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On the set of all 7-convergent sequences over different spaces
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Abstract. In this article we elaborately study certain characteristics of the set of all 7-convergent sequences
over various topological spaces. Earlier results of different authors were concerned regarding the closeness
property of the sets: set of all bounded statistically convergent sequences, set of all bounded statistically
convergent sequences of order ¢, set of all bounded 7-convergent sequences over the space £* (£*- endowed
with the sup-norm) only. On this context apart from this observation other properties (like connected and
dense) of all three above mentioned sets have not yet been discussed over any other spaces. Our approach
is to examine different behaviors of the set of all 7-convergent sequences over different spaces. Finally we

are able to exhibit a condition over sequence spaces for which the set of all 7-convergent sequences form a
closed set.

1. Introduction

In the year 1951, a subject was commenced as a generalization of usual convergence which is known as
statistical convergence. Interestingly Fast [8] and Steinhaus [19] (see also [17]) explored the same conception
independently in their own way. So many years later in 1980 and 1985 authors Salat [15] and Fridy [9]
respectively portrayed such remarkable works in this aspect and since then, the topic has become the other
genre of domain of research. The definition of statistical convergence is expressed below as: If IN denote
the set of all natural numbers and K € IN then K(m, n) (where m,n € IN) denotes the cardinality of the set
K N [m,n]. The upper and lower natural (or, asymptotic) densities of the set K are defined by

d(K) = lim sup K(i' ") and d(K) = liminf K, n)

Hsoo noe 1

It E(K) = d(K), then we say that the natural density of K exists and it is denoted by d(K) and clearly
. K(,n)
d(K) = lim ——.

n—oo
A sequence x = {x,},en of real numbers is said to be statistically convergent to a real number c if for
any ¢ > 0, the set Ki(¢) = {n € IN : |x, — c| > €} has natural density zero. According to the notion of Salat
we denote by m the set of all bounded statistically convergent sequences (see [1, 12, 18, 20] where other
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references can found).
We state here some necessary results which play a relevant role in our work.

Theorem 1.1. [15, Theorem 2.1] The set my is a closed linear subspace of the linear normed space £ (£*- endowed
with the sup-norm).

Theorem 1.2. [15, Theorem 2.2] The set my is a nowhere dense set in £*° (£°- endowed with the sup-norm,).

There after a more generalized version of statistical convergence which is known as statistical con-
vergence of order a was improved by Colak [5] and is defined as follows: Let 0 < @ < 1 be a real
number. The upper and lower natural (or, asymptotic) densities of order « of the set K(C IN) are defined by
—a K(1 K(1
7' (K) = timsup S8 o104 @ (K) = lim inf S0

o o
oo M n

CIf Ea(K) = d“(K), then we say that the natural density of

K(1
order a of K exists and it is denoted by d*(K) and clearly 4*(K) = lim %

Contextually, a sequence x = {x,},en of real numbers is said to be statistically convergent of order « to a

1
real number ¢ if for any ¢ > 0, lim ﬁl{k <n:lx —{€] > €}| = 0. We follow the notation m{ to denote the set
n—o00

of all statistically convergent sequences of order «a [2, 4].
Immediate after, following the line of work of Colak [5], Bhunia et al. [4] established the following
theorem:

Theorem 1.3. [4, Theorem 3] For a fixed a, 0 < a < 1, the set m§ N € is a closed linear subspace of the linear
normed space £ ({*- endowed with the sup-norm).

Further to this, in the beginning of the 215t century the creation of J-convergence marked an epoch
in this field. We remember Kostyrko et al. [11] for this significant direction of research. The concept of
I-convergence was formed on the structure of the ideal 7 of subsets of the set of natural numbers which
substantially grown up as a further generalization of statistical convergence and statistical convergence of
order a. Several works have been done on J-convergence in the last twenty years (see [3, 6, 10, 16]). We
now recall some relevant definitions and results.

Definition 1.4. [10, 11]. A family I c 2N is called an ideal if
(i)oel,

(ii) A,B € T implies AUB € 1,

(iii) A€ I,B C AimpliesB € 1.

The ideal 1 is called non-trivial if T # {@}and N ¢ 1.

Definition 1.5. [10, 11]. A non-empty family § C 2N is called a filter if

)o¢d,

(ii) A,B € § implies AN B € §,

(iii) A € §, A C B implies B € §.

Clearly I c 2N is a non-trivial ideal of N iff § = §() = (K ¢ N : N\ K € I} is a filter on IN, called the filter
associated with I. A non-trivial ideal I is called admissible if I contains all the singleton sets. Throughout in this
paper we take I as a nontrivial admissible ideal in IN.

Definition 1.6. [10, 11]. Let T c 2N be a proper ideal in IN. A sequence {x,},en of real numbers is said to be
I -convergent to ¢ € R, if for each € > 0, the set K(¢) = {n € N : |x,, —c| > €} € 1.

If x = {x,}nen is T-convergent to c then we write 7 —limx = c or 7 —lim x,, = c¢. We introduce the set F(J)
as follows:
F(I) = {x = {x4}nen is a sequence of real numbers : J —limx € R}.
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Definition 1.7. [7, 12]. A sequence x = {x,}nen 0f real numbers is said to be 1-bounded if there exists a positive real
number G such that the set {(n €e N : |x,,| > G} € 1.

Theorem 1.8. [10, Theorem 2.3] Suppose that I is an admissible ideal in IN. Then F(I) N € is a closed linear
subspace of the linear normed space £ (£*°- endowed with the sup-norm).

Theorem 1.9. [6, Theorem 8] Let m, denote the norm linear space of all bounded double sequences of real numbers

(with norm, ||x|]| = sup |[Xuu| where {Xun}lmnen). The set of all bounded I,-convergent double sequence of real
mmneN
numbers form a closed linear subspace of the linear normed space my, when I, is a non-trivial admissible ideal of

IN x IN.

The demonstration of literature survey assures that all the three sets mg, mj N > and F(Z) N ¢* had have
been studied only over the space {*-endowed with the sup-norm. Our focus is to furnish the nature of the
set F(I) (irrespective of boundedness) over topological spaces which are may or may not be metrizable. In
this short note we improve the characteristic of the set of all 7-convergent sequences on sort of topological
aspect. Further more, on a conclusion we could able to possess a condition over sequence spaces for which
the set of all 7-convergent sequences form a closed set.

2. Main Results

In this section our first context of observation is product topological space.

Let RN denote the set of all real sequences and 7,, : RN — R be a projection mapping such that
(X1, X2, X3, e X1, Xy Xus1, ) = X for all {x,},en € RN, Let us define the collection S, = {n,‘,}((u) :
U isopenin R} and S = U S,i. The topology generated by the subbasis S is called the product topology

melN
over RN [14].

Example 2.1. The set F(I) is not a closed set in RN with product topology.

Proof. Let us consider 7; = {A € N : d(A) = 0}. Therefore 7; forms an admissible ideal in IN. Our intension
is to show, there exists a sequence {x("},.c in F(Z ;) such that x® — x as n — co where x € RN with product
(”)}

topology, but x does not belong to the set F(Z,). Let x™ = {x,"};en,

=

£ 1, ke{1,3,5,...,2n -1},
0, otherwise.

Clearly each 7; — lim x™ = 0 where n € N. Setting x = {xy}xenw Where

. 1, ke2m—-1:meNN},
kT 0, otherwise.

Let U = Hui be a basis element for the product topology that contains x = {x}ren € RN. Then there
ieN
exists an integer p such that U; = R for all i > p. Hence x € U for all n > p. This implies limx™ = x.
n—oo

For each ¢ (where 0 < ¢ < 1), neither the set {k € IN : |x; — 0] > €} nor even the set {k € IN : |x; — 1| > ¢}
belong to 7. Hence we conclude that x does not belong to the set F(Z;). O
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From the construction of Example 2.1 it is clear that F(Z) N £* is not a closed set over RN with product
topology.

Theorem 2.2. The set F(I) is dense in RN with product topology.

Proof. Leta = {ay,ay, ...} be a point of RN and U = HU,- be a basis element for the product topology that
ieIN

contains a. Then there exists a positive integer m such that U; = R for all i > m. Setting the point x = {x}reN

where

_ax, ke{1,2,3,..,m -1},
"~ lay, otherwise.

Thus the point x of F(I) belongs to U since a; € U; foralli <mand a; € U; foralli > m. O

Next we move to establish another result.

Theorem 2.3. The subset F(I) of RN forms a connected set with product topology.

Proof. Let R" denote the subspace of RN consisting of all sequences x = {x;}xen such that x; = 0 fori > n. The

space R" is clearly homeomorphic to R” and so it is connected. Let R* = Uﬁ" Since we know that R™ is
ieEN

connected and closure of R is equal to RN, so from the above Theorem 2.1 it is clear that R* c F(Z) R*.

Hence F(Z) is connected in RN with respect to product topology. [

If we replace F(Z) by F(X) N £* in Theorem 2.2 and Theorem 2.3 then the results are remain unaltered.
We proceed further to discuss classification of the set F(1) over box topology.

Let us take a basis for a topology on the product space RN which is of the form Hﬂm where each U,
meN
is an open set in IR. The topology generated by this basis is called the box topology over RN [14].

Now we figure out some more results over box topology.

Theorem 2.4. The set F(I) is closed in RN with box topology.

_— 1 1
Proof. Let x = {xt}xew € F(Z). Consider the basis element U = H(xk - ﬁ,xk + ﬁ) which contains x.
kelN

Then there exists an element y = {yxlken € F(Z) such that y € U NF(I) and 7 —limy = &. Let € be a
positive real number, then there exists a natural number kj such that % < 5. Therefore {k € IN : |y, — &] <
stNiko ko +1,ko+2,..} Sk € N : |x — & < &} € F(Z). Hence the result. [

Example 2.5. The set F(I) is neither dense nor connected in RN with box topology.

Proof. Let x = {xg}xen € RN be defined as

= 1, ke{2m—-1:meIN},
k- 0, otherwise.

Then the openset U = (1-1,1+1) x (0 - %,0 + %) X (1- %,1 + %) X (0 — }I,O + i) X ... contains the point x
but F(Z7) N U = @. So F(I) is not dense in RN,
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Now we proceed to the second part of the example. We can express RN as the union of the set A
consisting of all bounded sequences of real numbers and the set B of all unbounded sequences of real
numbers. Both the sets are nonempty, disjoint and open in the box topology [14]. Hence the set F(1) can be
rewritten as F() = P U Q, where P = F(Z) N A is the set of all bounded statistically convergent sequences
of real numbers and Q = F(Z) N B is the set of all unbounded statistically convergent sequences of real
numbers. These sets P and Q are nonempty, disjoint and open in the subspace topology. Thus, F(Z) is not
connected. [

After an extensive discussion regarding product topology and box topology we like to insight into Fort
space.

Let X be an arbitrary infinite set and p be an arbitrary but a fixed point in X. A topological space (X, 7)
is called the Fort space if 7 consists of all those subsets of X which do not contain p and all those subsets of
X which are complements of finite subsets.

Example 2.6. The set F(I) may or may not be closed but neither connected nor dense in the Fort space over RN with
respect to a fixed point p of RN.

Proof. 1f p ¢ F(I') then F(J) is neither closed nor connected infact it is an open set. So we assume p € F(J).
Let us choose an element q € F(Z) such that p # 4. Then the singleton set {g} is open as well as closed and
thus F(Z) is a disconnected set. Next, let x be an element in RN \ F(7). Since p € F(Z) so the singleton set {x}
is open. So x is not a limit point of the set F(J). Thus, F(7) is a closed set. Also we draw conclusion that the
set F(I) is not dense in the Fort space over RN. [J

If we consider RN with discrete topology then on a very obvious note either F(Z) or F(I) N £ are both
clopen sets but neither dense nor connected.

In this study we are also concerned about two notable topological spaces such as co-finite and co-
countable topologies over RN. We find F(7) is dense and connected but not closed under these topologies.

Apart from topological spaces we like to draw attention over some sequence spaces. First we count
Hilbert-Cube Space.

Let Hs, denote the set of all real sequences {x,},en such that 0 < x, < 1 for all n € IN and the distance
function p be defined by

(e8]

1
p(x, y) = Zﬁuk = Yil,

k=1
where x = {x}reny and v = {yxlren belong to He. This distance function p along with the set Ho, forms a
metric space. The space is known as Hilbert-Cube Space and is denoted by the symbol He.

We now sketch an example that shows the above Theorems 1.3 & 1.8 do not follow the closeness char-
acter while replacing ¢* by He,.

Example 2.7. The set F(Z) N Hy is not a closed set in He.

Proof. Let Iy« = {A € N : d*(A) = 0} in the range % < a < 1. Then 1 4 forms an admissible ideal in IN. We

consider x = {x}({”)}keN € F(I#)NHy forn=1,2,3,...and x = {x;}ren in Heo.

Now we show that x — x asn — co but x ¢ F(I ) N He.
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Let, x = {x]((l)}keN where

x(l) _ 1, ke {12,22,32,...},
k 0, otherwise,

x@ = (x©@

. )}kEN where

x(z) _ 1, ke {12,22,32,...} U {3},
k10, otherwise,

@ =

' }ken Where

~ {1, ke(12,23,3,..)U 3,5,
-

0, otherwise,

(Vl)}

x = {x""};en Where

k

o |1 ke(12,22,3%,.)U3,5,..,2n -1},
~ 10, otherwise

and so on.

Clearly each 74 —lim x® = 0 where n € N. Setting the sequence x = {xy}xeny Where

1, ke{12,22,32, .yu2m—-1:me NN},
Xk = .
0, otherwise.

Now,

o0 1
; M = 1 2 () _
Jim p(x 'x)‘ﬂﬁ‘o[k_l 2k xk']

= lim(

n—oo

1 1 1
22n+1 + 22n+3 + 22n+5 + )

:lim(i{1+21—2+%+...}):li 1 4

This implies lim x" = x in He,. For each 0 < ¢ < 1 and for x = {X}ren,
n—oo

Ade)=tkeN:|x—0>¢} ={1%2%3%, . JU{2k—1: ke N} ¢ T,

B(e)=lkeN:|x—1]> e} =N\ ({1%,2%,3%, .. JU{2k—1:k e N}) ¢ T 4.

Hence x ¢ F(Z 4.) N He and our assertion is proved. [J

m-——.- =
,1_>o<,22n+1 3

1718

Remark 2.8. From the above example it comes out that the space mg N He or m§ N Hoo N €% is not closed in He.

[13, Example 2.1]
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We approach onwards to the Fréchet metric space and like to continue our discussion.

Let F denote the set of all real sequences. Also let the distance function o be defined by

o 1 =yl
G(x,]/)ZZ Y

TR par—
k:12 1+|xk yk|

where x = {xi}kenw and y = {yxJren are elements of F. This distance function ¢ forms a metric over F and
hence F is called Fréchet sequence space or Fréchet metric space.

Example 2.9. The set F(I') does not form a closed set over F.

Proof. To prove this example we find out a sequence {x(},n in F(Z) which converges to an element x in F
but that x does not belong to F(7).

Consider the sequence x = {x,((”)}kE]N foralln € N, x = {x;}xen and the ideal 74 = {A € N : d*(A) = 0}
where 1 < a <1 as defined in Example 2.7.

Then "
=01 Y -l
limo(x™, x) = lim 2 —kkT
n—oo e 201+ g -l
, = 1 1
= Mim, Y. % X5
k=2n+1
ke{2m—1:meN}N(N\{12,22,...})
<1 1 1 I 1 4
S ML 22n+1 + 22n+3 + 22n+5 T = nl_{ﬂ,zz;qﬂ 37

This implies ¥ — xin F as n — oo. But for each ¢ such that 0 < ¢ < 1 and x = {xi}ten the set
Ae) ={ke N:|x—0] > ¢} =1{1%2,22,32, .} U {2k =1 : k € N} ¢ T 4. Hence the result. [

Remark 2.10. We could draw two conclusions from the above Example 2.9 as follows:

(i) the set of all statistically convergent sequences of order « is not closed in Fréchet sequence space [13, Example 2.2].
(ii) the set of all bounded statistically convergent sequences of order « is not closed in Fréchet sequence space [13,
Remark 2.3].

Suppose (X, p) be any metric space. We introduce the set Fx(J) as follows: Fx(Z) = {x = {x,}sen : eachx, €
Xand 7 —limx € X}.

Finally at this stage we would like to impose certain conditions over any arbitrary sequence space under
which the set Fx(Z) becomes closed.

Theorem 2.11. Let (X, o) and (XN, 0) be two complete metric spaces where g and o be chosen in such a manner such
that o(xx, yx) < Mo(x, y) for all k € IN, M is a fixed positive real number and x = {Xi}ren, YV = {Yi}ken are elements
of XN. Then Fx(Z) forms a closed set in X™.

Proof. In the sequence space XN, we define the sequences as x = {x"};ay € Fx(Z) for all n € N and
2 — x = {x¢Jrenw in XN as 1 — oo. Therefore o(x™, x) — 0 as n — co. We establish that x € Fx(7).

Let 7 —limx™ = &, € X where n € N. We prove the theorem in two steps:
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Step (i): To show that {&,},en is a convergent sequence in X.
Step (ii): Finally 7 —lim x = &, where lim &, = €.

Step (i): Since, o(x™,x) — 0asn — oo so for each ¢ (0 < ¢ < 1) there exists a natural number 1 such that

(1) 4(0) €
o(x",x\") < forallu,v >n

= Q(x]((“),x,(:’)) < g forall u,v > ngand k € N.

Let U(§) = (ke N : o(x,&,) < §}and V(§) = {k € N : o(x\”, &) < £}. Clearly U(£) and V(£) belong to
§() and U(5) N V(5) # @ since @ ¢ F(I).
Now we choose a natural number k such that k € U(5) N V(5) and hence

Q(él{/ gv) < Q(éur x]({u)) + Q(x;(u), x](:])) + Q(x](cv), Ev) <e¢forall u,v> no.

Therefore {&,}nen is @ Cauchy sequence in a complete metric space (X, g). So there exists an element
& € X such that limé&, = €.
n—oo

Step (ii): Since o(x™,x) — 0 and (&, &) — 0 as n — oo, then there exists my € N such that

o(x?), x) < ﬁ and o(&p, &) < % for allp > mg

= ("), x) < % and o(&p,, &) < g forall k € N.

Now o(x, &) < 00", ) + 0™, &) + 0(Emy, &) < 0™, &) + % for all k € N. So we get {k € N :
o, &) > e} ClkeN: ("™, &) > S} e 1. O

Remark 2.12. If we replace XN by any complete subspace of YN of XN in the Theorem 2.4 and assume the inequality
holds over the space YN then Fx(Z) N YN forms a closed set over YN.

As an immediate consequence of the above theorem an important question arises that “Does there exist
such metric o over XN such that the hypothesis of the Theorem 2.11 is satisfied?”

Our following remark is the definite answer to this question.

Remark 2.13. (i) Let us define a metric 6 on RN by o(x,y) = supld(xi, yi) : k € IN}, where d is the standard
bounded metric on R. Then the metric o is called the uniform metric on RN [14]. For any positive real number ¢ in
0,1), lxx — yil < 0(x,y) < € satisfies for all k € N, M = 1 and x = {X}en, Y = {Yiken are in RN, Similarly F(T)
forms a closed set in RN.

(ii) The space £ consists of all bounded sequences of real numbers with that metric o(x,y) = suplxy — Yl
kelN
where x = {xrJkenw and y = {yrlren belong to . If we choose any positive real number e however small then

vk — vl < o(x,y) < ¢, forallk € N, M =1, x = {Xkhken, ¥ = {Yilkew are in XN, Then F(X) N €= is a closed set in
€ [10, Theorem 2.3].

(iii) Let p > 1 be a fixed positive real number. By definition, each element in the space (¥ is a sequence x = {Xi}xeN
1

P

of real numbers such that lekV” < oo and the metric is defined by o(x, y) = lek —ylP| where x = {xi}en and
k=1 k=1

Y = {yikew belong to {F. Choosing any positive real number € however small, |x, — yi| < o(x,y) < &, forallk € N,

M =1and x = {xghen, Y = {Yilken are in €. Therefore F(I) N £¥ is a closed set in {F.
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