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On the Steklov averages in operator cosine function framework

Andi Kivinukk?®, Anna Seletski®

*School of Digital Technologies, Tallinn University, Narva Road 25, 10120 Tallinn, Estonia

Abstract. The Steklov averages (Steklov or integral means) are used in approximation theory of functions
in different aspects. This article concerns the Steklov averages by using the operator cosine function
framework. The operator cosine function offers a counterpart of the translation operator, which forms the
basic concept for the modulus of continuity and for some approximation processes as well. We will show
that the operator cosine function concept allows to define very general Steklov averages in an abstract

Banach space. The approximation properties of these generalized Steklov averages appear to be quite
similar to the properties of the Steklov averages in trigonometric approximation.

1. Introduction

The Steklov averages are used in approximation theory of functions in different aspects [1], [8], [13],
[14]. This article concerns the Steklov averages by using the operator cosine function framework. The
operator cosine function [6], [7], [11] offers a counterpart of the translation operator, which forms the basic
concept for the modulus of continuity and for some approximation processes as well. We will show that
the operator cosine function concept allows to define very generally Steklov averages in an abstract Banach

space. The approximation properties of these generalized Steklov averages appear to be quite similar to
the properties of the Steklov averages in trigonometric approximation ([1], [13]).

Let X be an arbitrary (real or complex) Banach space and [X] be the Banach algebra of all bounded linear
operators U : X — X. We start with the definition (compare [6], [7]).

Definition 1.1. An equibounded cosine operator function C), € [X] (h > 0) is defined by the properties:
(i) Co = I(identity operator),

(i) Ciy - Ciy = 5(Chysy + Cipy-io)),s
(iii) ||Cif1l < TIIfIl, 0 < T— not depending on h > 0.

We denote by Tj, € [X], h € R, a translation operator, which is defined by the properties
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(1) TO = I/
(i) Th, - Tn, = Tyhy,s
(iii) 1Ty f1l < TIIfIl,0 < T— not depending on i € R.

Then Cj, := %(Th + T_3), h > 0, is a cosine operator function. It means that if we can define a translation
operator, then we have also the cosine operator function.

For example, a less trivial cosine operator function is related with the Fourier-Chebyshev series ([3] and
[2], where certain general cosine operator functions can be find), where x € [-1,1], 0 <h < mand

(Cgf)(x) = %{f(xcosh+ V1-x2sinh) + f(xcosh — V1 — x2 sinh)}.

But for some spaces we cannot define the translation operator T;, € [X], I € IR, nevertheless the cosine
operator function does exist.
Example. Let X = C,_be the space of t-symmetric and 47-periodic continuous functions, i.e. f(r—x) =

f(n+x)and f(4m + x) = f(x) for all x € IR. Let us discuss the functions f(x) = sin(k — %)x, k € IN in space
C,,.- Here Tj, (sin(%o) ,x) = sin %(x +h) & C;_forsomeh € R,but C,f € C;_, where C;, := %(Th +T_p)and Ty,
is the ordinary translation operator.

2. Steklov averages

We start with basic notion of this article.

Definition 2.1. It is said that Sy, f = fol Cyfdt foreveryh > 0and Sy, f := Sy1(Spr-1f) forr = 2,3, ... are Steklov
averages for an element f € X.

For instance, for r = 2 we have

1 1
Snaf = Sn1(Sn1f) = Sna (j; Cmfdt) =f0 Che(Sp,f)dt. (1)

If 0 <t < 1 then we have by Definition 1.1, (ii)

1

1
Cue(Sn1f) = j(; Crt(Cpuuf)du = % L (Ch(u+t) f+ Chju=nf ) du. )

Let us consider for0 <t <1

1 t 1 t 1-t
f Ch|u_t|fd1/l = f Ch(t_u)fdu + f Ch@,_t)fdu = f Chvfdv + f Ch,,fdv,
0 0 t 0 0

thenby (2) for0 <t <1

1 t+1 1-t
s =3 ([ Custos [ Ciufio), ®)

and by (1)
%(f dtf Ch,,fdv+f dtfl tC,wfdv)
_ %(f dvf Chvfdt+f dvf C,wfdt+f dvfl vChvfdt)
%( f Crofdv + fl 2 — 0)Cpo fdo + fo (1—v)Chvfdv).

Suaf
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So we have

2
S12f = 5 | @=0)Cufdo. @

Remark 2.2. If the cosine operator function is defined in a functional space X = C(R) by

C;,f(x):%(f(x+h)+f(x—h)),h20, ®)

then the Steklov averages of Definition 2.1 coincide with the usual Steklov averages (see, e.g. [8], [13])

1 X+h
LO,hf = f, Lr,hf(x) = ﬂ f . Lr—l,hf(t)dtr h> 0,

Sh,rf(x) = Lr,hf(x)'

Remark 2.3. If the cosine operator function is defined by (20) in X = C[-1,1] (continuous real-valued functions on
[-1,1Dorin X =1,1< p < oo (measurable real-valued functions on [—1, 1] for which the norm

1

1-u?

1
=G [ P, o -

is finite), then the Steklov averages of Definition 2.1 coincide with the Steklov averages given in [3], Definition 3. Let
us set by Definition 3 for f € X,h € [-1,1)and i = /(1 + h)/2

2
arccosh

du

112 A (5) o
(A, HE) = N

1
j}; (Cgrccosuf)(x) (X € [_1r1])

Indeed, changing of variables gives us

A2 f=Sunif,

cosh

and by equation (1) we have for
Ao f = A}:c/)ih(Aighf ) = Supaf-
Lemma 2.4. Let ¢, (r € IN) be the kernel function of Sy, i.e.
Sh,rf = f (Pr(u)chufdu-
0
Then the kernel function @41 has the form (r > 2):
1. @ra(v) =1 folw @, (u)du + %folw @, (u)du on the interval [0,1];
2. @ra(o) =1 f:i:l @, (w)du on the interval [1,r — 1];

3. @r1(v) = % Ur_l @r(u)du on the interval [r — 1,r + 1].
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Proof. The case r = 2 is given by (4). By Definition 2.1, and since S ; and Cp,,, are commutative, we have

7 1 7
Siaf = Sur ( f <pr(u>chufdu)= f 01(0) (S f)dt + f 1) Con (S )t 6)
0 0 1

By (3) the first integral in (6) has the form

1 1 1 u+1 1—u
[ etwcusinin=3 [ o0 ( [ st | chvdv)du,
0 2 0 0 0

where, interchanging the order of integration, we obtain

1/ pl 2 1 1/ pl-v
2f = F(w)du ) Cpy fd F(w)du ) Cpy fd A(w)du | Gy, fdo.
= [ pemcusies [1{[[ w1 [ pione)ese

For 1 < u <rwe have by (2)

1 u+1
Chu(sh,lf) = z f Chl)fdvl

-1

hence, for the second integral of (6) for r > 3 we can write, after interchanging the order of integration,

f il Sir P = & f o) f " Gt
= f (f gor(u)du) Ciofdv + = f (f_ qor(u)du) Cho fdv
+§ f:rl (fv_l go,(u)du) Cio fdv.

Both integrals, I; and I, used together in (6), give

1 1-v 1+v
Spraf = %f; ( ) @r(u)du + qo,(u)du)Chvdv+ f (f_ (p,(u)du)Chvdv

fm (f (p,(u)du) Chodo.

Corollary 2.5. The kernel function @1 has for r > 2 continuous derivatives

122

1. ¢/, ,(0) = 1 (p:(1 + ) — @:(1 — v)) on the interval [0,1],
2. ¢, ,(v) = 1 (pi(v +1) — ¢,(v — 1)) on the interval [1,r — 1],
3. ¢,,(0)= —%(pr(v — 1) on the interval [r — 1,7+ 1],
and on the breakpoints ¢’ ,(0) =0, ¢ (1) = 3 L(@r(2) — 9:(0)), Q. (r=1)==30,(r—2)and ¢ (r+1)=0
Examples.
a. By Definition 2.1 we have g1(1) = 1for0 <u < 1.

b. Using equality (4) we get po(u) =1 -5 for0 <u < 2.
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c. Let us calculate ¢3(u) for 0 < u <1 by Lemma 2.4,

1 1-u v 1 1+u v 1 )
(P3(M)—§j; (1—§)d0+§£ (1—5)110—‘—1(3—1/[).

Next we calculate ¢3(u) for 1 <u <3,

P3(u) = %f: (1 - g)dv - %(u 32

Proposition 2.6. Let Sy, f = _g @r(u)Chy fdu, as in Lemma 2.4. Then the following statements hold

a) ¢,u)>20,0<u<r,

b) ¢, € Co,

c) @r)=0,forr =2,

d) [ pruydu =1.

Proof. It follows directly from Lemma 2.4. ]
Remark 2.7.

An anonymous referee asked: Can we consider the Steklov averages of C-regularized cosine operator
functions in a similar way? The C-regularized cosine operator functions are defined (see [6]), using an
operator C € [X] and replacing the conditions (i), (i) in Definition 1.1 by conditions

(i) Co = C(the operator, given above),
(ii) Chy - Ch, = 3(Chys, + Ciy-na))C.

Let us denote the family of the C-regularized cosine operator functions by {Cc}h>0 and let us define the

Steklov averages as in Definition 2.1, i.e. S¢ = fo C fdt for every h > 0 and Sh Jo= Scl(Shy f) for
r=2,3,... Then

f f P(uw)Cy; (C' fdu,
where ¢, is the same as in Proposition 2.6. Proof is a small change from the previous one.

Remark 2.8. If

Cnf(x) = %(f(x+h)+f(x—h)), h>0,

then the representation of Sy, in Proposition 2.6 with a) - d) corresponds to the representation [8], Theorem 2.1 and
Remark 2.2,

1 xX+1h X+1h ot +i’
1) = Lnf () = G f N TGRS T3y

—rh

Moreover, as in [8], let us denote by B™  the B-spline function of degree n — 1 associated to the n + 1 points
—-nh < —(n—-2)h < —=(n—4)h < ... < (n—2)h < nh. Then, by [8], formula (2.7), we can prove that the kernel function

@y in Lemma 2.4 is related to the B-spline by

p(t)=2B;_,(t), 0<t<r
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3. Steklov averages and the infinitesimal generator

We need further facts about the strongly continuous operator cosine function Cy,, i > 0 (see [7]). The
family {Cp} is called the strongly continuous, if limy,_,o4 [|Cy,f — fIl = 0.

Theorem A. If C; : X — X is a strongly continuous operator cosine function, then there are constants M > 1
and @ > 0 such that

ICillx) < Me™
forallt > 0.

The concept of the infinitesimal generator A : D(A) — X of a strongly continuos operator cosine function
is needed.

Definition B. The infinitesimal generator A : D(A) — X is defined by
D(A) := {f €eX )t — Cif is 2-times differentiable in 0} ,
Af = Cj f for f € D(A).

Theorem C. The following statements are true:
a) The generator A is a densely defined on X and closed linear operator.
b) For all t > 0 is true CtD(A) € D(A) and C{(Af) = A(C:f) for all f € D(A).
c)For fe D(A)andt >0

(i) Jy (¢ = w)Cu feu € D(A)
(i) Cof = f = [ (t = w)Cu(APdu = A( [} (t = w)Cy fiu).
The equation (ii) can be generalized using the Steklov averages.

Proposition 3.1. Let A : D(A) — X be the generator of C; : X — X and Sy, : X — X be the Steklov averages of
order r € N. Then for A" := A(A™™Y) (r =2,3,...), Al = A there hold Sy,5, f € D(A") and

1
A'(Sporf) = i

forany f € Xand h > 0.
Proof. The case r = 1 is the statement of Theorem C. Indeed, by (4)

(Con=D)'f (7)

1 2 1 2
Snaf =5 fo 2-0)Cofdo= 75 i (2h = u)C, fdu
which gives by Theorem C (ii)

1
ﬁ(czhf -

The general equation (7) follows by induction. [

A(Snaf) =

Remark 3.2. For the C-regularized cosine operator functions (C\.}sq there is defined the (sub)generator A, see [6],
Definition 1.2.1, but that definition is not sufficient to prove a counterpart of Proposition 3.1. As proof, all statements
of Theorem C must be valid in case f € D(A), moreover, we must assume that all operator pairs (A, C,f), (A,0),(C, Cf)
are commuting. If all these conditions are met, then

A5 = 577(C5, = O(C) (FEX),
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To continue, we recall the trigonometric identity ([16], formula 1.320)

1

(cosx —1) = % Z’(—l)’_”(l Elv) COS VX, (8)

v=0

where Z, here and in the following means that the term with v = 0 is halved.

We prove a similar identity for the cosine operator function. So, we hope to show that the following
proposition holds.

Proposition 3.3. It holds true for I € N that

1 v 2
= "1y "
Cn=D' =55 ;:0 D7, Co )
Proof. For I =1 (9) is true. Suppose that (9) is true for | = n and consider

1

(Ch _ I)Vl+1 — F Z,(_l)nv(nz_nv)cvh(ch - I)

v=0

Denote here the right-hand side expression by

1, .2 1 v )
In+1 = 2_”(_1) (nn)(ch - I) + n-1 Z(_l) (71 _nv)cvh(ch - I)/ (10)

v=1

and let us denote

=2\
;(_1) (n B v) (E[C(vﬂ)h + Co-1n] = th)

1 v 2
= 2 ;(_1)n—v(n _nv) ([C(v+1)h = Con] = [Con — C(v,l)h]) .

51:

We continue, denoting U1 := C(ps1)n — Co, and therefore, using a combinatorial identity

) ()=

we have
1(& 2n i 2n
- _1\n—u+l _ _1\n-v
e I
— 1 (_1)11 2n u + HZH(_l)n—v+1 2n+1 u
T2 n—-1)"" = n+1-o] °|
For

n+1
2n+1
= —1)ro+t := Cyp, — Clo
S ;:2( ) (n+1—v)u” (Uy := Con = Co-1yn)

we obtain

J2n+1 O o[ 2142
Sy = (_1) (7’1 1 )Ch + Zz(_l) +1(Tl +1— Z))th-
=
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Inserting S, into 51, then S; into (10), we have

I = (21)"(2”)(@— )+2ln[(—1)"( " )(Ch—m( D’ (2””)@]

19, g 2n+2
* 2_”2(_1) n+1—vcvh

v=2

n+1
(= 2m+1), Sl 2n+2
B on n o Z( D n+1—vcvh'

2n+2 (2n+1
n+l

1% 2n +2
I - -1 n-ov+1
n+1 on ;0 ( ) (1’[ +1— v)cvh/

Since £( ), we obtain the equation

which gives (9) for I = n + 1. [ |

Remark 3.4. For the C-regularized cosine operator functions {C; Y=o the equality (9) is valid in the form

I
1 (v, Lo 2 i
(€ -0 =55 (Z (-1) (l B v)cfh]ml h,
v=0
if C¢ and C commute, i.e. C5(Cf) = C(CS f) for each f € X, h > 0.

4. Steklov averages and the approximation problems
In this part of the article we need the following notion (compare [1], Section 91).

Definition 4.1. The modulus of continuity of order k € IN of f € X is defined for 6 > 0 via the cosine operator
function in Definition 1.1 by

wi(f,0) := sup I(Cy = D flI.

0<h<o

Motivated by the trigonometric approximation [14], let us define

Quf = 53 2( v“( s ) . a1

Proposition 4.2. Let [ € N, i > 0. Then for any f € X we have Qy,;f € D(A") and
D||f - Quf < 21)w1<f 2lh>

2 |AQuN| = sy Ther (2o 2t 20,
Proof. 1) By Proposition 2.6 we get

2 l 21
Qh,lf = 2]) Z( )v+1( ) \fo‘ (pzz(u)thufdu (21) (pzl(u) Zl(—l)v+l(l _ U)thufdu.

By (8), taking x = 0, we have

Loooaf 20\ 12
2V 1(1—0)25(1)‘ (12)

v=1
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By (12) and Proposition 2.6, d) we have

2 2 ’ 21
f= @fo <P21(M)Z(—1)v+1(l _ U)fdu,
1 v=1

hence

21 !
Qh,lf - f = 2 f (pzz(u) vzzl(—l)ml(l 310)(thu - I)fdu

&

By (9)

- L2 NG, [ 2
(127G -1 = 5( l )1+ ;(—1) (l - Z))cvh

and using (12) we obtain

I
(_1)121_1(Ch - I)l = Z(_l)v(l Elv)(cvh -.
v=1

We use in (13) the equality above, which gives
(-2

20 Q21(u)(Chu = I)! fu.
()

f=Qunif =

By properties a), d) in Proposition 2.6 and by definition of the modulus of continuity we obtain

i 2/ !
I~ ufll = G [ oatonots o < G 2.
1

!
2) According to Proposition 3.1 and equation (11) we get
!

1 WEH
#1QuD = g LV 2 a0

which proves the statement 2).

Corollary 4.3. The following evaluations hold for any f € X,h > 0
D |f = Snaf| < w(f, 20);
2) A2 | < gzl f, 2h).

Proof. It follows from Proposition 4.2 if we take [ = 1.

Remark 4.4. For the case of

1
Cuf(x) = E(f(x+h) + f(x=h)), h>0,
the infinitesimal generator of Definition B equals to the second derivative, i.e.

Af() = f"(x)

1643

(13)

(14)

and the modulus of continuity of Definition 4.1 is related to the ordinary modulus of continuity of order two w*(f, 6)

(see [1], Section 91) by

w(f,0) := wi(f,0) = %a)*(f,Z(S).

Therefore, the statement of Corollary 4.3 precisely, including constants, coincides with a classical result in [1], Section

95.
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To simplify the notation, let us denote the constants in Proposition 4.2 as follows:

2! 1 w2
q(l) := @, q2(1) := le(%l) Z (l _ U)U ? (leN). (15)

v=1

Let us make some remarks concerning the constants gq;(I), 42(!). First, from equation (8) for x = r it follows

£2)-= 1)

v=1
Hence,
I
1 21 2! 1
P() £ —- ( ):———Sql(l).
TP e

Moreover, by the Stirling formula, 1(]) = ‘/2—?, and

)
72() < qu(D) < 2,—\{1 (16)

i.e. the constants in (15) are quite rapidly decreasing (comment: g;(/ + 1) = zll’rTllql(l), g(1) =1, 1(2) = %,
q1(3) = %/ ’71(4) = %/)

The next theorem shows a general way to get direct or Jackson-type inequalities with constants in an
explicit form for certain approximation methods.

Theorem 4.5. Suppose a semi-norm P : X — (0, 00) = R* is given such that there exist finite numbers

P(f)
My :=sup —, (17)
e
P(f)
M, := sup ——— (reN). (18)
seotan S|

Then forany f € X,h>0,r € N
P(f) < (Mo (r) + Myqa(r)h™ ), (f, 2rh), (19)
where the constants Mo, M,, g1(r), g2(r) are defined by (17), (18) and (15), respectively.
Proof. According to assumptions (17) and (18) we write
P(f) < P(f = Quof) + PQusrf) < Mo |f = Quef]| + M | 47(Qu, .
The statement (19) follows now from Proposition 4.2. [ |
Remark 4.6. The approach given above for the functional spaces was used in [14], [15] and in papers cited therein.

Beside the modulus of continuity, another quantity, used in approximation problems, is the (Peetre)
K-functional (see, e.g. [5], Ch. 6).

Definition 4.7. (compare in [5], Ch. 6, equation (1.11)) Let be given the infinitesimal generator A : D(A) — X of
a strongly continuous operator cosine function. The K-functional of an element f € X is defined for t > 0 via the
formula

K(f,t) == K(f, £; X, D(A) := geiir)hfﬁy)(llf —gll+tlA'gl), t=0.
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In Approximation Theory, it is an important subject to compare the modulus of continuity and the
K-functional (see, e.g. [5], Ch. 6). It appears that the Steklov avarages are good tools for that comparison.

We begin with some properties of the modulus of continuity in Definition 4.1, which are adaptations of
the well-known properties of the ordinary modulus of continuity (see, e.g. [1], [5], [13])

Proposition 4.8. The modulus of continuity wi(f, 0) (w(f, 0) := wi(f, d)) in Definition 4.1 has the following prop-
erties:

(i) wrl(f, md) < (1 + (m - DTax(f,8), m € N;

(ii) wi(f, A8) < (IA] + V(L + [AIDkwi(f, ), A > 0, ([A] < A is the entire part of A € R);
(iii) wi(f,8) < (1 + TV awy(f,8), k> land k,1=0,1,2,...;
(iv) for f € D(A), k = 0,1,..., there holds

k
wi+1(f, 1) < (TThz) wi(A f,n) (1=0,1,...).

Proof. The inequalities (i)-(iii) can be proved in a very similar way as the classical ones. For (iv), first we
prove that for f € D(A¥), k = 0,1, ... there holds

ok
||(Ct—1)"+lf||s(T7t) | -D'Akf|| a=0,1,...

Then (iv) follows by taking supremum. Let us fix I = 0,1, ... and consider induction by k. For k = 0 the
statement is obvious. Consider

t
(C =DM f =(C = D(C - DM f = fo (t = u)C,AC, — D fdu,

which is valid by Theorem C, (ii). Since ||Cy[|jx; < T and A and C; are commutative we get

_ k141 : _ _ K+ T_tz _ 1\k+!
€ =D fl < | ¢ =wiCull (€= D Af du < - [j€ = DAf].

Therefore, by assumption of the induction

2 (2\k
- 1] < TTt (TTt) . - nias £l

[ |
The comparison theorem between the modulus of continuity and the K-functional reads as follows.

Theorem 4.9. Forany f € X, t > 0, r € IN there hold the inequalities

a(wi(f, 1) < K(f, ) < ca(nai(f, 1),
where the constants cy(r) = ¢1(r) > 0 are independent on f € X and t > 0.

Proof. 1) For the left-hand side inequality let us take g € D(A"). By the properties of the modulus of
continuity we have

w,(f, 1) w(f = g,t) +w,(g,t) < (T +1)1If — gl + (T/2) A gl
max((T + 1), (T/2)")K(f, t*").

IN A



A. Kivinukk, A. Seletski / Filomat 37:5 (2023), 1635-1651 1646
2) For the right-hand side inequality let us notice that for any g € D(A") we have
K(f, ) <IIf - gll + #1147l £>0.
By Proposition 4.2 Q;,f € D(A"), hence
K(f,2) < If = Quefll + 114" Qi DI
Again, by Proposition 4.2 using notations in (15) we have
K(F, ) < 1(Dwr(f, 201) + @) 20, (f, 201) = (@a0) + qa(r))eos(F, 2r).

On the one hand, by inequality (16) g1(r) + g2(r) < +/7/2"2. On the other hand, by the property of the
modulus of continuity

w(f,2rt) < r)' (1 + 2r — DT) w,(f, 1).
Therefore, we get
K(f, t7) < 4121 + 2r = DTV wi(f, £).
|

Remark 4.10. The constant cy(r) in Theorem 4.9 is somehow smaller than that in [5], Ch. 6, Theorem 2.4, or in [3],
Theorem 1. Indeed, in these cases T = 1 and for the constant cy(r) we get the estimate cy(r) < 4r*1/2(1+ 2r—1)T)" =
2142424112 qwhereas in [3], Theorem 1, co(r) < 21 + 2.

5. A Jackson-type theorem with Chebyshev cosine operator function

Below, X stands for one of the Banach spaces C[-11j or X = 1< p < ), defined as in Remark 2.3.
For these spaces a suitable cosine operator function is defined by (in following notations the letter C stands
for Chebyshev)

(Cgf)(x) = % {f(xcosh + V1 —-x%sinh) + f(xcosh — V1 — x? sinh)} . (20)
Our purpose is to study the best algebraic approximation of f € X by polynomials of degree # in X,
EA(f) = inf If = pl,

for which we will apply Theorem 4.5, i.e. we consider the semi-norm P(f) = E,(f). Obviously, since
E.(f) < |Ifll, in Theorem 4.5 the constant M, = 1.

For the constant M, we need further results from [3]. The main tool to prove statements in [3] is the
Chebyshev translation operator (see [3], formula (1.2))

(T () = % {flah+ A=) A= 12) + fah - JA=2)A-12)}, xhe[-1,1],

which is related with the cosine operator function (20) via equality

(Cgf)(x) = (Tcoshf)(x)/ h € [0, n].

Obviously, 1, : X — X is equibounded, i.e. ||t,f|| < ||f|l, moreover, strongly continuous (see [3], Lemma
2), i.e. limyq- ity f — fll = 0. Hence Cg satisfies limy_,q, ||C]S f = fll =0, ie. strongly continuous and by
Definition B we may calculate the generator

AfH)x)=@1- xz)f"(x) -xf(x), xe[-1,1].
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Analogously to [3], formula (1.3), we define the (Chebyshev) strong derivative as the function g € X for
which

C
11||ff

=0
s ' 1 — cosh —9l=0,

and write DLf = g. The higher derivatives are defined iteratively for r = 1,2,... by D' f = DL(Df) with
DY f = f. The (Sobolev) class WY is the set of f € X for which D.f exists.
Denote by X, the space of 27'( -periodic functions as the counterpart of space X in the beginning of this
subsection. Then a quite obvious statement holds.

Proposition 5.1. The function f € X has the Chebyshev derivative D_.f € X(r = 0,1,2,...) iff f o cos € Xon has
the ordinary derivative of order 2r. Moreover,

(Dgf)(cosx) = (=1)" (D " (f o cos))(x)

Calculating

(D,.(f o cos))(x) = 22 f(cosx) = sin® xf”(cos x) — cos xf’(cos x),

we see that

DL)(u) = —(Af)(w).

Hence, the Sobolev class W)l< coincides with the domain D(A) of the generator A, and, in general, W = D(A").
Now we are able to reformulate, in our notations, an important statement from [3].

Theorem 5.2. ([3], Proposition 3.a)) If f € D(A”),r € IN, then there exists a constant C, > 0, being independent of
f and n, such that

Eu(f) < Cn A" ]l

Remark 5.3. In Trigonometric Approximation there is a deep statement (sometimes called as Theorem of Akhiezer-
Krein-Favard), analogous to the previous theorem, but with the exact constant K, < %, called as the Favard numbers
(see, e.g. [5], Ch. 5, §5, and Ch. 7, Theorem 4.3). Unfortunately, here we do not know any idea to have a reasonable
estimate for the constant C,. At least, the proof of Proposition 3 of [3] overestimates that constant very much.

Anyway, to apply Theorem 4.5, we have now by previous theorem that M, = C,n"*, and if take h = 1/n,
then we get for any f € X, r € IN a Jackson-type estimate

2r
Ei(f) < @) + Caa(on(f, 5,
or by the estimate (16) in a more compact form as

2
Eu(f) < 27-‘@(1 +Cwn(f, ;’).

This estimate is not new by the order, compare [3], the new part of that estimate is the constant 5= (1 +C,)
only.

The Chebyshev cosine operator function is useful for the Chebyshev-Fourier series. One might ask how
about other classical orthogonal polynomials?
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6. A Jackson-type theorem using Legendre polynomials

In this Section, as above, X stands for one of the Banach spaces C[_1 1jor X = L}, (1 < p < o). Here we may
present a general approach due to S. Z. Rafal’son [9], [10]. Let the system of algebraic polynomials {Pk};?
defined on [-1, 1], be orthonormal with respect to the weight w(x) > 0. Moreover, suppose ||Px|lc = Pk(l)
The Fourier coefficients of f € X via the system {Px};7 is denoted by ck(f). The generalized translation
operator 7; : X — X, t € [0, ] is defined by properties:

a) forany f € X and t € [0, 7] there holds ||z: f]| < |Ifll,
b) for any f € X and t € [0, 7] the Fourier coefficients of 7, f satisfy the equation

ce(tef) = ck(f)Pr(cos t)/Pr(1), k=0,1,2,...

In this framework S. Z. Rafal’son [9] announced (without proof) an Akhiezer-Krein-Favard-type theorem
for the Legendre polynomials (then w(x) = 1). Unfortunately, in case of Legendre polynomials, the operator
7; : X — X does not form the cosine operator function. Indeed, by the definition of 7; : X — X, comparing
the Fourier coefficients, for the cosine operator function we should have

Py(cos s)Py(cost) = k( )

(Px(cos(s + t)) + Px(cos(s — t))), s,te[0,n], k=0,1,2,... (21)

The equation (21) is valid for the orthonormal system of the Chebyshev polynomials {Ty(x) = %, Ti(x) =

% cos(karccosx),k € N}. For the Chebyshev system the generalized translation operator 7;, : X — X
coincides with the cosine operator function (20) (see [9], Section 3).

S. Z. Rafal’son [9] considers more precisely the system of Legendre polynomials, consisting of polyno-
mials
(1) a
2Kk! dxk
In particular, P,(x) = (3x* — 1)/2, which does not satisfy the equation (21), hence, the corresponding
generalized translation operator ([9], Section 3; letter L in the notation below stands for Legendre)

Pi(x) = 1-)F (xe[-1,1;k=0,1,2,...).

(L) = f f(xcost+uV1l—x2sint) (22)

Vi’
does not form the cosine operator function. Nevertheless, the given generalized translation operator is
very useful in approximation theory ([12]). Therefore, we cite here by S. Z. Rafal’son [9] an Akhiezer-Krein-
Favard-type theorem with the (almost) exact constant therein.

For f € C[-1,1, for which there exists f?? € C|_; 1, we denote

OO = T (-2 o).

For r = 1 this is, up to a constant factor, as the strong (Legendre-) derivative D] f of f € X'in [12], Subsection
3, Definition 1, namely D} f = -1 D'f. Unfortunately, for the higher derivatives there are no simple relations
between these derivatives, for example, 2f = L(D*f - 2D'f).

Theorem 6.1. ([9], Subsection 6, Theorem 6) If f*) € Cj_11, r € N, then foranyn >r—1
Eu(f)c £ MynEn(D' f)c,

where

dn+2Tr+1/2) v (Qv+ D) +2)—r—1)!
VTl (r) — (Qv+1)(n+2)+71)!

Moreover, ¢1(r)M,,, < n=2" < c(r)M,,, with certain constants 0 < c1(r) < ca(r), not depending on n.

M, =
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Since we are interested in constants in Jackson-type inequalities, we shall look for estimates of the
constants M, .

Proposition 6.2. For n > r — 1 we have

(o8]

Arr+1/2) 3 1 AT(r +1/2)(r + 1) 1
VRE(r)(n + 2)* Zg vz =M= VAL (r)@2r + 1) (n + 2)% ; e 22

in particular, X0 o My, < 7¢3)

e < Sorops where ((z) is the Riemann zeta function.

Proof. Denote ¢ := (2v + 1)(n + 2), then we may rewrite the sum in the expression of M, ,, as

1 1

1 . 1 1 .
Spn = > .
rn (1’[ + 2)2r+1 VZ:; (21/ + 1)2r+1 (1 _ Z_i)(l _ (r;_21)2) . (1 _ }2_2) (1’1 + 2)27+1 ; (21/ + 1)2r+1

Since{>n+2>r+1,forj=1,2,...r we estimate

1 1 7 r2 2 (r+1)
< =1+ <1+ <1+ =
1—é—§—1_(j22)z (n+22>—-j" 2n+3 " 2r+1  2r+1
n+
forr22.lfj:r:1,thenﬁﬁé. ]

To prove a Jackson-type theorem, e.g. Theorem 4.5, it is not ultimately necessary to work in the
cosine operator framework. It is important to have in hand a good approximation operator such that
the statements of Proposition 4.2 are true. In the Legendre case the suitable operator is introduced and
studied in [4] and [12]. In [12], Sec. 3, there had been introduced the (Legendre-) integral or Steklov means
Suf, f € X,h € (-1,1). They are defined, using the kernel (log_l(z) = 1/log(z))

Q+x)A-h), 4, 2
1 -=x)(1+h) (1+h

x(x; h) = log ), —-1l<h<x<],

and x(x; h) := 0 otherwise. It is important to mention that this kernel is non-negative for x, € [-1,1] and

1
= x(u; h)du = 1.
],

Then the Steklov means are defined via the integral

1
0= 5 [ (Pt

where the translation operator 7% : X — X is defined in (22).
The counterpart of the modulus of continuity takes here the next form (compare Definition 4.1)

W' (f,8) = sup Il f = fI,
0<h<1
for which lims_1- w"(f,6) = 0. The set of all f € X for which the strong (Legendre-) derivative D f exists

as an element of X is denoted by W,.
We reformulate (and improve a little) a statement from [4] and [12].

Proposition 6.3. ([4], Theorem 3, Part a) for 1)and [12], Corollary 2, (d) for 2), respectively) For the Steklov means
Suf, f € X, for each h € (-1, 1) it holds:

D|Suf - f|| < @"(f 1),

2) Spf € WY and |DL(Suf)|| < @t (f h).
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Proof. 1) By the definition of the kernel x(u; i) we have

1
60 ) = 5 [ (009 = o) s,

hence, by the definition of the modulus of continuity

1 1
%U—ﬂszj‘wpmﬂ—ﬂdeM=JGM-
h

h<u<1

2) By [12], Corollary 2, (d)

DS = 51087 () (£ - ().

Sincel-h <2 log(ﬁ), h € (-1,1], we have proved the statement 2). [ ]
Proposition 6.3 yields, analogously to Theorem 4.5, next

Theorem 6.4. Suppose a semi-norm P : X — (0, 00) = R* is given in space X such that there exist finite numbers

=sup — P(f) (23)
P
My = sup 7——— (24)
sewy [DLAI
Then forany f € X,0<h <1,
P(f) < (Mo + —M1 " (f, h). (25)

As a corollary we obtain a Jackson-type inequality with a constant in explicit shape for the Legendre
framework.

Corollary 6.5. Forall f € C[_1,11,n € IN the algebraic best approximation satisfies the inequality

1

Eq(f)c < (1 + %C@)) wh(f,1- r2e

)

where C(3) = 1.2020569 ... (Riemann dzeta function).

Proof. Firstly we take in Theorem 6.4 P(f) = E,(f)c, then we get by Rafal’son’s Theorem 6.1 the constant
M; in (24) equals to 5 +2)2C(3) since D'f = —2D! and therefore E,(D' f)c = 2E,(D; f)c < 2|D; fllc. Lastly,

i n

we prove the statement using (25) with h = 1 - 7-55.
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