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Asymptotic stability of stochastic differential equations driven by
G-Lévy process with delay feedback control

Guangjun Shen?, Xueying Wu?, Xiuwei Yin®

?Department of Mathematics, Anhui Normal University, Wuhu 241000, China.

Abstract. Given an unstable stochastic differential equations, the stabilisation by delay feedback controls
for such equations under Lipschitz conditions or highly nonlinear conditions have been discussed by several
authors. However, there is few works on the stabilisation by delay feedback controls under the sub-linear
expectation associated with a G-Lévy process. The aim of this paper is to design delay feedback controls in
the drift part and obtain the asymptotical stability in mean square and quasi-surely asymptotical stability
for the stochastic differential equations driven by G-Lévy process with the polynomial growth condition.
Lastly, we give an example to verify the obtained theory.

1. Introduction

Non-additive expectations and non-additive probabilities are important tools for studying uncertainties
in statistics, measures of risk, and non-linear stochastic calculus (see, for example, Denis and Martini [4],
Marinacci [22]). Recently, Peng [29] introduce a notion of the sub-linear expectation which is generated by
one dimensional fully nonlinear heat equation, called G-heat equation. Under the sub-linear expectation, a
new type of G-Brownian motion and the related calculus of Itds type were introduced ([29-31]). G-Brownian
motion has a very rich and interesting new structure which non-trivially generalizes the classical Brownian
motion, there have been some interesting works (see, for example, Denis, Hu and Peng [5], Gao [9], Gao
and Jiang [10], Soner, Touzi and Zhang [38], Li and Peng [16], Bai and Lin [2], Zhang [42], Zhu and Huang
[43] and the references therein).

On the other hand, one feels that G-Brownian motion is not sufficient to model the financial world,
as both G-Brownian motion and the standard Brownian motion share the same property, which makes
them often unsuitable for modelling, namely the continuity of paths. Therefore, the natural generalization
of G-Brownian motion is to consider a jump processes and the uncertainty associated with the drift, the
volatility and the jump component. Hu and Peng [14] introduced the process with jumps, which they
called G-Lévy process and studied the distribution property, i.e., Lévy-Khintchine formula, of a Lévy
process under sub-linear expectations. However, in contrast to the extensive studies on G-Brownian
motion, there has been little systematic development on G-Lévy process in the literature. The main reason
is the complexity of dependence structures for G-Lévy process. To the best of our knowledge, we only
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find that Ren [34] considered the representation of a sub-linear expectation associated with G-Lévy process.
Paczka [25] considered the integration theory for G-Lévy processes with finite activity. Paczka [26] studied
the properties of the Poisson random measure and the Poisson integral associated with a G-Lévy process.
Wang and Yuan [39] obtained the existence of solution for stochastic differential equations driven by G-Lévy
process with discontinuous coefficients. Qiao and Wu [33] proved that a kind of additive functionals of
stochastic differential equations (SDEs) driven by G-Lévy processes has path independence under some
assumptions. Faizullah et al. [6] obtained the exponential estimate for solutions of stochastic functional
differential equations driven by G-Lévy process.

In the past decades, SDEs have come to play an important role in many branches of science and industry,
such as biology, physics, economics, engineering and financial market (Gikhman and Skorokhod [11]). One
of the important issues in the study of SDEs is the analysis of stability (see Mao [20]). Wang and Gao
[40] considered the SDEs driven by G-Lévy Process and proposed the sufficient conditions for the mean
exponential stability to the following SDEs:

K(t, x(t), z)L(dt, dz),t > 0. (1.1)

0

dx(t) = f(t, x(t))dt + h(t, x(t))d(B)(t) + o(t, x(t))dB(t) + f

R

Shen, Wu and Yin [37] gave sufficient conditions for the mean square exponential instability of the solution
for the SDEs (1.1). Hence, a meaningful question is whether we can design a feedback control u(t, x(t))
based on the current state x(f), so that the controlled system

dx(t) = [f(t, x(t)) + u(t, x(t)]dt + h(t, x(t))d(B)(t) + o(t, x(t))dB(t) + f K(t, x(t), z)L(dt, dz), t>0,
R4

0

becomes stable? However, taking into account a time lag 7(> 0) between the time when the observation
of the state is made and the time when the feedback control reaches the system, it is more realistic that
the control depends on a past state x(t — 7). Hence, the stabilisation problem becomes to design a delay
feedback control u(t, x(t — 7)) such that the controlled system (G-SDDEs, in short)

dx(t) = [f(t, x(t)) + u(t, x(t — 7)]dt + h(t, x(t))d(B)(t) + o(t, x(t))dB(t) + f K(t, x(t),z)L(dt,dz), t=0, (1.2

R
is stable. Suppose that the underlying G-SDDEs with the initial data
{x(t): =t <t <0} =& € C([-7,0];R"), (1.3)

with Elé | < o0. B(") is d-dimensional G-Brownian motion, (B)(-) is the quadratic variation process of the G-
Brownian motion, L(;, ) is a Poisson random measure associated with the G-Lévy process. The coefficients
f,h, o are in the space Mzc([O, T;R"), K € Hé([O, T] x R%; R") for any x € R” (the precise definition are given
in Section 2).

The main contributions of this paper are presented as follows:

(i) A class of unstable stochastic differential equations driven by G-Lévy process are stabilised via delay
feedback controls in the drift part based on continuous observation.

(if) The sufficient conditions on stabilisation criteria are obtained based on constructing appropriate
G-Lyapunov function.

(iii) The stochastic calculus on G-Lévy process is applied to solve the stability of the systems.

Note that the ordinary differential equations with delay feedback controls have been well developed
(see, for example, Ahlborn and Parlitz [1], Cao, Li and Ho [3], Pyragas [32]). On the other hand, there has
been increasing interest and demanding for investigating stochastic differential equations with feedback
control. Mao, Lam and Huang [21] were the first to study stabilisation problem for a given unstable
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hybrid stochastic differential equations with the delay feedback control, since then, there have been some
interesting works (see, for example, Mao [19], You, Liu, Lu, Mao and Qiu [41], Lu, Hu and Mao [18], Li and
Mao [17], Fei et al. [7], Mei et al. [23], Ren et al. [35], Shao [36], Li et al.[15], Hu et al. [12], just mention a
few.)

The rest of this paper is organized as follows. In Section 2 we introduce preliminary results in the
G-framework. In Section 3, we use the method of Lyapunov functionals to investigate the asymptotic
stability of the solutions for the controlled system driven by G-Lévy process. Finally, in Section 4, we give
an example to verify the obtained theory.

2. Preliminaties

In this section, we introduce briefly some notations about the G-framework, for the detail we can see
Peng [29], Neufeld and Nutz [24], Paczka [27] and the references therein.

e () denotes the space of all continuous functions on R,.
o Cyip(IRy) is the space of all bounded real-valued Lipschitz continuous functions.

e H donotes a linear space of real-valued functions defined on Q such thatif X; € H,i =1,2,...,d, then
(p(Xl, ey Xd) € H for all (7BS Cb,lip(]Rd)-

e Denote Qr := {wr: w € Q). Let
Lip(Qr) :=1{& € L2Q) : & = p(Xs,, Xp, = Xty X, — X1,

where qil € Cpip(Rg),0 <ty <--- < t, <T. L’é(QT) is the completion of Lip(Qr) under the norm
-1l = E[ - P17, p > 1.

e Consider the type of simple process: for a given partition rir = {to, t1, ..., tn} of [0,T], let

N-1

@) = Y (@)l g (8),

k=0

where ni € LL(Qy),k = 0,1,..,N — 1 are given. The collection of these processes is denoted by
MZO(O, T). Let M’é(O, T) denotes the completion of MZ’O (0, T) under the norm

1

Il 1) = [ fo Tﬁ[mumdt]”.

e C stand for a positive constant and its value may be different in different appearances, and this
assumption is also adaptable to C, depending only on the subscripts.

Definition 2.1. A sublinear expectation Eisa functional E:H - R satisfying the following properties: for all
XY € H, we have

(i) Monotonicity E(X) > E(Y) if X > Y.
(ii) Constant preserving E(C) = CforCeR.
(iii) Sub-additivity E(X + Y) < E(X) + E(Y).

(iv) Positive homogeneity E(AX) = AE(X) for A > 0.
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The tripe (QQ, H, E) is called a sub-linear expectation space (compared with a probability space (Q, ¥, P)),
E is called a linear expectation if (iii) and (iv) is replaced by E[X + aY] = E(X) + aE(Y) for« € R. X € H is
called a random variable in (Q2, H, E). We also denote lower expectation E[x] := —E[-x] for each X € H.

Definition 2.2. (G-Lévy process [14]) A d-dimensional cadlag process X = (X)i0 defined on a sub-linear expectation
space (Q, H, E) is called a Lévy process if the following properties are satisfied:

(i) Xo=0.

(ii) For each s,t > 0, the increment Xiys — X; is independent of (Xy,, ..., X,) for every n € N and every partition
0<tHh<tHh<..<t, <t

(iii) The distribution of the increment X;,s — X,,s,t > 0 does not depend on t.

Moreover, a Lévy process X is a G-Lévy process if it satisfies the following conditions:
(iv) There exists a 2d-dimensional Lévy process (X, Xf )i=0 such that X; = X{ + Xt"’, foreacht > 0.

(v) The processes X< and X? satisfying the following assumption:

1351?1'5‘[|x;|3]t-1 =0; E[XI<Ct foral t>0,
where C is a positive constant.

Note that the condition (v) implies that X¢ is a generalized G-Brownian motion, the jump part X? is of
finite variation (see Hu and Peng [14] for details).

Lemma 2.3. (Lévy-Khintchine representation [14]) Let X be a G-Lévy process in R?. Defined nonlocal operator
Gl f()] = lim E[f(X)I67!, for f € C3(R?) with f(0) = 0.

Then, Gx has the following Lévy-Khintchine representation

Gl = sup { [ fantds) + D0 ) + 31D F0)0Q")

(p.QeU

where RY := R\ {0}, U is a subset U € V X R? x Q, and °V is a set of all Borel measures on (R3, B(RY)). Q is a
set of all d-dimensional positive definite symmetric matrices in S® (S% is the space of all d x d-dimensional symmetric
matrices) such that

sup { jﬂ; d |z|v(dz)+|p|+tr[QQT]} < oo @.1)

(pQeU

Definition 2.4. For the sub-linear expectation I, we introduce the capacity c and ¢ related to E and Eas, respectively

c(A) :=supP(A), A € B(Q)),
PeB

c(A) := inf P(A), A € B(Q),
PeB
where B is a relatively compact family of probability measures.

We will say that a set A € B(Q) is polar if c(A) = 0. We say that a property holds quasi-surely (g.s.) if it
holds outside a polar set.
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Lemma 2.5. Let X € Llc(QT) and for some p > 0, E[IXIP] < oo. Then, for each M > 0,

E[IXF']

c(|X] > M) < M

In this paper, we assume that G-Lévy process X has finite activity, i.e.,
A= sup v(]Rg) < oo,
veV

Without loss of generality we will also assume that A = 1 and that u(R%) = 1. Let X, denotes the left
limit of X at point u, AX,, = X, — X,,—. We define a Poisson random measure L(ds, dz) associated with the
G-Lévy process X by considering

L((s, 1], Z T4(AX.), g.s.

forany0 <s<t<ooand A € B(]Rg). The random measure is well-defined and may be used to define the
pathwise integral.
Let H(S;([O, T] % IRg) be a space of all the elementary random fields on [0, T] X ]Rg of the form

n-1 m

K(r,2)(w) = Y | Y Fei@)g o0 (¥1(2),m,m € N,
k=1 I=1

where 0 <t <... <t, < Tisapartition of [0, T], {1}]’, C Cb,lip(]Rd) are functions with disjoint supports such
that ¢;(0) = 0 and Fy; = ¢pi(Xe,, ..., Xt, = Xi,), Prt € Coiip(RF). We introduce the norm on this space

Ky oy = ] f sup f (P otdz)ir], p=1,2

veV

Definition 2.6. Let 0 < s < t < T. The It0 integral of K € Hé([O, T x RY) with respect to the jump measure L is
defined as

ff K(r,z)L(dr,dz) := ZKVAX) q.s..
s<r<t
It is worth note that for every K € Hé([O, T] % le), fOT f]Rd K(r,z)L(dr,dz) is an element of L! c(Qr) and
0
L2(Qy).

Let HZ([O, T]xR%) denote the topological completion of H 2([0, T]x R?) under the norm ||-|| HY ([0 TIxR) P =
1,2. Then It6 integral can be continuously extended to the whole space Hé([O, T] x IR‘S), p = 1,2. Moreover,
the extended integral takes values in LZ(QT),p = 1,2. The formula from Definition 2.6 still holds for all
K € HL([0, T] x RY).

For K(r,z) € HA([0, T] x R%), we know that

T T
M(t) ::f f K(r,z)L(dr,dz)—f supf K(r, z)v(dz)dr
0o Jrd 0 vev JR

is a G-martingale, hence we have

0<t<T veV

ﬁﬁ[ sup |M(t)|2] < cﬁﬁ[ fo ' sup fR d Kz(r,z)v(dz)dr],
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where C is a positive constant.

Throughout this paper, let C([-1,o0) X R";IR;) denote the family of all continuous functions from
[-7,00) X R" to R, C?(R;+ x R";R;) denote the family of all continuous non-negative functions W(t, x)
defined on R, XIR", they are continuously once differentiable in t and twice in x. Given W € C2 (R, xR%;Ry),
we define the function £W : R, X R" — R by

LW := Wi(t, x) + (Wi(t, x), f(t, %)) + sup tr[({(Wi(t, x), h(t, x))
QeQ

+ %(Wxx(t, x)o(t, x), o(t, x)))QQT] + supf (W(t, x + K(t, x,z)) — W(t, x))v(dz),
R§

veV
where
Wit 0= 0 W = (Pl T O,
and .
Watt 0 = (G D

3. Asymptotic Stability

In this section, we will use the method of Lyapunov functionals to investigate the asymptotic stability
of controlled G-SDDEs (1.2). For the stability of this paper, we suppose the

£(t,0) = u(t,0) = h(t,0) = o(t,0) = K(t,0,2) = 0, >0, 3.1)

which implies that x(¢) = 0 is the trivial solution of the G-SDDEs (1.2). In order to obtain the existence and
uniqueness of the global solution of equation (1.2), we need the following conditions.

Assumption 3.1. Assume that for any real number m > 0, x1,x, € RY and |x1| V |xa] < m, the functions f(t, x),
h(t, x),0(t, x), K(t, x, z) satisfy

If(t, x1) = f(t, x2)| + |h(t, x1) — h(t, x2)| + |o(t, x1) — o (t, x2)I

+ sup f |K(t/ xllz) - K(t/ xZ/ Z)lv(dz) S Lmlxl - x2|/
veV JRY

(3.2)

where Ly, is a positive constant.
And for x1,%; € RY, there exists a positive constant L such that

[u(t, x1) — u(t, x2)| < Llx1 — x2]. (3.3)
Moreover, there exist positive constants C and p;,i = 1,2, 3,4 such that

If(t, )l < C(1+ [x]™),
n(t, x)| < C(1 + |x[P?),
lo(t, x)| < C(1 + [x[P?), (3.4)
supf IK(t, x, 2)[v(dz) < C(1 + |xP*).
R§

veV

The condition (3.4) is referred as the polynomial growth condition which means one of the p;,i = 1,2,3,4 more than
1. When p; = 1,i = 1,2,3,4, the condition (3.4) is the familiar linear growth condition.
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It is well-known that (3.2), (3.3) and linear growth condition can guarantee the existence and uniqueness
of the global solution of (1.2). Without the linear growth condition, the solutions of the G-SDDEs (1.2) may
explode to infinity at a finite time. To avoid such a possible explosion, we propose our alternative condition
as follows, it’s weaker than the linear growth condition.

Assumption 3.2. Assume that there exist functions W € C12(Ry X R";R;) and Wy € C2([-7, ) x R"; R,), as
well as nonnegative constants p > 2p;, i = 1,2,3,4and q; (j = 1,2, 3) with q» > q3, such that

lxlP < W(t, x) < Wi(t,x), Y(t, x) € R, X R, (3.5)
and
QW(t, x) + Wx(t/ x)u(t/ y) < ‘11 - ‘hwl(t, x) + %Wl(t - T y)/ (36)

forall (t,x,y) € Ry x R*" x R".

Theorem 3.1. Under Assumptions 3.1 and 3.2, for any given initial data (1.3) there exists a unique global solution
x(t) to the G-SDDEs (1.2) on t € [—1, 00) and the solution has the property:

sup Elx(t)lp < oo,

—1<t<e0

where y > 0 is the unique root to the equation g, =y + €'"gs.

Proof. The existence and uniqueness of the global solution can be proved by the standard technique of
Picard iterations, we omit the details (we can see, for example, Wang and Gao [40], Hu et al. [13] for the

Elx()F < oo.
In fact, applying the G-Ito formula to e”*W(t, x(t)), t > 0, we have

details). Next, we will prove sup_,__, .,

thW(t, x(t)) — W(0, x(0))
¢ ¢
= e [yW(r, x(r)) + LW(r, x(r)) + W (t, x)u(t, y)]dr + f (W, (r, x(r)), o(r, x(r)))dB(r) + M? + P?,
0 0

where

t
M = [ TR0, 10 0 + 5 Wi () 300, 50D

- f e)”sugtr[<v‘vx<r,x(r»,h(r,x(r)»+%<Wxx<r,x(r))a(nx(r»,o(nx(r)»QQT]dr,
s Qe

t
P = f fw eV [W(r, x(r") + K(r, x(r), 2)) — W(r, x(r"))1L(dr, dz)

- f t sup L; ) e"[W(r,x(r™) + K(r, x(r), 2)) — W(r, x(r"))]o(dz)dr.

veV
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By conditions (3.5) and (3.6), then we have

e’ |xP — W1(0, x(0))
t
< f e’ g1 — (g2 — YI)Wa(r, x) + gsWi(r — 7, x(r — 7))]dr
0

f
. f & (Wi(r, x(r), o(r, x(1))dB(r) + MO + PP
0

¢ ¢
< %e’” —(q2—7) f e Wy (r, x)dr + f e’ gsWa(r — 7, x(r — T))dr
0 0

+ f " (Wy(r, x(r)), o(r, x(r)))dB(r) + M + P?
0

; 0
< Z/—le”t — (92— V)f " Wa(r, x)dr + e’ f G3W1(r, x(r)dr
o -

T

t t
+e" f e’ g3 Wi (r, x(r))dr + f &' (Wy(r, x(r)), o(r, x(r)))dB(r) + M + PY.
0 0
This implies

e}'t|x|lﬂ

0 t 0
< W1(0, x(0)) + ?eyt —(G2—y - eVqu)f "Wy (r, x)dr + ’* f gsWa(r, x(r))dr
0 T

+ f e’ (Wi (r, x(r)), o(r, x(r)))dB(r) + MtO + P?.
0

Note that {M}}, {P;} are G-martingale (Peng [28] and Paczka [27]). Then taking the expectation on both sides,
we have

E@"]xf) <K + q—leyt,
)4

where
K = W1(0,x(0)) + &" f g3 Wa(r, x(r))dr.
Which means —~
sup E[x(t) < oo.

—1<t<0

This completes the proof. [J

In order to use Lyapunov functional to study the asymptotic stability of controlled G-SDDEs (1.2), we
define x; := {x(t+s) : =2t < s < 0} for t > 0, x; is well defined for 0 < t < 27. Let x(s) = &(—1) for s € [-27, —17).
In this paper, we will use the following Lyapunov functional

0 ot
(e x) = Wit x)+p [ [ 1elfx0) + utr 30 - 0)F
—T Jt+s (3.7)
+ Clz’clh(r, x(N)? + Calo(r, x(r)* + C; sup K3(r, x(r), z)v(dz)]drds,
veV JRY

for t > 0, where W € C'?(R, x R%; R,), and p is a determined positive constant and let

f(r,x) = £(0,x),u(r,x) = u(0,x), h(r,x) = h(0, x),
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o(r,x) = 0(0,x), sup f K(r, x, z)v(dz) = sup f K(0, x, z)v(dz),
d Rg

veV JIR] veV

for (r,x) € [-217,0) x R".
Applying G-It6 formula to W(t, x(t)), we get

AW(t, x(t)) = [SW(E, x(t)) + W(t, x(O)u(t, x(t — ))]dt

N (3.8)
+ (Welt, x(t)), ot x(D))dB(E) + AN +dDY, ¢ >0,

where
g 1
N; := f KW (r, x(r)), h(r, x(r))) + §<Wxx(r,X(r))O(r,X(r)),O(Y,X(r))>]d<B>(r)

- f Suptr[(Wx(V,X(r)),h(r,x(r)»+%(Wxx(r,X(f))G(nX(r)),G(Y,x(r)»QQT]dr,

QeQ

t
Dj ::f fl[;d [W(r, x(r") + K(r, x(r), 2)) — W(r, x(r"))]L(dr, dz)
- f sup f [W(r, x(r7) + K(r, x(r), 2)) — W(r, x(r"))]o(dz)dr.
s veV JRY

Note that {N}}, {D;} are G-martingale (Peng [28] and Paczka [27]). It is easy to obtain that

0 t
d(p f ft [71f(r, x(r) + u(r, x(r = D)P + Cyrlh(r, x(r))P

+ Colo(r, x(r))I* + C; sup K2(r, x(r), z)v(dz)]drds)
veV IRg

< (el el (e + ut,x(e = D) + Coelict, xO)P + Calo, x()P (39)

veV

t
«Cosup [ K2t x0) 20| = U [ Te1fr 50+ 00 = )P
g t—1

+ Cyrlh(r ¥ + Calo, X)) + Cesup fR K, 2(0), 2)o(d2) M)t
Thus we have
AV (t,x;) = LVt x)dt + (Wit x()), o(t, x()))dB(t) + AN + dD?, (3.10)
where
LV(t, x;) = SW(E x() + W (t, x(E)ult, x(t — 1))
+pT [T £ (&, x(8)) + u(t, x(t = D) + Cylh(t, x())F + Colo(t, x(1)PP

t
+C,sup f K2(t, x(t), z)v(dz)] - p( f [zl f(r, x(r) + u(r, x(r — 7)) (3.11)
RY t—1

veV

+ Cytlh(r, x(r)* + Calo(r, x(r))* + C. sup f K2(r, x(r), z)o(dz)dr).
veV ]Rg

In order to study the asymptotic stability of the controlled G-SDDEs (1.2), we need to impose the following
assumption.
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Assumption 3.3. Assume that there is a function W € CV*(R; X R"; R,) such that
LW, x(1)) + W (t, x(£))u(t, x(£) + ar|[Wy(t, x()* + aa|f(t, x(1)?

+ alh(t, x(t))? + aslo(t, x()P + assup | K*(t, x(t), 2)v(dz) (3.12)
veV ]RglJ

< _a0|x(t)|2/
forall (t,x(t)) € Ry x R"), where a;,i = 0,---,5 are positive constants.

Theorem 3.2. Under Assumptions 3.1, 3.2 and 3.3, let

a1k 103 104 105 (271251
< A = A A , d 1< |—. 3.13
R T A T TN 1T (3.13)

Then for any given initial data (1.3), the solution of G-SDDEs (1.2) has the following property

IE( fo ) [x(s)|Ads) < 0. (3.14)

Proof. For any initial data & € C([—1, 0]; IR"), let ko > O be a large enough integer such that ||]| < k. For any
integer k > ko, define the following stopping time

Cr = inf{t > 0 : [x(f)| = k}.

It comes from Theorem 3.1, we know that as k — oo, the (; is increasing to infinity q.s.. By G-It6 formula to
V(t,x;) and (3.10), we have, for all > 0 and k > ko,

tACk
EV(t A, Xing,) = Vto, x0) + E f LV(s, xs)ds. (3.15)
0
By Assumption 3.1, we have
2
Wie(t, () [u(t, x(t = 7)) = u(t, ()] < ar|Wa(t, x(£))* + 4%1|x(t) —x(t - 1)l (3.16)

By (3.11), (3.16) and Assumption 3.2, we obtain
LV(t, Xt)
< QW x(1) + Walt, x()ult, x(t — 1))
+ pr[Tlf(t, x(B) + ut, x(t — D)P + Cyrlhct, x(B)P + Calo(t, x(H)P
t
+ C, sup f K3(t, x(t), 2)(dz) | - p f [Tlf(r, x(r)) + u(r, x(r — 7))
RY t—1

veV

+ CIZTIh(r, x(r))l2 + Cla(r, x(r))l2 +C, supf Kz(r, x(r), z)o(dz)]dr)
R§

veV (3 N 7)

< SW(E, x(1)) + Walt, x()u(t, x(1)) + a1 [Walt, x(B)F + glx(t) —x(t-7)P
1

+ przlf(t, x(t))l2 + 2p12|u(t, x(t — T))|2 + pC;Tzlh(t, x(i‘))l2 + pCz’clo(t‘,x(t))l2

veV

+ pC,T sup jﬂ;g K3(t, x(t), 2)0(dz) | - p j;_ [l f(r, x() + u(r, x(r = 7))

+ C’zrlh(r, x("))? + Colo(r, x(r)* + C; supf K2(r, x(r), z)v(dz)]dr).
veV ]Rg
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Let p = i—?, where p is the free parameter in the definition of the Lyapunov functional (see (3.7)). Let

T< \5FA /I’?? A z;gi A B, by the Assumption 3.3, we can obtain
2 T

. 12
LV(t, xp) < —oc()lx(t)l2 + 2p12L2|x(t - T)|2 + Elx(t) —x(t - ’L')|2
1

2 ,
-S| 1ol + 0= )P + Colhtrx)P 6.18)
1 Jt-1
+ Colo(r, ()2 + C sup f K3(r, x(r), 2)o(dz)1dr).
veV ]Rg

It comes from (3.10), we have

0< V(t, xt)

FACk tACk
=00+ [ LU [ (Wil (90,065, 1ONABE) + N + Df
0 0

o G 2 272 2 o 12 2
< V(0,xo) + fo [—aolx(s)I” + 2pT°Le|x(s — 7)|"]ds +f0‘ [Elx(s) —x(s — 1)[°]ds (3.19)
L2 tACk S ,
- f [Tl £ (r, x(r) + u(r, x(r — ) + Cylh(r, (1)) + Calo(r, x(r)I*
1 Jo s—T
tACk
+C, supf K3(r, x(r), 2)v(dz)]drds + f (W, (s, x(s)), a(s, x(s)))dB(s) + N? + D?.
0eV JR 0
For convenience, we let
tACk
bri= [ ook @R + 20Pats - 0PI,
0
12 tACk
brim o [ o)== s
a1 Jo 20
L2 tACK S ) (3 )
bui= = [ [ 1010x0) + 30 = )P + Corlh ¥ + Calotr <)
0 5—T
+ Crsup f K2(r, x(r), z)v(dz)]drds.
veV IRS
For ¢, we know
tACk tACk
f [x(s — 7)[ds < f |x(s)|ds.
0 -7
Hence, we have
0 FACk
¢1 < ZpTszf [x(s)*ds — (cvg — ZpTsz)f x(s)|*ds
-7 0
AL, (3.21)
< 20T LA|E|P — (g — 2pT3L2) f |x(s)|*ds.
0
Substituting (3.21) and (3.20) into (3.19) and let k — oo, we can get
t
¢3 <Cy — (ap — 2p’52L2)f [x(s)[ds
0 (3.22)

t
F ot f (W5, X(5)), 0(s, x(5)))B(s) + NO + DY,
0
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with C; = V(0, x0) + 2pT°L?|€||?, where

N )
6= fo [x(s) = x(5 — TP,

S
w

+ Cr sup f K2(r, x(r), z)v(dz)]drds.
veV

For t € [0, 7], we obtain

2 T
6% g [ (20OR + 206 = P
2 T

(|X(S)I2 + |X(S - ’[)|2)dS < %( sup Ix(s)|2) = CB-

2a1 Jo 1 " —1<s<t

For t > 17, we have

2 t
P2 <Cs+ 4%1 f (Ix(S) —x(s - T)Iz)ds

Substituting (3.25) into (3.22), we have
t L2 t
3 <C1 +C5— (ap — 2p7:2L2)f [x(s)*ds + — f (Ix(s) —x(s — ’L’)|2)ds
0 40[1 T

¢
+ f (Wi (s, x(s)), a(s, x(s)))dB(s) + N? + D?.
0

Taking the expectation on both sides we obtain

t
E(fs) <Ci1 + Cs + Fﬁ[ ~ (a0 — 2p7°L2) f Ix(s)lzds]
0

; ﬁﬁ(% f ' (s) — (s - T)|2ds).

t S
B 5 fo L[ﬂf(r, x(1) + (e, x(r = D) + Cytlh(r, x(F + Calo(r, x(r) P

1664

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

On the other hand, by the Burkholder-Davis-Gundy-type inequalities (Gao [9], Wang and Gao [40]), we

have

E(|x(j) - x(j - 7))
< E( f(s x(s)) + u(s, x(s — 7))]ds + f h(s, x(s))d(B)(s)

j-r ]=

i j
+ (s, x(s))dB(s) + K(s, x(s), z)L(ds, dz))I*)
[.e I
lE(OS::EJ I [f(s, x(5)) + u(s, x(s — 7))1ds|* +| f h(s, x(s))d(B)(s)I*

+|f_ o(s,x(s))dB(s)|2+|f_ fRd K(s,x(s),z)L(ds,dz))lz]))

_ i
<4E f (q:|f(s,x(s))+u(s,x(s—¢))|2)ds+4c’zf f Elh(s, x(s))|*ds
j-T

j-t

i -~
+4C, f Elo(s, x(s))|*ds + 4C.E[ sup f K3(s, x(s), z)v(dz)ds].
j-T j—T veV

(3.28)
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Hence,

¢
—E[ — (g — ZpTZLz)f |x(s)|2ds]
0

~( L2 (! = 3.29
<C;+Cs+ ]E(— f [lx(s) —x(s — T)lz]ds) — E(¢3) (3:29)
4&1 T
<Cq + Cs.
Let7 < /%%, by p = %, then ag — 2p72L* > 0. Let t — oo, imply that
IE( f lx(s)[2ds) = —E f —|x(s)Pds < oo. (3.30)
0 0

This completes the proof. [J

Theorem 3.3. Under the same assumptions of Theorem 3.2. Then for any given initial data (1.3), the solution of the
G-SDDEs (1.2) is asymptotically stable in mean square, that is, the solution has the property that

lim E(lx()) = 0. (3.31)
Proof. Applying the G-Itd formula, we have
[Elx(t2)? - Elx(t)P
—_ t2
<E 2 , x(t— 20x(t)lh(t,
< ft (Ix(t)l[f(t x(8)) + u(t, x(t — 7)1 + 2/x(t)lh(t, x()) (3.32)

+lo(t, x())P + fR d [21x()IK(t,x, 2) +1<2(t,x,z)]v(dz))dt.

It follows from (3.4) that
[Elx(t2)P ~ Elx(t)P|
<E ftl ) (ZIx(t)I[f(t, x(£)) + u(t, x(t = 1)1 + 2{x(B)lh(t, x())
+la(t, x(E)P + fR Ik, x, 2 + K, z)]v(dz))dt (3.33)

tr -
< f (c1 + o+ IElx(t)l”))dt.
ty
Hence, by Theorem 3.1, we can obtain
[Elx(t2)? — Elx(t2)P| < (t2 — h1)(c1 + c2 + €ac3),

Elx(t)P < 0. Thatis, Ejx(t)?
is uniformly continuous in t, combining with the (3.14), we have lim_,. E(|x(#)]?) = 0. This completes the
proof. [

where ¢;,i = 1,2,3 are constants and ¢; = 5C%,¢; = 9C+6C*+2L,c3 = sup_,_, .,
Theorem 3.4. Under the same assumptions of Theorem 3.2, then the solution of the controlled G-SDDEs satisfies
limx(t) =0,  gs. (3.34)

That is, the controlled system is quasi-surely asymptotically stable.
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Proof. Assume that the assertion (3.34) is not true, which means we can find a positive and small enough
constant ¢ € (0, %) sufficiently small such that

) 2 4, (3.35)

where O = {limsup,_,_, |x(t)]> > 2¢}. For any k > ||&||, let Cx be the same stopping time as defined in the
proof of Theorem 3.2 and from Theorem 3.2 we have

Elx(t A Q)P < C,

this means
Kol <t)<C, V=0,

this, letting t — oo, implies there is a positive integer k; large enough such that

lim sup kTE(Ck <o0)<C+1, Vk=k. (3.36)

k—oo

Hence we can then choose a sufficiently large fixed k, > k; such that % < € to get (G, < o) < ¢. This
2
means that

Q) >21-c¢, (3.37)
where QO = {|x(#)| < kp, ¥t > —7}. Combining (3.35) with (3.37), we have
Q1 N Q) > 3e. (3.38)
Define the stopped process ¥(t) = x(t A Cy,). It is obvious that X(f) satisfies the form
dx(t) = f(Hdt + h(t)d(B)(t) + 5(t)dB(t) + f R(t,z)L(dt, dz), (3.39)
R§
where .
&) = [f(t x(8) + ult, x(t — 1))jo,)(H),
h(t) = h(t, x())jog,)(B),
5(t) = olt, x()o, (),

sup K(t, z)v(dz) = sup K(t, x(t), 2)Ipo ...\ (H)v(dz),
veV JR! veV JR :

It is easy to see that f(t), h(t), 5(t) and sup, . fRd K(t, z)v(dz) are bounded processes, that is,
0
FOIV ROV 5@V [sup | K(t,2)0d2) < C5, g, (3.40)
veV ]Rg
for all t > 0. Next, we will define a sequence of stopping times
B1 = inf{t > 0 : [%(t)]* > 2¢},
B =inflt > po-1 : [XOF < e}, 1=1,2,--,
Barsr = inf{t > for : RO > 2¢},1=1,2,---.

It comes from Theorem 3.2 that

Ci:=E f oo(lx(t)lz)dt < 0. (3.41)
0
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This means that

lii‘r_tionflx(i.‘)l2 =0, gs. (3.42)
By the definition of (; and (), and (3.42) we have

Q1N cf{p<oco}N{ly, =00}, 1=1,2,---. (3.43)
Choose a small positive number 6 and a large positive integer @ such that

40C2(0 + 0C, + Co + Co) < €8 and Cy < e200. (3.44)
By (3.38) and (3.43), we can further choose a sufficiently large number N such that

(B2 < N) > 2¢. (3.45)
In particular, if fp, < N, then [X(f20)| = €. So, by the definition of X(t), we have fy, < (x,. This implies

x(t, w) = x(t,w) forall 0 <t < Boyp and w € {fap < N}. (3.46)
By (3.39) and the Burkholder-Davis-Gundy-type inequalities, for 1 <! < @,

E(sup [1%(B2-1 AN + )| = [%(B2r-1 AN)IP)

0<t<6
<E(sup |%(Bai-1 AN + ) — X(Ba_1 AN)I)
0<t<0
. ﬁz[-l/\N+t ﬁ21_1/\N+f
=E(sup | f(s,x(s))ds +f (s, x(s))d{B)(s)
0<t<6 JPy1AN Pa-1AN
o1 AN+t o1 AN+t
+ f 5(s, x(s))dB(s) + f K(s, x(s), z)L(ds, dz)|*)
Ba-1AN Ba-1AN RY
. 21-1 AN+t . 21-1 AN+t
<4E(sup | f(s, x(s))dslz) + 4E(sup | h(s,x(s))d(B)(s)lz)
0<t<6 [32[,1 AN 0<t<6 62[,1 AN
Y -1 AN+t
+4E(sup | a(s, x(s))dB(s))

0<t<0 ﬁz[-l AN

- Bo1-1 AN+t
+4E(sup |f f K(s, x(s), z)L(ds, dz)|*)
Rg

0<t<6 Ba-1 AN
521—1 AN+6O - , ﬁZl—l AN+6O —
<46 f E(f(s, x(s)P)ds + 46C, f E(li(s, x(s))2)ds
Pa-1AN Ba-1AN

ﬁZI—l AN+0O . . }321_1 AN+O
+4C; f E(|5(s, x(s))*)ds + 4CoE[ sup K2(s, x(s), z)(ds)dz]
Ba-1 AN Ba-1AN veV ]Rg

<40CE(0 + 0C, + Cy + Co).
This, together with (3.44) and Chebyshev inequality, we can get
c(sup [X(Ba-1 AN +1) = %(Ba1 AN)| 2 0) < e.
0<t<6

By (3.45) and the above inequality, we can obtain
c({B2o < N} N {sup [IX(Ba-1 + 1) = 1X(Ba-1)Il < 6})

0<t<v

=c(Bao < N) = c({f2o < N} N {sup [IX(Bar-1 + £)| — IX(Bu-1)Il = 6})
0<t<v
>c(Bao < N) —c(sup [I%(Ba-1 AN + 1)| = [%(Ba—1 AN)|| = 0) > e.

0<t<0
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Hence,
c({Boo < NY) N {Boy — Pai-1 = 6}) > e. (3.47)

At lastly, by (3.41), (3.46) and (3.47), we have

E fo ) x()2dt

— P @
Bllpon [ WOP) > ¢ ) Elip (b~ 1)

Bai-1 i=1

Cy

™

]
—_

1

\%

€0 Y WP2a < N} O (o — fars 2 6)) 2 200.
i=1

However, this contradicts with the inequality in (3.44). Therefore the required assertion (3.34) holds. This
completes the proof. [

4. Example

In order to illustrate the obtained theory, in this section, given a stochastic differential equation driven
by G-Lévy process, we design delay feedback controls u(t, x(t — 7)) in the drift part such that the control
systems have asymptotical stability in mean square and quasi-surely asymptotical stability.

Example 4.1. Consider the following stochastic differential equation driven by the G-Lévy process:

dx(t) = f(t, x(t))dt + h(t, x(t))d(B)(t) + o(t, x(t))dB(t) + f K(t, x(t), z)L(dt, dz),t > 0. 4.1)
Rd

0

Assume
flt,x)=x- x3,h(t,x) = x,0(t,x) = V2x, K(t, x,z) = 2xR(z).

Moreover, we assume that the function R(z) satisfies

% —sup r[IQQ"] <sup | (IR@)P + R(2))o(dz)

QeQ veV JRY
< sup f ((1 +2R(2))® - 1)v(dz) < 1-sup #[IQQ"],
veV JRE Qe

where I is a d X d dimensional matrix whose elements is 1.

Now, we define the delay feedback control u(f, x(t — 7)) = —10x(f — 7). Consider the corresponding control
systems

dx(t) = [f(t, x(t)) + u(t, x(t — 7)]dt + h(t, x(t))d(B)(t) + o(t, x(t))dB(t)

+f K(t, x(t), z)L(dt, dz), t>0.
]Rd

0

4.2)

Thus the Assumption 3.1 holds obviously. Next, our aim is to verify Assumptions 3.2—3.3 and get the
bound of the time delay 7.
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To verify the Assumption 3.2, define W(t, x(t)) = x°, then we obtain

LW(t, x) + W(t, x)u(t, y)
= Wit x) + (Wt x), f(t,)) + We(t, 0Jut, y) + sup trl((Wa(t, x), h(t, %))
QeQ

+ %(Wm(t, x)a(t, x), o(t, x))QQT] + sup | (W(t x + K(t, x,2)) — W(t, x))v(dz)
veV IRS

=6x° —6x° +[36 sup tr[IQQT] + sup [(1 +2R(2))° — 1]v(dz)]x® — 60x5y
QeQ veV JRY
< 42x° — 6x° — 60x°y.

Noting that 60x°y < 30x° + 30y°, which means
LW(t, x) + Wy(t, x)u(t, y) < 105x° — 6x% — 33x° + 304/°.

Let Wi(t,x) = 3x%, g1 = sup, (105x° — 6x®) < o0, > = 11 and g3 = 10, the Assumption 3.2 is fulfilled.
To verify the Assumption 3.3, define W(t, x(t)) = x2+05x% andletag = ay = a3 = 0.1, ag = as = 0.6, then

LW, x(1)) + Wilt, x(B)u(t, x() + ar|Wi(t, x())F + aal f(t, x())

+ aslh(t, ()P + aslo(t, <) + as sup f K2 (0, (), 2)o(dz)

veV JRY
< 20 = 2x% — 20%% — 20x* + sup tr[(2x% + 2x* + 2x% + 6x*)QQT]
QeQ
+4sup | (R@)P +R@)v(dz)x® + 0.5sup f (1 +2R@)" - 1)o(dz)x*
veV ]Rg veV ]Rg
+ap(4x? + 8x* + 4x°) + an(6® — 2¢* + x0) + azx? + 20402

+ 4asx? sup f IR()|*v(dz)
R§

veV

< (2 —20 +4sup tr[IQQT] + 4 sup f (IR@)I* + R())v(dz) + 41 + az
QeQ veV JRY

+ a3 + 204 + 4as supf IR(z)lzv(dz))x2 + ( —20+ 16sup tr[IQQT]
veV JRY QeQ

1 05sup f [(1 + 2R@))* — 1]o(dz) + 8ay — 2a2)x4 (= 2+ 4y + )
veV IRS

< —9.8x% — 3.4x* — 1.5x°.

Thus, the Assumption 3.3 are satisfied. Moreover, we could let ay = 9.8 and C/2 VvV C, V C; < 50. From the
(3.13), we have 7 < 0.0012. Hence the solution of G-SDDEs (4.2) is asymptotically stable in mean square
and quasi-surely asymptotically stable.

Acknowledgements. The authors would like to thank anonymous referees and editor whose remarks and
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