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Extended eigenvalues of 2 X 2 block operator matrices
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Abstract. In this work, the notion of extended eigenvalues of a 2 x 2 lower triangular operator matrix has
been researched. More precisely, the relations between the extended spectrum of a 2 X 2 lower triangular
operator matrix with the spectrum, the point spectrum, and the extended spectrum of its diagonal entries
have been investigated. The obtained results have been supplemented by examples. In addition, some
properties of the extended spectrum of 2 X 2 block operator matrices have been displayed.

1. Introduction

Operators which have a block operator matrix representation arise in different areas of mathematical
physics like ordinary differential equations [9, 12], theory of elasticity [15], quantum mechanics [13], and
optimal control [14]. The spectral properties of the corresponding block operator matrices are crucial, as
it opens up a new line of attack for various problems by describing the solvability and stability of the
underlying physical systems.

One of modern approaches that deals with spectral analysis is the extended spectrum of operators.
Recall that a complex scalar A is an extended eigenvalue of a bounded linear operator A on a Banach Space

E, if there exists a nonzero bounded linear operator X acting on E, called extended eigenoperator associated
to A, and satisfying the following equation:

AX = AXA. (1)
The family of all the extended eigenvalues of an operator A is called the extended spectrum of A, and it
is denoted by o.(A). This notion is related to the simultaneous and independent works of Brown in [4]
and Kim, Moore and Pearcy in [7], as a mean of generalizing the well-known Lomonosov theorem on the
existence of nontrivial hyperinvariant subspace for the compact operators on Banach spaces. Particularly,
they asserted that if the non-zero operator X is a compact operator, then A has a nontrivial hyperinvariant
subspace for any number A € C. The special case, when A = 1 in Eq. (1) for which A commutes with
a compact operator X, refers to Lomonosov’s theorem [8] that is the algebra {A}" of the commutant of A
possesses a common nontrivial invariant subspace.
The structure of the set of extended eigenvalues in the complex plane for bounded linear operators has
various forms. One of the fundamental problems in the theory of extended spectrum is to represent the
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structure of this set. On this way, Biswas, Lambert and Petrovic computed the set of extended eigenvalues
of the integral Volterra operator on the space L*(0,1) (see [2]). In [3], Biswas and Petrovic applied the
Rosenblum theorem [10] leading to derive the following important inclusion:

oe(A) € A € C 1 0(A) N o(AA) # 0},

where o(A) is the spectrum of A. In the same paper, it was proved that this inclusion is an equality on
the finite dimensional spaces. It was revealed in [11] that there are compact quasinilpotent operators, for
which the set of extended eigenvalues is the one point set {1}. Important results in this subject was obtained
by Giirdal in [6], which gave extended eigenvalues and extended eigenoperator of integration operators
on the Winner algebra. In [1], Ammar, Boutaf and Jeribi generalized some obtained results of extended
eigenvalues of a bounded linear operator in Banach space to the closed case and investigated some results
of extended eigenvalues of a 2 X 2 upper triangular operator matrix.

The intrinsic objective of this work is to investigate some results of extended eigenvalues of a 2 x 2
lower triangular operator matrix.

The rest of this paper is organized as follows: In section 2, we display some notations and establish
some results from the theory of the extended spectrum of linear operators. Such results will be used in the
sequel. In section 3, we introduce and study the notion of extended eigenvalues of a 2 X 2 lower triangular
operator matrix. The basic goal of this section is to provide characterizations that describe the relationships
between the extended spectrum of a 2 X 2 lower triangular operator matrix with the spectrum, the point
spectrum, and the extended spectrum of its diagonal entries. The obtained results are illustrated by several
examples. We close this article by setting forward some properties of the extended eigenvalue of 2 x 2 block
operator matrices.

2. Preliminaries

Throughout this paper, let E and F be complex Banach spaces and denote by L(E, F) the set of all
bounded linear operators from E to F. We let £(E) denote L(E, E). The symbols D(A), R(A) and N(A) stand
for the domain, the range and the kernel of a linear operator A, respectively. We will use the notation A*
for the adjoint of A.

Definition 2.1. Let E and F be two Banach spaces and A be a linear operator from E into F.
(i) The point spectrum, o,(A), of A is the set of all eigenvalues of A. That is,

0,(A) = {A € C: (Al - A) is not injective}.
(ii) The spectrum, 6(A), of A is defined by
0(A) ={A € C : A — Al has not a bounded inverse}.

(iif) The resolvent set, p(A), is the complement of the set 6(A) in C.
(iv) The Schechter essential spectrum is defined by

o(A)= [ o(A+K),

KeK(X)
where K(X) stands for the ideal of all compact operators on X. o
Lemma 2.2. [2] Let V € £(L?(0, 1)) be the integral Volterra operator. Hence, dex(V) =]0, oo. o

Proposition 2.3. Let E be a Banach space and A € L(E). Hence, A is injective if, and only if, 0 & Gex(A).
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Proof. To prove the “if "part, let A be injective and suppose that 0 € g.y:(A). Then, there exists 0 # X € L(E)
such that

AX =0. (2)
The fact that A is injective and X # 0, we infer that
AX £0,

which contradicts Eq. (2). To prove the “only if “part, claim that 0 ¢ 0. (A). It follows that

AX #0, forall 0+ X e L(E). 3)
Let X; € L(E) and X, € L(E) such that X; # X,. We have X; — X, # 0, thus from Eq. (3), we deduce that
A(Xy — X5) # 0, and hence AX; # AX,. That is, A is injective. O
Proposition 2.4. [3] Let A be a bounded linear operator on a Hilbert space such that A and A* have nontrivial
kernels. Then, 6. (A) = C. o
Lemma 2.5. [3] Suppose that A € L(E). If 6(A) = {A}, with A # 0, then 0.u(A) = {1}. o

Lemma 2.6. [1] Let A be a closed linear operator on E. If 0 € p(A), then we have
1
A € 0ext(A) if, and only if, 7€ Oext(A71). o

Following the same reasoning of Biswas and Petrovic [3], in which it was demonstrated that the extended
spectrum is invariant under a quasisimilarity, we can set forward the next Lemma:

Lemma 2.7. Let R, S € L(E) such that R has a dense range and S is injective. Then, we have
(1) 0ext(RS) C 0xt(SR).
(i1) If, further R is injective and S has a dense range, then ey (RS) = 0.x+(SR). o

Proof. (i) Let us assume that A € 0.,+(RS), then there exists a nonzero operator X such that

RSX = AXRS. 4)
Multiplying Eq. (4) by R on the left and by S on the right, we obtain

SRSXR = ASXRSR. 5)

In Eq. (5), we have X # 0. The fact that S is injective implies that SX # 0. Since R has a dense range, it
follows that SXR # 0, which assures that A € ¢,.+(SR).

(ii) The inverse inclusion follows by symmetry. O
Using similar methods of Cvetkovié-Ili¢ [5], we can set forward the following Theorems

Theorem 2.8. Suppose that H and K are two Hilbert spaces. Let A € L(H) such that A and A* have nontrivial
kernels and let B € L(K) be an injective operator. Then, there exists D € L(H, K) such that the operator matrix Mp
is injective if, and only if, R(B) is not closed. o

Theorem 2.9. Let H, K be two Hilbert spaces. Let A € L(H) and B € L(K) be given operators. There exists
D € L(H, K) such that R(Mp) is not dense in H x K if, and only if, one of the following conditions is satisfied:

(1) R(B) is not dense in K.
(i1) R(A) is not dense in H. o
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3. Main results

Let E and F be two Banach spaces and consider the 2 x 2 lower triangular operator matrices defined
on E x F by

Mo=(7 3] ©
and

Moz(‘g g) )

where A € L(E), Be€ L(F)and D € L(E,F).

Definition 3.1. Let Mp be the 2 X 2 lower triangular operator matrix defined in Eq. (6). A complex number A is an
extended eigenvalue of Mp if there exists a nonzero 2 X 2 lower triangular operator matrix,

(X 0
X - ( X3 X2 )/ (8)
where X1 € L(E), X3 € L(E,F) and X, € L(F) such that
MpX = AXMp. )

The operator X is called eigenoperator corresponding to A. The set of extended eigenvalues and the set of eigenoperators
corresponding to A are represented, respectively, by 0.x(Mp) and E.(Mp, A) o

Remark 3.2. (i) 0.(Mp) # 0. Certainly, 1 € 0.(Mp) due to
MpX = XMp,

L 0
0 I

(i) If A = B = 0, then 0.w(Mp) = C. In fact, we have for all X5 € L(E, F) \ {0}

0 0 0 0\ _ 1 0 0 0 0

D 0 X3 0] X; 0 D 0}
forany A € C.

(#11) Oext(Mp) = Oext(A) U 0ot (B) U{A € C : there exists 0 # X3 € L(E,F), BX3 = AX3A}.
(iv)If X1, X and X3 are non zeros, then
Oext(Mp) = Oext(A) N 0,(B) N {A € C: DX; + BX3 = AX3A + AX,DY). s

for which X = ( ), where the 11 and I, are identity operators on E and F, respectively.

For an arbitrary 2 X 2 lower triangular operator matrix Mp, a relation between o.(Mp) and the spectrum
of its diagonal entries can be established as follows:

Proposition 3.3. Let Mp be the 2 X 2 lower triangular operator matrix defined in Eq. (6). We have
Oext(Mp) C {A € C: {o(A) No(AA)} U {a(A) Na(AB)} U {o(B) N a(AB)} U {o(B) Na(AA)} # (2)}. o

Proof. From the factorization formula:

Ao\ oI O
MD:(O I)(D 1)(0 B)’ (10)
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it is clear that for every D € L(E, F), we have
o(Mp) € a(A) U o(B).
By using [3, Proposition 2.2], it follows that
Gen(Mp) C {A € C : 6(Mp) N o(AMp) # 0).

Hence,

oext(Mp) C {/\ € C:{0(A)Ua(B)} N{o(AA) Ua(AB)} # (D}
{1 € C:{0(A) N {o(AA4) U a(AB)}} U {a(B) N {0(AA) U a(AB)}) # 0}

{/\ € C:{0(A)No(AA)} U{o(A) Na(AB)} U {o(B) N o(AB)} U {o(B) N a(AA)} # (Z)},
then we reach the desired result. O

Remark 3.4. (i) The inclusion in Proposition 3.3 can be strict. Evidently, let E = F = L*(0,1), A = B = V be the
Volterra operator on L?(0,1) and D = 0 be the zero operator on L*(0,1). We have that

{Aec:ov)nov) =0} =C,

besides am(( ‘0/ 8 )) (A eC: thereexists Xy € LILA0,1)\ (0} such that VX; = AX;V)

U {)\ € C: thereexists X, € L(L*(0,1))\ {0} such that VX, = AXZV}

U {)\ € C: thereexists X3 € L(L?(0,1))\ {0} such that VX3 = )\X3V}

U{AeC: thereexist Xy, X € L0, 1))\ (0} such that VXy = AX,V
and VX, = AX, V)

U {A € C: thereexist X1,X3 € L(L*(0,1))\ {0} suchthat VX; = AX;V
and VX3 = AX;V

U{AeC: thereexist X, Xa € LILA(0,1))\ {0} such that VX5 = AX5V
and VX = AX,V)

U{AeC: thereexist Xy, Xp, X5 € LILX0, 1))\ {0} such that VX = AX,V,
VXp = AXpV, and VX3 = AX3V).

It follows that om(( ‘0/ 8 )) = 0ext(V). Using Lemma 2.2, we obtain

0ext<( ‘5 3 )) =]0, ool.

(i))lf 0(A) = o(B) = {a}, with a # 0, then o.w(Mp) = {1}. Indeed, we have {1} C c.u(Mp) (see Remark 3.2 (i)).
Now,it remains to prove the converse inclusion. Accordingly, let us assume that o(A) = o(B) = {a}. There are four
possible cases: o(A) N a(AA) # 0, (A) N o(AB) # 0, o(B) N 6(AB) # 0 or o(B) N 6(AA)} # 0, which imply that

a € 6(AA) and o € a(AB). Thus, % € (A) and % € 0(B). That is, A = 1. Therefore,

{1 €€ {o(4) No(AA)} U {0(A) N 0(AB)} U {o(B) N 0(AB)} U {0(B) N a(AA)} # 0} = (1.

As a consequence, o.(Mp) C {1}. o
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Proposition 3.5. Let E X F be a finite dimensional Banach space and Mp be the 2 X 2 lower triangular operator
matrix defined in Eq. (6). We have

Oext(Mp) = {/\ € C: {o(A) No(AA)} U {o(A) Na(AB)} U {o(B) N a(AB)} U {o(B) N a(AA)} # (Z)}.
Further, if Mp is invertible, then
Oext(Mp) = :% tAu€ea(A)U o(B)}. o
Proof. Taking into account [3, Theorem 2.5], we obtain
Gen(Mp) = {A € C : 6(Mp) N a(AMp) # 0}.
The fact that E X F is a finite dimensional Banach space, we infer that
o(Mp) = a(A) U o(B),
for every D € L(E, F). So,
0ut(Mp) = {A€C:{o(A)Ua(B)}N{o(A) Ua(B)} # 0}

{1 €€+ {0(4) N 0(AA)} U {o(A) N 6(AB)} U {o(B) N 6(AB)} U {o(B) N 0(AA)} # 0).

Furthermore, if Mp is invertible, we deduce that
A
Gext(Mp) = {p 1A, € o(Mp)).

Hence,
A
Gext(Mp) = {; : A, i€ a(A)Ua(B)). O

The next proposition sets a connection between the extended spectrum of a 2 X 2 lower triangular operator
matrix and the point spectrum of its diagonal elements.

Proposition 3.6. Let Mp be the 2 x 2 lower triangular operator matrix defined in Eq. (6). Then,

{% t 4 €0,(A)U0,(B) and 0% p € 0,(A") U 0,(B")} C 0esxt(Mp). 0
Proof. Using [1, Theorem 3.5],
{% :a€0y(Mp), and 0 £ € o,,(MD*)} C Oext(Mp)
holds. Since 0,(Mp) = 0,(A) U 0,(B), it follows that
{% . a0 €0,(A)Uay(B) and 0 # B € 6,(A) U 0,(B")} C 0exe(Mp). 0

As a direct consequence of Proposition 3.6, we infer the following result:

Corollary 3.7. Let Mp be a 2 X 2 lower triangular operator matrix defined in Eq. (6).

(D) If 1 € 0,(A") U 0,(B"), then 6,(A) U 6,(B) C 0ext(Mp).

(ii) If A and A* (or B and B*) have nontrivial kernels, then o.x(Mp) = C.

(iti) Let A € R. If A € 0,(A) N 0,(A”) or A € 0,(B) N 0,(B), then oex(Al — Mp) = C. o
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Proof. (i) It is clear.

(i1) If A and A* (or B and B*) have nontrivial kernels, then there exist 0 # x e Eand 0 # y € E* (or0 # u € F
and 0 # v € F*, respectively) such that Ax = A*y = 0 (or Bu = B*v = 0, respectively). Hence, the operator

x®y 0 0 0 .
X:( Oy O) (or Xz( 0 u®o ), respectively)

holds forall A € C
MpX = AXMp = 0.
Therefore, o.+(Mp) = C.

(iii) Supposing that A € R such that A € 6,(A) N 6,(A") (or A € 0,(B) N oy(B*)). It follows that 0 € g,(AI - A) N
o,(AI-A)*) (or0 € op(AI-B)N 0p((AI - B)"), respectively). As A is a real number, 0 € op(AI=A)Nop((AI-A))
(or 0 € 0,(AI = B) N0, ((AI = B)"), respectively). Departing from (ii), we conclude that ge (Al = Mp) = C. I

The reader could ask if there exists an inclusion between c,y(Mp) and 0.x+(A) U 0ex(B). In general case,
this question has a negative answer as shown by examples below.

Example 3.8. Let E = F = R? and Mp be the 2 X 2 lower triangular operator matrix defined on R* X R? by

1 0 0 0
35 0 0
Mb=lg 7 4 ¢
8 10 11 3
PutAz(; g)’B:(141 g)andDz(Z 170).Wehavethato(A)z{1,5}ando(B)={3,4}.Then,
1
{rec:a@)nora) =0} =152},
5
43
{AeC:oB)na(AB) £ 0} ={1, 3 Z}’
1155
{)\eC:a(A)ﬂa(/\B)i@)}:{g,:l,g,z},
and 34
{AeC:aB)no(ra) 0} =34, = 5}

Applying Proposition 3.5, it follows that

143115534
UCXf(MD) - {1/3/4/5/ g/ g/ Z/ g/ Z/ 5/ Z/ g/ g}
Besides,
143
Oext(A) U 0oxt(B) = {1,5, 53 Z}
That is,

Gext(MD) ¢ Gext(A) U Gext(B)' o

Example 3.9. Let H and K be two Hilbert spaces. Let A € L(H) such that A and A* have nontrivial kernels and let
B € L(K) be an injective operator with R(B) is not closed. Then, there exists D € L(H, K) such that

aext(A) U Uext(B) ¢ Oext(MD)-
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Absolutely, using Theorem 2.8 leads to Mp being injective. According Proposition 2.3, we get
0 ¢ 0ext(Mp).

On the other side, relying on the fact that A and A* have nontrivial kernels together with Proposition 2.4, allows us
to deduce that
oext(A) = C.

Consequently,
Oext(A) U 0ext(B) = C. ¢

In the following lines, we show relations between the extended spectrum of a 2 x2 lower triangular operator
matrix and the extended spectrum of its diagonal entries, respect to some conditions.

Theorem 3.10. Suppose that Mp is the 2 X 2 lower triangular operator matrix defined in Eq. (6) and consider the
2 x 2 lower triangular operator matrix, X, defined in Eq. (8). We have the following assertions:

(i) Suppose that DX, = AX,D, forany A € C.
If Ae Gext(A) U Uext(B)/ then A € Gext(MD)' (11)

(i) If X1 # 0 or X, # 0, then
Oext(Mp) C 0ext(A) U 0,xt(B). (12)
&

Proof. (i) Assume that DX; = AX,D, for any A € C and suppose that A € 0ex(A) U 0ext(B). There are two
cases. If A € g.(A), then there exists X; € L(E) \ {0} such that AX; = AX;A. In this case, we have

MpX = AXMp,

(X1 0
X = ( G 0 )
Thatis, A € 0ext(Mp). If A € 0,x(B), then there exists X, € L(F) \ {0} satisfying BX, = AX,B. In this case, X in
Eq. (8) can be chosen as
0 0
(o x.)

MpX = AXMp,

where

in such a way that

As a consequence, A € g¢(Mp).

(i7) Note that 0ext(A) U 0ext(B) # D as 1 € 0ext(A) U 0xt(B). Now, let A € 0.¢(Mp). Consider the following cases:
First case, if X; # 0, then Eq. (9) implies, in particular, the existence of X; € L(E) \ {0} such that

AXy = AX4A.

That is,
A € 0o (A).

Therefore,
A € Oext(A) U 0ext(B).

Second case, if X, # 0, the use of Eq. (9) leads, in particular, to the existence of X, € L(F) \ {0} such that
BX, = AX,B.
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In other words,

A € Gext(B).

Consequently,

Ae Oext(A) U Oext(B)' |

Remark 3.11. (i) The converse of implication (11) in Theorem 3.10 is not always true. In fact, let A = I be the
identity operator on E = L2(0,1), B = V be the Volterra integral operator on F = L?(0,1), and let D = 0 be the zero
operator on L2(0,1). Obviously, we have that DX; = AX,D, for any A € C. On the one hand, we have that

am(( (I) 8 )):{AEC: there exists ( ))2 )(()2 );t( 8 8 ) such that

I 0 X1 0 ) _ 1 Xy 0 I 0 }
0 VIIXs X "\ X3 X o v [y
which implies that

oext(( (I) 3 )) = {)\ € C: thereexists X; € L(L*(0,1))\ {0} such that X, = AXl}

U{AeC: there exists X € L{L2(0,1))\ {0} such that VX, = AX,V)

U {/\ € C: thereexists X3 € L(L?(0,1))\ {0} such that VX5 = )\X3}

U {)\ € C: thereexist X1, X, € L(L?(0,1))\ {0} such that X; = AX;
and VX = AX,V}

U{AeC: thereexist X1, X5 € LIL*0,1))\ (0} such that Xy = AX;
and VX3 = AX3)

U{AeC: thereexist X, Xa € LILA(0,1))\ {0} such that VX5 = AX;
and VX, = AX, V)

U {/\ € C: thereexist X1, X, X3 € LL*0, 1))\ {0} such that X; = AXq,
VX = AXV, and VX5 = AX},

We have that

{AeC: thereexists X, € LILA(0,1))\ {0} such that VXp = AXV} = 0eu(V),

and
{AeC: thereexists X € LIL*(0,1))\ {0} such that VX5 = AXa} = o(V),

Since, 0¢(V) =]0, oo (see Lemma 2.2) and o(V') = {0}, these allow us to deduce that

wl( g v ))

{11U]0, co[UfO} U {1} UOUO U D

= [0,
On the other hand, it is easy to check that o.(I) = {1}, so we get

Oext(I) U 0x(V) =0, 00l.

As a result, there exists A =0 € am(( 0 Vv

I0 )) However, A =0 & 0oy (I) U 0o (V).
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(i) If X1 = Xo = 0, then there is no inclusion relation among Gex(A) U Oext(B) and c.(Mp). Indeed, let H be a
Hilbert space, A € L(H) such that 0(A) = {A} with A # 0, B = I be the identity operator on H and D € L(H). Then,
the use of Lemma 2.5 implies 0¢x(A) = {1}. Thus, we obtain

U@xt(A) U Gext(l) = {1}

On the other side, we have
am(( A0 )) = {/\ € C: thereexists X3 € L(H)\ {0} such that

D I
A0\ 0 0)_ (0 0} A O }
D INXs 0]\ xs 0/\D 1
={AeC: thereexists Y3 € L(H)\ {0} such that (A—%I)Y3=O}
1
= {3
That would be obvious if A & {—1, 1}. o

Corollary 3.12. Suppose that A = B and DX; = AX,D, for any A € C. Then,
A € Oext(Mp) if, and only if, A € Gext(A). o

Proof. Let A = Band DX; = AX,D, for every A € C. Assume that A € g,(A). From Theorem 3.10 (i), we get
A € 0exi(Mp). Conversely, let A € 0,(Mp). Based on Theorem 3.10 (ii), it is sufficient to prove A € g, (A) if

X of Eq. (8) is equal to ( )?3 8 ) . In this case, Eq. (9) implies that there exists X5 € L(E) \ {0} satisfying
AX; = AX3A.
Consequently, we obtain A € g.(A). O

The following theorem extends results obtained in Theorem 3.10 from bounded 2 X 2 lower triangular
block operator matrices to invertible closed ones.

Theorem 3.13. Let E and F two Banach spaces, we consider an unbounded 2 X 2 lower triangular block operator
matrix defined on D(Mp) = D(A) X D(B) € E X F by

MD=(,/_I)‘ g) (13)

where A and B are, respectively, two closed linear operators on E and F and D € L(E,F) such that 0 € p(A) N p(B).
Consider the 2 X 2 lower triangular block operator matrices, X, defined in Eq. (8). Then, we have the following
assertions:

(i) Suppose that DX; = AX,D, for any A € C. Hence,
if A€{0ext(A)U0ext(B)}\ {0}, then A € oexy(Mp) \ {O}. (14)
(i1) If we have Xy # 0 or X, # 0, then

Oext(Mp) \ {0} € {0exi(A) U oot (B)} \ {0} (15)

Proof. First, if we claim that A and B are closed linear operators and D is a bounded linear operator, then
Mp with its domain D(A) X D(B) is closed since it is the sum of a closed and a bounded operator. Since
0 € p(A) N p(B), we infer that 0 € p(Mp) such that

Al 0

My =\ _gipa g
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(i) Again, relying on the fact that 0 € p(A) N p(B) together with Lemma 2.6 allows us to deduce that
A€ {Gext(A) U Gext(B)} \ {0} lf/ and Only 1f/ % € {Oext(A_l) U Gext(B_l)} \ {0}

Based on Theorem 3.10 (i), we get

1 -

X € Uext(Mpl) \ {0}
Again, regarding to Lemma 2.6, we have

Ae Gext(MD) \ {0}

(i) The fact that 0 € p(Mp) together with Lemma 2.6 leads to
A € ex(Mp) \ {0} if, and only if, % € oea(Mph) \ {O}.
Theorem 3.10 (ii) allows us to conclude that

T € (A7) U (B (0).
Using again Lemma 2.6, it follows that

A € {0ext(A) U dext(B)} \ {0} O
In the last part of this section, we give some sufficient conditions to obtain o.x(Mp) = Gext(Mo).

Theorem 3.14. Let A € L(E) and B € L(F). If 0,(A) N o5(B) = 0, then for every D € L(E, F)
Oext(Mp) = Gext(MO)‘ %

Proof. Let A € L(E) and B € L(F). If we suppose that 0,(A) N 0s(B) = 0, then the same reasoning as in the
proof of [1, Lemma 3.8] allows us to deduce that for every D € L(E, F), the equation YA — BY = D has a

solution —Y. Hence,
I 0
mo=(y 7 (& 7).

where ( _IY (I) ) is the inverse of ( 11/ (I) ) . Now, if we claim that A € 0,;(Mp), then there exists a nonzero

2 x 2 lower triangular operator matrix, X, such that

MpX = AXMp.
10 I 0 10 I 0
(3 TPl TPy Tl 5 7).

{409 S

In other words, there exists a nonzero block operator matrix
I 0 Xy 0 I 0
-Y I Xz X5 Y I

~ be 0
- -YX; + X3 + XY Xp )/

It follows that,

Thus, we obtain

Z

satisfying T A2 M
04 = 0-

So, A € 0ext(My). The proof of the opposite inclusion follows the same way:. O
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Theorem 3.15. Let Mp be the 2 X 2 lower triangular operator matrix defined in Eq. (6). If one of the following
conditions is satisfied:

(1) 0 € p(B) and ( B‘IlD ? ) commutes with every X € Ep(Mp, A).

(i) 0 € p(A) and ( szl’l (I) ) commutes with every X € Ep(Mp, A).

Then,
Oext (MD) = aext(MO)l

for every D € L(E,F).

Proof. (i) The fact that 0 € p(B) implies that
A 0 I 0
MD‘( 0 B )( BD I )

I 01). . . . I 0
B1D | )15 invertible w1th( _BD |

there is a nonzero 2 x 2 lower triangular operator matrix, X, such that

Observe that ( ) is its inverse. Actually, let A € g.+(Mp) hence

MpX = AXMp.

Hence,
I 0 I 0
MO( BD | )X—/\XMO( BD | )

So, we have
I 0 I 0
MO( BD I )X( _BD I ):/\XMO.

B’Il D (I) ) commutes with every X € E,(Mp, A). It follows that

Since (
MoX = AXM.

The proof of the inverse inclusion can be checked in a similar way.

(i1) The proof of the item (i) follows by the same reasoning as (7). O

Theorem 3.16. Let A € L(H) and B € L(K) be given injective operators such that R(A) dense in H and R(B) dense
in K. Then,
Oext(Mp) = 0ext(Mo),

for every D € L(H, K). o

Proof. We have the following formula

woe (5 V)b 7)o 5 )

PutR = 0 I andS:(LI) (I))((I) g):([l) g,).SinceA,Bandlareinjective,onecancheck

easily that both R and S are injective. Moreover, A, B and I have dense ranges. According to Theorem 2.9,
we infer that both R and S have dense ranges. Now, applying Lemma 2.7 leads to

Ge(Mp) = 0(SR) = am(( K ) ) (16)
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forall D € L(H,K). So, if D = 0, we get

Oext(Mp) = 0ext(Mo),

which ends the proof. O
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