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Some results of Fredholm perturbations of multivalued linear operator
in normed spaces
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Abstract. In the present paper, we establish first the relation between the perturbation of upper Fredholm
and strictly singular, and then the relation between lower semi-Fredholm and strictly cosingular linear
relations. Most importantly in Theorem 3.4, we show that P(¥_(X, Y)) coincides with SC(X, Y). We bring to
light, the relationship between the essential spectra of a multivalued linear operator and its selection

1. Introduction

The theory of multivalued linear operators has proved to be distinct from the theory of single valued
linear operators (especially see [7]). In fact, there arose some problems when applying the theory of single
valued to multivalued linear operators. This is why there emerged a need to formulate fundamental
concepts related exclusively to multivalued linear operators or simply linear relations. In general, linear
relations appeared in Functional Analysis with J. Von Neumann [10] who shed light on the adjoints of
non-densely defined linear operators and the inverses of certain operators.

In this paper, let X and Y be two normed linear spaces. A linear relation T from X to Y is a mapping
from a subspace D(T) = {x € X : Tx # 0} C X, called the domain of T, into P(Y)\{0} ( the collection of
nonempty subsets of Y ) such that T(a1x1 + azx2) = a1T(x1) + aT(xz) for all nonzero scalars a1, ap and
x1, X2 € D(T). If T maps the points of its domain to singletons, then T is said to be single valued or simply
an operator, that is equivalent to T(0) = {0}. The collection of linear relations is denoted by LR(X, Y) and we
write LR(X) = LR(X, X). A linear relation T € LR(X, Y) is uniquely determined by its graph, G(T), which is
defined by
G(T) = {(x,y) eXxY:xeD(M)andy e Tx}.
The inverse of T € LR(X, Y) is the linear relation T~! defined by

GT ) ={(y,x) e YxX: (x,y) € G(T).
Let T, S € LR(X, Y), then the linear relation T + S is defined by

G(T+9) ={(,u+0) € XxY: (x,u) € G(T) and (x,v) € G(S)}.
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IfT e LR(X,Y) and S € LR(Y, Z), then the composition or product ST € LR(X, Z) is defined by
G(ST) = {(x,2) e XX Z: (x,y) € G(T) and (y,7) € G(S) for some y € Y}.
If M is a subspace of X such that M N D(T) # 0, then Tpinpry = T is defined by
G(T) = {(x,y) € G(T) : x € M.

We write S € T if G(S) € G(T) and we say that T is an extension of S if T/ps) = T. The notations
R(T) and N(T) for a linear relation T denote respectively the range and the null space of T, defined by

R(T) = {y: (x,y) € G(T)} and N(T) = {x € D(T) : (x,0) € G(T)} T is said to be surjective if R(T) = Y.
Similarly, T is said to be injective if the null spaces N(T) = T-}(0) = {0}. When T is both injective and
surjective, we say that T is bijective.

The quotient map from Y into Y/T(0) is denoted by Qr. Clearly QrT is single valued and the norm of T
is defined by ||T|| = [|QrT|l and ||Tx|| := ||QrTx]| for all x € I(T). We say that T € LR(X,Y) is continuous
if ||T|| < oo; bounded if it is continuous and D(T) = X; open if T~ is continuous; closed if its graph is a
closed subspace. We denote the set of all closed and bounded linear relations from X to Y by CR(X, Y) and
BR(X,Y) respectively. If X =Y, we have CR(X, X) = CR(X) and BR(X, X) = BR(X).

LetT € LR(X,Y). We say that T is compact if QrT(Bx) is compact and By is the unit ball of X. T is precompact
if QrT(Bx) is totally bounded. We denote the class of all compact linear relations by KR(X, Y).

If M and N are subspaces of X and of the dual space X’ respectively, then

M+ {x’ €X' : x'(x)=0 forallx € M}, and
NT = {xeX:¥(x)=0 forallx¥ € NJ.

Let T € LR(X, Y). The adjoint of T, which is T, is defined by
G(T)=G-TH* cY xX,
where ((y,x), (', x')) = {x,x") + (y, y’). This means that
(y',x") € G(T") if, and only if, 'y — x’x = 0 for all (x, y) € G(T).
The adjoint or conjugate T’ of a linear relation T € LR(X, Y) is defined by
G(T)=G-THr cY xX,
where ((y,x), (v, x")) = {x, x") +{y, y') = xx’ + y'y. For (y’, x") € G(I") we have y'y = x’x whenever x € D(T).

Let E be a subspace of a normed linear space X. We denote the natural injection map from E into X by Jri.e.,
for x € E, J[gx = x € E. The families of infinite dimensional and the class of all closed infinite codimensional
subspaces of X are denoted by 7 (X) and &(X) respectively. Perturbation theorems recalled below are the
following operational quantities, see Cross [7, Definition IV.1.1 ].

T(T) = inf{|ITlmll : M € T(D(T))},
A(T) = sup {[(Tl) : M € T(D(T)},
I'(T) = inf{[IQu/YTIl : M € e(Y),

A/(T) = sup {I"(QuT) : M € &(Y)}.
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We say that T is strictly cosingular if A’(T) = 0. Itis proved in [7, Theorem V.2.6] that T is strictly singular
if, and only if, A(T) = 0.

For T € LR(X,Y), we write a(T) = dim N(T), f(T = dim Y/R(T) and the index of T is the quantity
(T) = a(T) - B(T).
A linear relation T € LR(X, Y) is said to be upper semi-Fredholm and denoted by T € ¥, (X, Y), if there exists
a finite codimensional subspace M of X for which the restriction T/ is injective and open.
T is said to be lower semi-Fredholm and denoted by T € F_(X, Y), if its conjugate T' is upper semi-Fredholm.
The class of Fredholm linear relation is defined by 7 (X, Y) = F (X, Y) N F_(X, Y).

In the case where X and Y are two Banach spaces, we extend the classes of closed single valued Fredholm
type operators given earlier to include closed multivalued operators. Note that the definitions of the classes
F+(X,Y)and F_(X, Y) are consistent

D,(X,Y) ={T € CR(X, Y) a(T) < 00 and R(T) is closed in Y,
®_(X,Y) = {T € CR(X,Y) : B(T) < o and R(T) is closed in Y},

T is said to be semi-Fredholm (resp. Fredholm) relation if T € (X, Y) U ®_(X,Y) = D.(X,Y), (resp.
TeD,(X,Y)ND_(X,Y)=D(X,Y)).

If X =Y, we have by F1.(X, X) = F+(X), F-(X, X) = F-(X), SS(X, X) = 55(X), SC(X, X) = SC(X), F (X, X) =
F(X), D4+(X, X) = D1(X), D+(X, X) = D (X), (X, X) = P.(X) and D(X, X) = D(X).

It is worth noting that the study of multivalued Fredholm linear operators was tackled by D.Wilcox
in his PhD thesis. In fact, he investigated some properties of multivalued Fredholm linear operators in
normed linear spaces. For more information, we may refer to [11].

We denote by L(X, Y) the classes of all bounded operators. An operator T € £(X,Y) is called Riesz
operatorif A — T € ®(X,Y) for all scalars A # 0.

Let T € LR(X,Y) and let Gr denote the graph operator of T, i.e., Gr is the identity injection of Xt into X
(Grx = x) and Xr is the vector space D(T) endowed with the norm ||x||7 = ||x]| + ||Tx|| for x € D(T).

Let T € LR(X). The resolvent set T is the set defined by
p(T = {)\ € C: A — T is bijective, open a with dense range}.

So, by virtue of Closed Theorem for linear relations (see [7, Theorem I11.4.2 ]), when A is closed and X is a
Banach space, this coincides with the set

p(T) = {A € C: (A -T)!is everywhere defined and single Valued}.

The spectrum of T is the set o(T) = C\p(T).

In recent years, several authors have extended the notion of the essential spectra to linear relations. We

can cite as example [2, 3, 6, 11]. Let T € LR(X). We define the essential spectra of T by

01(T) = (AeC:A-T¢F (X))},

o(T) = {AeC:A-T¢F (X))},

03(T) = {AeC:A-T¢F.(X)},

oa(T) = (AeC:A-T¢F (X))},
o5(T) = {A€eC:A-T¢F(X)andi(A-T)=0}.
Remark 1.1. (i) In [11, Proposition 8.2.9], the other proved that

063(T) - Gel(T) c 064(T) - aeS(T) - G(T)

(i) 0e1(T") = 0e2(T). In fact, let A & 0.1 (T") if, and only if, (A = T") € F(X) if, and only if, (A = T) € F.(X) if, and
only if, (A = T) € F_(X) if, and only if, A ¢ c(T).
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This paper is organized as follows: In the next section, we recall some definitions and results from the theory
of linear relation which will be used extensively in the sequel. In section 3, we establish some perturbation
results. Most importantly in Theorem 3.4, we show hat P(¥_(X, Y)) coincides with SC(X,Y). We bring to
light, the relationship between the essential spectra of a multivalued linear operator and its selection.

2. Preliminaries

In this section we recall some results of the theory of linear relations which will be needed in the
following sections. That’s why, we start by giving some auxiliary results from the theory of linear relations.

Proposition 2.1. [7, Definition I1.5.1 and Proposition I1.5.3 ] Let T € LR(X, Y). Then
(i) T is closed if, and only if, T~1 is closed if, and only if, T(0) is closed and QT is closed.
(i1) If T is continuous, D(T) and T(0) are closed, then T is closed.

Proposition 2.2. [7, Proposition I1.5.13] Let T be closed and F C Y be finite dimensional, then QrT is closed.

Definition 2.3. [7, Definition 1.5.1] A single-valued linear operator, S, is called a linear selection of a linear relation

T if
T= S +T =T with D(S) = D(T).
——
single valued part

Then for x € D(T), we have Tx = Sx + T(0).
Remark 2.4. Let T € LR(X, Y).
(i) If P is a linear projection with D(P) = R(T) and N(P) = T(0), then PT is a linear selection of T.

(i1) If T has a continuous linear selection S, then T is continuous with ||T|| < ||S||.

Proposition 2.5. [7, Proposition VII.2.2] Let T € LR(X, Y) and suppose S € LR(X, Y) satisfies D(T) € D(S) and
5(0) c T(0), and is T-bounded with a,b > 0,b < 1 such that for x € D(T), ||Sx|| < allx|| + blITx||. Then the norm ||.||r
and ||.||r+s are equivalent.

Proposition 2.6. [7, Definition V.1.1] The following equivalences hold:
() T € F(X,Y) if, and only if, QrT € F+(X, Y/T(0)).

(ii) T € F_(X,Y) if, and only if, QrT € F_(X, Y/T(0)).

Lemma 2.7. [7, Corollary V.7.7 and Proposition V.5.11] Let T € LR(X, Y) and let M C Y such that dim(M) < oo.
Then

(i) T € F+(X,Y) if, and only if, QuT € F+(X, Y/M).
(i) T € F-(X,Y) if, and only if, QuT € F-(X, Y/M).

Proposition 2.8. (i) [7, Corollary V.2.5] Let T € LR(X, Y).
T € F+(X, V)if, and only if, TGr € F+ (X1, Y).
(ii) [7, Proposition V.5.24] If TGr € ¥_(X1,Y), then T € ¥_(X, Y).

(iii) [7, Corollary V.5.27] Let T € LR(X, Y) such that T is closable.

T € F_(X,Y) if, and only if, TGy € F_(X7,Y).
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Lemma 2.9. (i) [7, Proposition IV.5.11] Let T, S € LR(X, Y). Then
(T +S) < A'(JyT) +T'(S).
(ii) [11, Corollary 4.2.9] Let T € LR(X, Y). Then
I'(yT) = (T),
(iif) [11, Proposition 4.2.5] Let M C Y such that dim(M) < oo and dim(Y) = co. Then
I"(QmT) = I'(T) and A'(QmT) = A'(T).
In his book [7], R.W.Cross has introduced some results for the perturbations of ¥, (X,Y) and F_(X, Y).

Theorem 2.10. (i) [7, Theorem V.2.4] Let T € LR(X, Y) and dim(D(T)) = oo.
T € F.(X,Y) if, and only if, T(T) > 0.
(i7) [11, Corollary 4.2.9] Let dim(Y) = oo and dim(T(0)) < 0.
T e F-(X,Y) if, and only if, I"(T) > 0.

Theorem 2.11. [7, Theorem V.3.2] Let S,T € LR(X,Y) and let S(0) C m
IFAGS) <T(T), then T+ S € F (X, Y).

The following Corollary is a direct consequence of Theorem 2.11.

Corollary 2.12. Let S, T € LR(X, Y) and let S(0) C T(0).
IfTeF (X, Y)and S € SS(X,Y), then T+ S € Fo (X, Y)and T - S € F (X, Y).

Remark 2.13. The inclusion S(0) C W is believed to be necessary (see [7, Example V.3.1]).

Theorem 2.14. [7, Theorem IV.29] Let T € LR(X,Y) and S € LR(Y, Z).
If T is an operator, then A(ST) < A(S)A(T).

Proposition 2.15. [7, Proposition IV.5.8] Let T € LR(X,Y) and S € LR(Y, Z) such that T(0) C D(S). Then
AN (ST) < ||ITIA(S).

3. Main results

In the last years there have been many studies of the peturbation of upper, lower semi Fredholm and
Fredohlm perturbation for single valued operators ( see, for example [4, 5, 8, 9]). These studies of Fredholm
theory and perturbation results are of a great importance in the description of the essential spectrum. For
this, it seems interesting to study some perturbation results of multivalued linear in normed linear spaces.

Lemma 3.1. Let S € LR(X,Y) such that dim(5(0)) < co.
OT+S-SeF (X Y)ifandonlyif, T € F.(X,Y).

(@) T+S-SeF_(XY)ifandonly if, T € F_(X, Y).
(i) T+S-SeFXY)if,andonlyif, T € F(X,Y).
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Proof. (i) [7, Lemma V.7.8].
(i1) We have

Qs(T+S5-5) = Qs(T)+Qs(S—95) = Qs(T). )

Since T+ S-S € ¥2(X,Y) and dim(5(0)) < oo, then by using Lemma 2.7 (iii), Qs(T + S - S) € F_(X, Y). It
follows from Eq. (1) that QsT € ¥_(X,Y). Hence, T € ¥_(X, Y). Conversely, we suppose that T € F_(X,Y),
then by Proposition 2.6 (ii), we have QsT € ¥_(X,Y). From Eq.(1), it follows that Qs(T + S - S) € F_(X, Y).
Thus using Lemma 2.7 (ii), we have T+ 5 - S € F_(X, Y).

(iii) The proof may be checked in the same way as the proof of (ii). O

Definition 3.2. Let S € LR(X, Y) such that dim S(0) < oo.

(1) S is called an upper semi-Fredholm perturbation if T + S € F,(X,Y) whenever T € F,(X,Y).
(ii) S is called lower semi-Fredholm perturbation if T + S € ¥_(X,Y) whenever T € ¥_(X,Y).
(iii) S is called a Fredholm perturbation if T + S € (X, Y) whenever T € F(X,Y).

The sets of upper, lower semi-Fredholm and Fredholm perturbations are denoted by P(F..(X, Y)), P(F-(X, Y))
and P(F (X, Y)) = P(F+(X, Y)) N PF_(XY)) respectively. If X =Y, we get P(7+(X)) = P(F+(X X)),
PF_(X)) := P(F_(X, X))(X, X) and P(F (X)) := P(F (X, X)).

KX, Y) = (K e KR(X,Y) : dim K(0) < oo}

and

K,y(X,Y) := {K is precompact : dim K(0) < oco}.

In general we have :

KX, Y) c P(F.(X, X))

and _ _
KX, Y) CKy(X,Y) C P(F-(X, X)).

Remark 3.3. If X is a Banach space and S € L(X), the pre-mentioned sets coincide with the sets of Fredholm, upper
semi-Fredholm and lower semi-Fredholm perturbations respectively in [9, Definition 2.1.13].

Theorem 3.4. Let X and Y be two normed linear spaces, we have

(&) P(F+(XY)) = SS(X,Y).

(i) P(F-(X,Y)) = SC(X, Y).

(#i) P(F (X, Y)) = SS(X,Y) N SC(X, Y).

Proof. (i) Let T € ¥,(X,Y) and S € S5(X, Y) such that dim(5(0)) < co. We have

Qs(T+S) = QsT+QsS.

Since T € ¥+(X, Y) and dim(5(0)) < oo, then by Lemma 2.7 (i), QsT € F+(X, Y/5(0)). Moreover, QsS is strictly
singular and single valued. Therefore, applying Theorem 2.11 we obtain QsS + QsT = Qs(S + T) is upper
semi-fredholm, which implies that T + S € F,(X,Y) (see Proposition 2.6 (7)). Thus S5(X,Y) C P(F+(X, Y)).
For the reverse inclusion, let S ¢ S5(X, Y) then by Theorem 2.10 (iii) A(S) > 0, there exists M € 1(D(T)) such
that I'(S|p) > 0. Let T € LR(X, Y) such that D(S) = M and T = —S|y.Then

(T inf ||T
(T) NE}{})(T»II Nl

inf ||S|manll
NeI(M)

T(Slw) > 0.
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Hence by Theorem 3.1 T € F.(X,Y). Moreover, we have T+ S = S — S|y ¢ F.(X,Y), then S ¢ P(F.(X,Y)).
Therefore P(F.(X,Y)) c SS(X, Y).
(i) Let T € F_(X,Y) and S € SC(X, Y) with dim(5(0)) < co. We have
QsT Qs(T) + QsS — QsS
Qs(T +S) - QsS,

and so from Lemma 2.9, we obtain

'(QsT) < T'(Qs(T+95)) + A(QsS). 2)
Since dim(S(0)) < oo, then by Lemma 2.9 (iii) A’(QsS) = A’(S) = 0. Moreover, since T € ¥_(X,Y) and
dim(5(0)) < oo, thus QsT € F_(X,Y). Hence I"(QsT)) > 0. So that by Eq.(2), we obtain I"(Qs(T + S)) > 0, then
T+ S e F_(X,Y). Therefore SC(X,Y) c P(F_(X, Y))

For the reverse inclusion, let S ¢ SC(X,Y). Then A’(S) > 0 and hence there exist N € &(Y) such that
I"(QnS) > 0.
Let T € LR(X, Y) such that dim(T'(0)) < oo, D(T) = M € &(Y), N Cc M and [JyTx = —]ySx (x € M). Then

'(T) Inf{|lQm/yTlIM € &(Y)}

inf{|QmJyS|IIM € e(Y) and N Cc M}
= T’(QnS) > 0.

Hence by Theorem 3.1(ii) T € ¥-(X, Y). While

I'(T+S) I'(JyT + JyS) (By Lemma 2.9)
(T = IyT)

= 0,

thenT + S ¢ 7_(X,Y). Thus S ¢ P(F_(X, Y). Therefore P(F_(X,Y)) c SC(X,Y).
(iii) we have

PTF(X,Y))

PIF+X V) NPEF-(X,Y))
P(F(X,Y)) = SS(X,Y) N SC(X, Y).

|
Proposition 3.5. Let T € LR(X,Y) and S € LR(Y, Z).
i) If T is an operator continuous and S € P(F.(Y, Z)), then ST € P(F+(X, Z)).
i) If T € LR(X,Y) and S € P(F_(Y, Z)) such that T(0) € D(S) and S is continuous,
then ST € P(F_(X, Z)).

Proof. i)Since S € P(F.(Y, Z)), then it follows from Theorem 3.4 that S € SS(Y, Z) which implies that A(S) = 0.
The use of Theorem?2.14 leads to A(ST) < A(S)A(T) = 0. Thus A(ST) = 0 which implies that ST € SS(X, Z).
Therefore ST € P(F. (X, Z)).

ii) Since S € P(F_(Y, Z)), then it follows from Theorem 3.4 that S € SC(Y, Z) which implies that A’(S) = 0.
Since 5(0) ¢ D(T) and S is continuous, then by Proposition 2.15, we get A’(ST) < ||IT||A’(S) = 0. Hence
A’(ST) = 0 and therefore ST € SC(X, Z). This yields ST € P(¥_(X,Z)). O

Definition 3.6. Let X and Y be two normed spaces, A € LR(X,Y) and let T € LR(X,Y) be an arbitrary linear
relation. We say that T is A-Fredholm perturbation if TG € P(F (X4, Y).
T is called upper ( resp., lower ) A-Fredholm perturbation if TGa € P(F+(Xa,Y) (resp., TGa € P(F-(Xa, Y)).

Let AP(F (X, Y)), AP(F+(X,Y)) and AP(F-(X,Y)) designate the set of A-Fredholm, upper A-Fredholm and lower
A-Fredholm perturbation respectively.

If X = Y, we get AP(F (X)) = AP(F (X, X)), AP(F+ (X)) = APF.(X, X)) and APF(X)) = APF_(X, X)).
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Proposition 3.7. Let X and Y be two normed spaces, A € LR(X, Y) such that A is continuous.
(@) P(F+(X)) € AP(F+(X)).
(i) P(F_(X)) c AP(F_(X)).
Proof. (i) Let T € P(F+(X)). Since A € LR(X, Y) such that A is continuous, then G4 is the graph operator of
A.Letx € X, then

IGaxlla = llxll + [|Ax]|

< x| + Mllx|| = (1 + M)||x]| (as A is continuous),

thisimplies that G4 € £(X4, X). From Proposition3.5, it follows TG4 € P(F+(Xa,Y)). Hence T € AP(F+(X, Y)).

(i) Let T € P(F-(X,Y)) and we have G4 € L(X4, X). Using Proposition3.5, we get TG4 € P(F-(Xa, Y)).
Hence T € AP(F+(X,Y)). O

Theorem 3.8. Let T € LR(X,Y) and A € LR(X,Y) such that T(0) c A(0), D(A) € D(T) and T is A-bounded.
WIfFAeTF (X, Y)and T e AP(F+(X,Y)), then A+ T e F.(X, Y).

(i) If A € F_(X,Y) such that A is closable and T € AP(F_(X,Y)), then A+ T € F_(X,Y).

Proof. (i) Since A € F.(X,Y), then it follows from Proposition2.8 that AGs € F.(Xa4,Y). Assume that
T € AP(F+(X,Y)), hence TG4 € F,(X4,Y), allows us to deduce that TG4 + AGa € F(X4,Y). This shows
that (T + A)Ga € ¥+(X4, Y). Hence by the equivalence ||.||4 and ||.|[7+4, we get (T + A)GasT € F+(Xa+1, Y). by
Proposition2.8, we get T + A € 7,(X, Y).

(i) Since A € F_(X,Y) such that A is closable, then it follows from Proposition2.8 that AG4 € F_(X4,Y).
Assume that T € AP(F_(X,Y)), hence TG4 € F_(Xy,Y), allows us to deduce that TG4 + AG4 € F_(Xy4,Y).
Which implies that (T + A)Ga+r € F-(Xa+1, Y). by Proposition2.8, weget T+ A € F_(X,Y). O

Proposition 3.9. Let T € LR(X).

() If S € P(F(X)). then 6 (T + S) = 0 (T).
(i) If S € P(F_(X)), then 6,2(T + S) = 0,2(T).
(iii) If S € P(F=(X)), then 6,3(T + S) = 0.3(T).
(iv) If S € P(F (X)), then 0e4(T + S) = 0.4(T).

Proof. (i)LetA ¢ 0,(T). Then A —-T € F.(X). Also S € P(F+(X)), which implies that A - T - S € F,.(X). Hence
A —=(T +S) € F+(X), which yields that A ¢ g,1(T + S). Therefore o1 (T + S) C g1 (T).

Conversely, let A ¢ 0,1(T+S). Then (A — (T +S)) € F+(X). Moreover, since S € P(F,(X)), hence A-T-S+S €
F+(X). By Lemma 3.1 (i), we deduce that A — T € F,.(X). Thus A ¢ 0,1(T). Therefore c,1(T) C 0.1(T + S).
Statements (ii), (iii) and (iv) can be checked in the same way as (i). [

Theorem 3.10. Let T € LR(X,Y) and A € LR(X, Y) such that T(0) c A(0), D(A) € D(T) and T is A-bounded.

() If T € AP(F+(X)), then
Uel(T + A) = Gel(A)'

(i) If T € AP(F_(X)) and A is closable, then

GeZ(T + A) = Oel(A)'

Proof. (i) Let A ¢ 0.1 (T + A). Then, A = T — A € F.(X) and we have T € AP(7+(X)), using Theorem3.8, we
get A —T - A+ A € Fi(X). This show that A — A € F.(X). Thus A € 0,1(A). 0e1(A) C 01 (T + A)

Conversely, Let A € 0,1(A). Then, A — A € F,(X) and we have T € AP(F.(X)). Using Theorem3.8, we get
A-T-AeFi(X).A¢&da(T+ A). Therefore 6,1 (T + A) C 7e1(A).

The proofs of (if) may be achieved by following the same reasoning in (i). O
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In what follows, we will introduce some properties of linear selections and we will show that the essential
spectra of a linear relation is stable with the essential spectra of its selection.

Proposition 3.11. Let T € LR(X, Y) such that dim(T(0)) < oo and let S be a selection of T.
() IfSeCRX,Y), then T € CR(X,Y).
() IfSeF(XY) then T € F(X, Y).
@) IfSe F_(X,Y), then T € F_(X, Y).
(W) IfSeF(XY) thenT € F(X,Y).
Proof. (i) Let S be a closed selection of T, then T =S+ T — T and
QrT = Qr(S+T-T)=QrS. 3)

Since S is closed and dim(T(0)) < oo, then by Proposition 2.2 (i) Q7S is closed.This implies that QrT is closed
by referring back to Eq.(3). Moreover T(0) is closed. Then we have by Proposition 2.1 that T € CR(X, Y).
(i1) Since S € F4(X,Y) and dim(T(0)) < oo, then using Lemma 2.7 (i), we infer that QrS € F.(X, Y). Hence it
follows from Eq.(3), that QrT € F.(X, Y). Therefore, T € ¥,(X, Y).

Statements (iif) and (iv) can be checked in the same way as (ii). O

Theorem 3.12. Let T € LR(X) such that dim(T(0)) < oo and let S be a selection of T. Then
GEi(T) = O‘61‘(5)/ l = ]-/ 2/ 3/ 4

Proof. Let A ¢ 0,1(T). Then A = T € F,.(X). Also S is a selection of T, thus T = S + T — T, which implies that
A=S+T-T € F,(X). Moreover, we have dim(T(0)) < co. From Lemma 3.1 (i), it follows that A — S € ¥, (X).
Then A ¢ 6,1(S). Therefore 6,1(S) C 0,1(T).

Conversely, let A ¢ 0,1(S). Then A — S € F.(X). Thus using Lemma 3.1 (i), we have A =S+ T - T € F,(X)
which implies that A — T € F,.(X) (as S is a selection of T ). Therefore o,1(T) C 0.1 (S).

For i = 2,3, 4, their proof may be checked in the same way. [

Remark 3.13. Let S be a selection of T such that dim(T(0)) < oo.

If S is a Riesz operator, then 0,;(T) ={0},i=1,2,3,4.

In fact, using the preceding Theorem, we have c,1(T) = 0,1(S). Since S is a Riesz operator, then 0,1(S) = {0}, which
implies that o, (T) = {0}.

Fori =2,3,4, their proof may be checked in the same way.

Theorem 3.14. Let X Banach spaces. Let S1 and Sy be selections of T1 and T, respectively such that S1,S, € L(X),
dim(T1(0)) < oo and dim(T>(0)) < oo.
(1) If 5152 € P(F+)(X) and 5,51 € P(F1)(X), then

0e1(T1 + T2)\{0} = [061(T1) U 0,1 (T2)]\{0}.
(ii) If 5152 € P(F-(X)) and 5,51 € P(F_(X)), then

0e2(T1 + T2)\{0} = [062(T1) U 0,2(T2)]\{0}.
(iii) If 5152 € P(F (X)) and S251 € P(F)(X), then

Oes(T1 + T2)\{O} = [0ea(T1) U 004(T2)]\{0}.
Proof. (i) Let A € 0.1(T1 + T2)\{0}. Since dim((T; + T2)(0)) < oo, then by using Theorem 3.12, we have
A € 0.(51 + S2)\{0}. Hence, it follows from [1, Theorem 2.2] that A € [0.1(51) U 0.1(52)]\{0}. Moreover,
dim(T1(0)) < o0) and dim(T>(0)) < co. Then, by Theorem 3.12, we have A € [0,1(T1) Uo.1(T2)]1\{0}. Conversely,

by using the same reasoning, we find the result.
Statements (if) and (iii) can be checked in the same way as (i). O
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