maxg(x) < min{ﬁ Np(x) }
)  x0 e  xe0 2N -2p(x) [’
we extend the corresponding result of the reference [8], for the case

1 < ming(x) < maxg(x) < minp(x) < max.p(x) <
xeQ) xeQ) xeQ) X€!

|z

The proofs of the main results are based on the mountain pass theorem.

1. Introduction

In this note we assume that Q ¢ RN, N > 3, is a bounded domain with smooth boundary JQ. We
consider the nonlinear eigenvalue problem

A(AuPD2An) = A% forxeQ,
u=Au=0, for x € JQ).

(1)

where A is a positive real number, we denote by 6(x) := dist(x, JQ) the distance between a given x € Q and
the boundary of Q, the exponent functions p, q are continuous on Q. The operator A;(_

= A(AuP@=2An)
is said to be the p(:)-biharmonic, and becomes the p-biharmonic when p(x) = p.
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The study of the nonlinear problems involving the p(-)-biharmonic operator occurs in interesting areas
such as electrorheological fluids(see[18]), and elastic mechanics (see [20]). Problems with variable exponent
growth conditions also appear in the modelling of stationary thermo-rheological viscous flows of non-
Newtonian fluids, image processing(see [5]) and the mathematical description of the processes filtration of
an ideal barotropic gas through a porous medium(see [1]).

In recent years the Hardy inequality and the related problems for nonlinear elliptic equation have
attracted considerable interest. We refer to papers [3, 4, 7, 11, 16], where further bibliographical references
can be found.

In the case when max, g g(x) < min, g p(x), problem of the form

[u)709-2y .
= in Q,
5(x)2'1(«) (2)

A(AuPO2Au) = A
ue WPQ),

have been studied by authors in [7]. They proved the existence of at least one non-decreasing sequence

of positive eigenvalues, using an argument based on the Ljusternik-Schnirelman theory on C'-manifold.

Denoting by A the set of all nonnegative eigenvalues, they showed that sup A = +00 and they proved that
inf A = 0 if and only if the domain Q) satisfies the following g(-)-Hardy inequality :

q(x) 1
f Jul dx < —f |AuP® dx,
Q 0(x)21) H Jg
for all u e WPY(Q).

In this work, our goal is to investigate problem (1) under the basic assumption

. . (N Np@)
Irx\e%xp(x) < 12151 q(x) < Irx\eaﬁx g(x) < mm{ 2 N=2p() }

In this new situation we will show that the problem (1) admits a nontrivial weak solution. The proofs
of our main results are based on mountain pass theorem.

This paper is divided into four sections. In the second section, we present some necessary preliminaries
on variable exponent Lebesgue-Sobolev spaces and we recall some basic properties of p(-)-biharmonic
operator. In the third section, we give a necessary and sufficient condition for Rellich-type inequality to
holds true. In the fourth section, by using mountain pass theorem, we establish existence result of weak
solution for problem (1).

2. Abstract setting

To study the problem (1), we introduce some theories of the spaces LP*)(Q) and W™#0)(Q), respectively,
which will be used later. For a deeper treatment, we refer the reader to [9, 10, 12] and the references therein.
Suppose that Q, is a bounded domain of RN with a smooth boundary JQ.

The Lebesgue space with variable exponent is defined by

Q) := {u : QO — R measurable and f [u(x)PPdx < oo},
Q
where p € CT(ﬁ) and

Cr@) = {p € C@Q)

p(x) > 1, for any x € 5}

Denote

p*:=maxp(x), p~:=minp(x).
xeQ) xeQ)
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One introduces in LP")(Q) the so-called Luxemburg norm

f|M|p(X)dx§ 1}‘
Q «

Proposition 2.1. (See. [10]) The space (L'V(Q), | - |y(,) is separable, uniformly convex, reflexive and its conjugate
space is L10(Q) where q(x) is the conjugate function of p(x); i.e.,

|u|LV(')(Q) = Iulp(.) = inf {0( >0

L_‘_L—l
p() g

for all x € Q. For u € LPY(Q) and v € L1(Q) we have
1 1
|f u(x)v(x)dx| < (F? + q—_)lu(x)lp(.)lv(x)lq(.). 3)
Q

The mapping py() : L'V(Q) — R, called the p(-)-modular of the L’)(Q) space, is defined by

pro) = [
C

Then we have the following relations connecting this application to the Luxemburg norm:
Proposition 2.2. (See. [10]) For all u,, u € LFY(Q), we have

1 |ulpy =a © ppey(3) =1, foru # 0and a > 0.

2 lulpy >1(=1L<1) & pppyw) >1(=1,<1).

3 |ulpey = 0 (resp. — +00) & pyy(u) — 0 (resp. — +00).

4 The following statements are equivalent to each other:

4. limn_m Iun — ulp(.) = 0,
4.ii limye0 Pp(y(Un — 1) =0,

4.iii u, — u in measure in Q and limy, o Pp()(Un) = Ppc) (1)

The Sobolev space with variable exponent W+*)(Q) is defined as

WHO(Q) = {u e P9(Q)

D € IP(Q), o] < k},

where D% = mu, with a = (a1, ...,ay) is a multi-index and |a| = Zf\il a;. The space WEPO(Q)),
1 2 "YYN
equipped with the norm
lallepy = Y 1D by,
la|<k

also becomes a Banach, separable and reflexive space. For more details, we refer the reader to [6, 9, 10]. We

denote by W"(Q) the closure of C(Q) in WHO(Q).
Note that the weak solutions of problem (1) are considered in the generalized Sobolev space

X := W) n WP Q).
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Generally, we know that if (E, ||.|[) and (F, ||.|[r) are Banach spaces, we define the norm on the space
X := ENFas|lullx = llulle + llullr . In our case, we have, for any u € X, |lullx = [lullipe) + l[ull2pe), thus
llullx = lulpe) + [Vilpey + Xjajza Dty

In [19], the equivalence of the norms was proved, and it was even proved that the norm [A(-)|,() is
equivalent to the norm ||.|[x (see [19, Theorem 4.4]).

Let us choose on X the norm defined by

Il = 1Aty

Note that, (X, || - ||) is also a separable and reflexive Banach space. Similar to Proposition 2.2, we have the
following.

Proposition 2.3. For all u € X, denote Apy(u) := [, [Au(x)P®dx, then
1 Foru € X, we have
Lifull <1(=1,>1) e Ayp(u) <1(=1>1);
Lii Jlull > 1= [lull” < Apey(u) < llullP”;
Liii |jull 1= |ullP” < Apey(u) < [JullP”.
2 Ifuu, e X,n=1,2,..., then the following statements are equivalent:

2.4 limy e |luy — ull = 0;

2.iii up, — u in measure in CQ and limy, o Ap()(n) = Ape)(1).
Denote for any x € Q,
Np(; .
i) o= s if2p(x) <N,
2 400 if 2p(x) > N.

The following result [2, Theorem 3.2], which will be used later, is an embedding result between the spaces
X and L1O(Q)).

Theorem 2.4. Let p,q € C{(Q). Assume that p(x) < % and q(x) < p5(x). Then there is a continuous and compact
embedding X into L10(QQ).

As in the case p(x) = p (constant), we consider the p(-)-biharmonic operator
2 . *
A2y X > X
defined by
(A;(_)u, V) = f |AulP®2AuAvdx, forall u,v € X.
Q
Proposition 2.5. (See. [8]) The following properties hold:
i A2 :X — X' isahomeomorphism.
p()

ii A;Z;(.) : X — X" is a strictly monotone operator, that is,

(Ai(,)u - A;(,)v, u-vy>0, forallu+veX
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iii Ai(.) : X — X" is a mapping of type (S4), that is,

ifu, = uin X and lim sup(AZ(‘)un,un —u)y <0,

then u, — uin X.
Throughout this paper in a given Banach space X we denote strong convergence by — and weak
convergence by —, we denote by X" its dual and by (., .) the duality pairing between X* and X.
3. Hardy-type inequality related to p(-)-biharmonic operator

Let 1 < p < &, we recall the classical Hardy’s inequality, which says that

f ul dx<lf|Au|de VueX @)
0¥ T HJg ’ '

P
W] ; see, for instance, the paper [14].

where H := [
Theorem 3.1. Suppose that the functions p,q € C(Q) satisfy the following bounds
- + - + [N e}
l<p  <p'<qg <q7< mm{E,pz(x)}, forall x € Q.
Then there exists two positive constants H, C > 0 such that the q(.)-Hardy inequality

()1 1 f p) q g
fQ(S(x)Zq(x)dxgH QIAu(x)I dx + CT |lu(x)|7, )

holds for all u € X.

Proof. Letu € X such that
- + - + : N * e}
l<p <p"<qg <q°< mm{i,pz(x)}, for all x € Q.
> Case 1. If |Au(x)| < 1 and |u(x)| > 5(x)>.

Since |Au(x)| < 1, we can write

f [Au()P® dx > f |Au(x)|" dx, (6)
Ql Ql
where Q) := {x € Q‘IAu(x)l < 1}. Using the Hardy inequality (4), we have the following
f Au)|" dx > H: f Ju@)” @)
o o(x )Zq v
N 1T
where Hy+ := [W] . Relations (6) and (7) showed that

f Au(x)P® dx > H: f 'g‘((x)zq dx



M. Laghzal, A. Touzani / Filomat 37:5 (2023), 1549-1560

For |u(x)| > 6(x)?, it easy to see that

<|u(x)|)q+

[te(x)] )q(X)
6(x)?

2 (6(x)2
Thus

[u(x)[\a* f [1(2)] \a(x)
H,+ f dx > H+ dx.
i Q1N {Ju(x)|=6(x)?) (5(9C)2 ) i Q1N {[u(x)|=6(x)?) (6(x)2 )

Consequently, from 8 we obtain

u(x q(x)
f |Au(x) P dx > Hq+f luC )2| 5 dx
O N ()125()2) Onfuizoe) O

> Case 2. If |Au(x)| < 1 and |u(x)| < 5(x)?. Then,

Au@)PD dx > | |Au(x)T dx,
(22 (22

where ), := {x € Q‘IAu(x)l < 1}. Using again (4), we have the following

()"
seor

IAu(x)I" dx > H,- f

, W17
where Hy- := [W] . Using (9) and (3), we deduce that

(@)
p(x) u()l7
AP 2 Hy f S
For [u(x)| < 6(x)?, we get

@)\ lu(x)[\a0

( 5(x)2 ) > ((5(x)2 ) .
e u) )]y
ux)|\ u(x)|\aq¢x

H f dx > H,- dx.
R (5(9‘)2 ) 7 Josntmwicsnr (5(X)2)

Hence we deduce that
u(x)™ x)
f IAu()P® dx > qu % dx
DN {u(I<5(c?) Onflugol<sy) 00021

> Case 3. If |Au(x)| > 1 and |u(x)| < 6(x)?. Then,

f [Au(x)P® dx > f |Au(x)FP dx,
Q3 Q3

where Q3 := {x e

|[Au(x)| > 1}. By (4), we deduce that

[u(x)P
o

[Au(x)lP" dx > H,- f

Q3

1554

(8)

(10)

(11)

(12)
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i ST
where H,- := W . Combining (11) and (12), we obtain
p @) 8
-
Au(x)P® dx > H, '”(")2' _
Q, Q, 0(x)%

For |u(x)| < 6(x)?, we obtain

[u(x)|\P~ [ue(x)] a0
(5(x)2 ) = (5(x)2 ) ’
Therefore

|u(x)|

Qanfju(x)|<6(x)2} o(x)?

[u(x)| )q(X) i

-
dx > H,
) y Qsnfju(x)|<6(x)2} o(x)?

H,-

Hence, we conclude that

q(x)
f |Au(x)P™ dx > H,- % dx.
Qs {lu(x)| <502} Onllul<o@e) 0(X)21%)
> Case 4. If |Au(x)| > 1 and |u(x)| > 5(x)>.

Since g* < pj(x), we deduce that X is continuously embedded in L7 (Q), there exist a positive constant
C such that

f lu|” dx < CT |u@)|17, YueX (13)
Q

According to the fact that [u(x)| > 6(x)?, and for 6(x)* large enough such that 6(x)*> > 1 we deduce that for
every u € X,

(Iu(x)l

q(x)
6(x)2) < @I < uEol”,  Vx € Qa0 {lu@)] > 502,

where Q4 := {x € Q‘IAu(x)l > 1}. Integrating the above inequality, for all u € X, we have

q(x) .
f ('”(x)zl) dx < f Gl dx. (14)
QG002 L O(X) QuNfluI>6(02)

Combining (13) and (14), we get

u(lx q(x) . .
C

nllu@l>se) 0(x)%1%)

forallu € X.
If we divide a domain Q into four sets such that

A:

{x €Q: ru()| < 1} n {Iu(x)l > 6(x)2},
B:= {x €Q:au) < 1} n {lu(x)l < 5(x)2},

C:= {x € Q:|au(x)| > 1} N {Iu(x)l < 6(x)2},
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D= {x €Q: ru(x) > 1} n {Iu(x)l > 6(x)2}.

Then we can write

Ju(x)|7) gy < f ()1 i () i Ju(x)|7) J ()11
A

o 0(x)21() s 5(a)2at) X+ 5 O(x)21() T c O(x)2™ xt p O(x)21() x-

We deduce that there exists two positive constants H, C > 0 such that the following g(.)-Hardy inequality

Ju 1) 1 —
f S—dx < — f |AuP™ dax + CT lul|”,
0 6(x)® H Jg

holds for all u € X, where
H := max (Hp—, Hg-, Hye ),

and C is the best constant of the embedding X into L7 (Q).

4. Weak solvability of problem (1)

Our main tool is the following celebrated mountain pass theorem (see for example [13, 15, 17]) of
Ambrosetti and Rabinowitz.

Theorem 4.1. Let X be a real infinite dimensional Banach space and ¢ € C'(X, R) such that p(0x) = 0 and satisfying
the (PS)-condition. Suppose that

i There are constants B, p > 0 such that o(u) > p for all u € dB, N X,
i There exists e € X with |le|| > p such that p(e) < 0.
Then @ possesses a critical value c > B, which can be characterized as

c:= ;rg max () >0,

where
ri= {y 011, X)) = 0 and o) < 0}

We seek the solution for problem 1 belonging to the space X in the sense below.

Definition 4.2. A function u € X \ {0} is termed a weak solution of problem 1, if and only if

()1 2u(x)

J ez suesot e -1 | FEEE

v(x)dx =0, (15)

foranyv e X.

The energy functional A : X — R associated to problem (1) is defined as:

p(x) g(x)
Ay = [Ny [ Ll
Q

0 P () oy
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Then, A € C(X,R) and

<dﬂ(u), v> - fg AU P2 Au(x)Ao(x) dx

()72 u(x)

L v(x) dx,

for all u,v € X. Thus the weak solution of problem (1) are exactly the critical points of A.

Now, we establish the main abstract result of this paper.

Theorem 4.3. Letp,q € CT(E). Assume that
pr<q <q"< min{ s x)} forall x € Q.

Then for any A € (0, H), problem (1) possesses a nontrivial weak solution.
Recall now the definition of the Palais-Smale compactness condition.

Definition 4.4. A Giteaux differentiable function I satisfies the Palais-Smale condition (in short (PS)-condition) if
any sequence {u,} such that

i {I(uy)} is bounded,

i limy— o0 [’ (uy)llx- = 0, where X* denote the dual space of X,
has a convergent subsequence.

Next, we investigate the compactness conditions for the functional A.
Lemma 4.5. The functional A satisfies the condition (PS).
Proof. Let (u,)n>1 C X be a sequence such that

¢ :=sup A(u,) < oo and dA(u,) — 0 in X" (16)

Assume by contradiction the contrary. Then
[yl > +c0asn — oo and |lu,ll|>1 forany n.
Thus,

€+ [[utal]

> Aduy) - l_«m(un), )

Iunl‘?(")
= f —|Aun|” Dy — — f |Au, [P Y)clx+( — —)f
p(x O(x)%

z(———) f IAunIP‘”dx
pt 9 Ja

1 1 _
2 (F - q__)”un”p .

This contradicts the fact that p~ > 1. So, the sequence (u,) is bounded in X. Hence, we may extract a
subsequence (u,) C X and u C X such that

U, = u in X.
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Since q* < p;(x), it follows from theorem 2.4 that u, — u in L10(Q). taking into account 16, we have
(dA(uy,), u, —uy — 0. Thus

(aAu) w0 ) = f At (PO 2 Aty (1) (At () — Aua())
Q

|un(x)|q(x)_2un(x)

0 00O

By Holder’s inequality 3, it follows that

(uy(x) — u(x))dx — 0.

|un(x)|q(x)_2un (x)
o 5(x)2‘7(x)

|1 (x)|q(x)—1

(up(x) — u(x))dx| <2 50

Uy (JC) - u(x)

90)

01 q()

Because (i) converges strongly to u in L10(Q), that is, [u, — uly) — 0 as n — oo, we get

|14 () 179211, (x),

o  O(x)® (14 (x) — u(x)) dx — 0.

Hence,
fo 1A, (P72 Ay, (20) (At (x) — Au(x)) dx — 0.
Eventually, by 2.5, we have u, — u in X. The proof is complete.
Now, we prove that the functional A has the geometric features required by the mountain pass theorem.
Lemma 4.6. There exist p, > 0 such that A(u) = B, for u € X with ||ul| =

Proof. Let p € (0,1) and u € X be such that ||lu|| = p. By considering Theorem 3.1, we deduce that

_ [ SV B S (C))
?l(u)—](;p( )IAu(x)IV dx ALC](.X) 6(x)2‘7(x)dx'

(x)
> f |Au(x) [P dx q L

> f APy - f AP - 2 o
z(p " o

q9 —1Ap +
z(rﬁT)n = S o

Z[(Hq —Ap* ) ACT

T — [l ]nu(xw

Since p* < g~ < g%, then for any A € (0, H)

1= (Hq‘ - Ap+)_ ACT o
p*Hg~ q°

4

is positive on neighborhood of the origin. Then, there exists § = A*p?" > 0 such that for any u € X with
lull = p we have A(u) > f > 0. So, the result of lemma 4.6 follows.

Lemma 4.7. There exists e € X with |le|| > p such that A(e) < 0, where p is given in lemma 4.6.
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Proof. LetWV € Cy(Q2), ¥ >0and W # 0. For t > 1, we have

' A (W)
PO gy — —_—
AW < - fQ |AW (x) P dx 7 Jo oGep@

Then, since p* < q~, we obtain

tlirn ARFWY) = —co.
Therefore, for t > 1 large enough, we can take e = W such that |le]| > p and A(e) < 0. This completes the
proof.

Proof of Theorem 4.3. From Lemmas 4.6 and 4.7, we deduce

max(A(0), Ale)) = A(0) < Hliﬁll:fp Au) =: B.

By lemma 4.5 and the Mountain pass Theorem, we deduce the existence of critical points u of A associated
of the critical value given by

c :=inf sup A(y(#)) = B, (17)
V€l tefo,1]

where I := {7/ e C([o, 1],X)‘y(0) =0and y(1) = e}. This completes the proof.
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