Filomat 37:7 (2023), 1997-2012
https://doi.org/10.2298/FIL2307997S

(S
&

o

4y
2 &
iy oS’

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia

Available at: http://www.pmf.ni.ac.rs/filomat

&
Ipapor®

Homoclinic solutions and periodic solutions of complex-valued neural
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Abstract. In this paper, a class of complex-valued neural networks with time-varying delays is studied.
By employing an extension of Mawhin’s continuation theorem and an approximation technique, several
sufficient conditions of the new results on the existence of homoclinic solutions and periodic solutions are
established. Moreover, the asymptotic behavior of solutions via the Lyapunov function is also investigated.
Finally, for the purpose of validity, an example is given to illustrate the effectiveness of main results.

1. Introduction

In this paper, we consider the following complex-valued neural networks with time-varying delays:
dz,(t) i i
— == d Oz, + ) O fyeg®) + ) buOf 2t = () + Hy(), (1.1)
q=1 q=1

where z,(t) = x,(t) + iy,(t) denotes the complex-valued state vector associated with the p-th neuron, p,
q=1,2,---,n,nis the number of neurons. For convenience, z,(t), x,(t) and y,(t) are denoted as z,, x, and y,,
respectively. This model describes the continuous evolution process of the neural networks. d,(t) € Ris the
self-feedback connection weight, a,,(t), by,(t) are complex-valued connection weight matrices without and

with time delays respectively. f,(z;), 7,(z;) : C — C are the activation functions of the neurons. H,(t) € C is
the external input vector. 7,,(t) > 0 correspond to the transmission delays.
The model (1.1 can be rewritten in vector form as follows,

2(t) = =D(t)z(t) + A() f(z(t)) + B(t) f(z(t — (1)) + H(H), (1.2)
where z(t) = (z1(t), z2(f), ..., zo(t))T € C" is the state vector, D(t) = diag(di(t), da(t), ..., du(t)) € R" with
d, > 0(p = 1,2,...,n) is the self-feedback connection weight matrix, A(t) = (ay5)uxn € C™" and B(t) =
(bpg)uxn € C™" are, respectively, the connection weight matrix without and with time delay, f(z) =
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(fi(z1 (1), fo(z2(1)), oo fu(za()T : € — C", and f(z(t — (1)) = (fi(z1(t = T1(F))), fa(z2(t — T2(H))), o.es fr(Zn(t —
7,(t))))"T : C" — C" are the vector-valued activation functions without and with time delays whose el-
ements consist of complex-valued nonlinear functions, 7(f) > 0 correspond to the transmission delays,
H(t) = (Hi(t), Hao(t), ..., Hy(f)) " € C" is the external input vector-valued function.

A complex-valued neural network which can be regarded as the extension of real-valued neural net-
works in some sense is one that processes information in the complex plane; that is, its state, connection
weight, and activation function are complex-valued. It has been discovered essentially useful in extending
the scope of their applications in optoelectronics, filtering, imaging, speech synthesis, computer vision,
remote sensing, quantum devices, spatiotemporal analysis of physiological neural devices and systems,
and artificial neural information processing, see [2], [4], [6], [7], [8], [9], [13], [20], [28] and the references
therein.

Compared with the real-valued neural networks, it is more difficult to study the dynamic behaviors of
complex-valued neural networks since complex-valued neural networks are quite different and have more
complicated properties than the real-valued neural networks. Moreover, a source of instability for neural
networks is time delay which inevitably exists in the implementation of artificial neural networks due to
the finite switching speed of amplifiers or network congestion. Therefore, stability analysis for delayed
complex-valued neural networks has become an important research topic and various criteria have been
developed in the literature in recent years, see [5], [8], [16], [17], [19], [21], [22], [23], [25], [26], [27], [29]
and the references therein. For example, in [8], Hu and Wang studied global stability for the following
complex-valued recurrent neural networks with time-delays of the form:

2(t) = =Dz + Af(z(t)) + Bg(z(t — 7)) + u,

where z = (21,22,...,2,)" € C" is the state vector, D = diag(d;, dy, ..., d,) € R™" with di>0(j=12.,n)is
the self-feedback connection weight matrix, A = (ax)nxn € C"™" and B = (bjk)nxn € C™" are, respectively, the
connection weight matrix without and with time delays, f(z(t)) = (fi(z1(t)), f2(z2(1)), ..., fu(za(})))T : C* — C"
and g(z(t — 1)) = (g1(z1(t — 71)), g2(22(t — T2)), e Gu(Zn(t — T1)))T : C" — C" are the vector-valued activation
functions without and with time delays whose elements consist of complex-valued nonlinear functions,
7i(j = 1,2,...,n) are constant time delays, u = (1, uy, ..., ;)" € C" is the external input vector. By considering
two classes of activation functions and different approaches, the authors systematically studied the stability
problem of the complex-valued recurrent neural networks.

In [17], Pan et al further discussed the exponential stability of a class of complex-valued neural networks
with time-varying delays of the form:

dZ;:t) = — dizi(t) + Z (ZUkjfj(Zj(t)) + Uk]-gj(zj(t - Tj(t))) + Ik,

=

where zi(f) = () + iyk(t), k, j = 1,...,n. n is the number of units in the neural networks, z(t) corresponds
to the state variable, dy(dy > 0) represents the neuron charging time constant, fi(z;), gj(z;) : C — C are
the activation functions of the neurons, wy;, v; € C stand for the weights of the neuron interconnections,
Jx € C is the external bias, and 7;(t)(0 < 7;(t) < 1) corresponds to the transmission delays. By using the
conjugate system of the complex-valued neural networks and the Brouwer’s fixed point theorem, sufficient
conditions to guarantee the existence and uniqueness of an equilibrium are obtained.

As we all know, the problem of existence of homoclinic solutions and periodic solutions is one of the most
important problems in qualitative theory of differential systems. However, to the best of our knowledge, the
corresponding theory of homoclinic solutions for the complex-valued neural networks with time-varying
delays is not investigated till now.

Motivated by the above discussion, in this paper, we aim to study the existence of homoclinic solutions
and periodic solutions of by applying an extension of Mawhin’s continuation theorem and some
analysis techniques. Moreover, we also study the asymptotic behavior results of the solutions for (L.2). It
is worthy to point out that it is the first time to investigate the homoclinic solutions for the complex-valued
neural networks with time-varying delays.
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As is well known, a solution u(f) of is named homoclinic (to 0) if u(t) —» 0 and ¥’(t) — O as [{| — +oo.
In addition, if u # 0, then u is called a nontrivial homoclinic solution.

In order to study the existence of homoclinic solutions for the system (L.I), from the work in [12], [15],
[18], [24], we can know that the existence of a homoclinic solution of is obtained as a limit of a certain
sequence of 2kT-periodic solutions for the following equation:

dz,(b)
dt

= —dy(O2p(t) + Y A fy(z(B) + Y b8 fy 2t = Ty () + Hy, (8, (13)
q=1 q=1

where k € N, Hp, : R* — Cis a 2kT-periodic function such that

i < [P0 LT~ o) )
P H, (kT — e9) + D0 4 jr 4 ), ¢ € [KT — &0, kT], '

€0

where ¢y € (0, T) is a constant independent of k. The existence of 2kT-periodic solutions to (1.3) is obtained
by applying an extension of Mawhin’s continuation theorem [14]. The contributions and novelties are
stated as following;:

o The existence of 2kT-periodic solutions of time-varying delayed complex-valued neural networks has
been studied, which is more generalized than the previous T-periodic solutions.

e Homoclinic solutions is firstly considered for the time-varying delayed complex-valued neural net-
works, which has never been studied before.

e Asymptotic behavior of the solutions is also investigated, some previous stability results on the
complex-valued neural networks with constant delays can be extended.

The remainder of this paper is organized as follows. In Section [2, we will give some definitions and
some useful lemmas. Section B|and []is devoted to establishing some criteria for the existence and globally
exponentially stability of homoclinic and periodic solution for (I.2). Finally, in section 5} an numerical
example is given to illustrate the effectiveness of the obtained results.

2. Preliminary

Throughout this paper, we define

4,y = max sup |a,,(H)l, bys = max sup |by(H)l, dpe = max sup |dyq(t
pq iy telllz)l pq( I8 g by te]II{D| pq( )l Pz s te]113| pq( )IP
a_ = min infla, ()|, b. = min inf|b,,(t)|, d = min inf|b,,(t)|.
=P1 T 1<pgsn te]R' o 1<p,q<n te]R' o™ 1<p,qn te]Rl pa()l

Notations i denotes the imaginary unite, that is, i = V~1. z(t) represents the complex-valued function,
that is, z(t) = x(t) + iy(t), where x(t), y(t) € R". R" and C" denote the n-dimensional real spaces and complex
vector spaces respectively.

For convenience, throughout this paper, || - [ly denotes the Euclidean norm on RR. For each k € IN, let

Caur = {plgp € C(R,R), @y (t + 2kT) = @, (1), p = 1,2, ...,n},

Cyr = {@ploy € CLR,R), @y (¢ + 2KT) = (1), p = 1,2, ..., 1]

and [lg,llo = max sup |z,(t)|. If the norms of Cyr and ClkT are defined by || - llc,, = Il - llo and llpllcr =
1<p<t te[0,2kT] : w

1
max{||@pllo, ||(p;,||0}, then Cyr and C;kT are all Banach spaces. Furthermore, for ¢, € Cxr, llgpll2 = (f_kkTT |(p,,(t)|2di‘)2 .
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Lemma 2.1. Ifp : R — Ris continuously differentiable on IR, a > 0 is a constant, then for every t € R, the following

inequality holds:
(pPds) +a(a) f

(oo <oy ft i

—a

t+a

|<o’<s)|ﬁds) .

t+

This lemma is a special case of Lemma 2.2 in [24]].

Lemma 2.2. [24] Let ¢y € C),. be a 2kT-periodic function for each k € N with

llprlo < Ao, lgillo < A1, g llo < Az,
where Ay, A1 and A, are constants independent of k € IN. Then there exists a function ¢ € C'(R,R) such that for
each interval [c,d] C R, there is a subsequence {¢x;} of {Qrlken with @) (t) — @ (t) uniformly on [c, d].
]

By separating the state, the connection weight, the activation function and the external input into its
real and imaginary part, then system can be rewritten as follows forp = 1,2,-- -, n,

d t n n n
x;t( ) = —d,(t)x,(t) + Z aﬁq(f)ff(zq(t)) - Z aéq(t)fql(zq(t)) + Z bglfq(t)ff(zq(t — Tp(1)))
q=1 g=1 7=1
n @.1)
= Y (0 F gt = () + HE ),
q=1
and
dy,(t n n n
y;t( ) _ —dy(OYp(H) + Y Ak (O f1z(0) + ) ab (O fR(z(B) + ) bR (Of1 Gt = T (D))
=1 g=1 g=1
2.2)

+ Y0 (OFR 2yt = 1 (0) + H), (),
q=1

where () = Re(z,(), y,(t) = Im(z(8)), % () = Re(@yy(t), aby(t) = Im(@y(t), b, () = Relbyy(t)), bhy(t) =
Im(by (1)), HA(t) = Re(H, (1), Hy(t) = Im(H, (), fR(zy(H) = Re(fy(zy(1), f1(zg(8)) = Im(fy(zq(5), f¥(zq(t
qu(t))) = Re(fq(zq(t - qu(t)))) fql(zq(t - qu(t))) = Im(fq(zq(t - qu(t))))-

Define Uy = Vi = {zp(t) =xp(t) +1iyy(t), xp € Corr, Yp € Cur,p = 1,2, ...,n} with the norm

lIzpllu, = max sup |[z,(t)] = max sup [|x,(t)| + max sup |y,(t)].
1<p<n ye0,2kT] 1<p<n ye0,2kT] 1<p<n pel0,2kT]

Then Uy and V} are Banach spaces when they are endowed with above norm.

Forp=1,2,---,n,we denote

n

Byalt) = = dy (B, (B) + ) aR (DR (1) = Y aby (O f1g(D) + Y bR (O (4t = T (D)
g=1 q=1

9=1

d (2.3)
= Y (0 fl gt — Ty (0) + HE (0,
q=1
and
Wy (£) = = dp(t)y,(H) + Z ay, () f1(zq(1)) + Z ab, (R (zy(t)) + Z B ()£ 24t = Tpa(H)
q=1 q=1 g=1
(2.4)

+ Y B O£yt - ) + HL, (0.
gq=1
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Now, define the operator

L:D(L) c Uy — Vi, Lzp = z;,

and define the nonlinear operator

Dy (t)

N:Qc U — Vi, Nz, = (\pry(t)

), zZp € U.
where Q is an open bounded subset of Uy. Clearly, the problem of the existence of a 2kT-periodic solution

to (L.3) is equivalent to the problem of the existence of a solution in Q for the equation Lz, = Nz,.
By simply calculating, we have

2kT
kerL = {z,, € Uilzy =ce ]R}, ImL = {zp € Vk,f zy(s)ds = 0} 0
0

Therefore, L is a Fredholm operator of index zero.
Define

2kT 2kT
P: Uy — kerL, Pz, = T f zp(s)ds, Q: Vi = Vi/ImL, Qz, = *T f zy(s)ds.
0 0

Itis easy to verify that P and Q are two continuous projections such that ImP = ker L, ImL = ker Q = Im(I-Q).
It follows that L|pgynkerr : D(L) N ker P — ImL is invertible, and the generalized inverse Kp : ImL —
D(L) N ker P can be written by

2kT s=2kT
, 0Zt<s;
(KPZP)(t) = ‘[0‘ Gk(t/ S)ZP(S)dS/ Gk(tl S) = { %, s<t< 2kT.

For all Q such that Q c Uy, we can see that K,(I - QN (Q) is a relative compact set of Uy and QN Q)isa
bounded set of Vj, so the operator N is L-compact in Q.

Lemma 2.3. [14] Assume that Q) is an open bounded set in Uy such that the following conditions are satisfied:

(i) Foreach A € (0, 1), the equation

dzy(t)
dt

+ Ady(B)2(8) = A Y 8y (B fZg(5) = A Y bug(B)fy 2t = Tpy($))) = AHp (8) = O
q=1

q=1
has no solution on dQ).
(i) The equation

1 2kT n n
Ae) = 5z fo (= dy(@)c, + ; () f(cq) + ; byg(B) fy(cq) + Hy, (£))dE =0

has no solution on dQ N R.

(iif) The Brouwer degree
de{A, QNTR,0} #0.

Then ([T.3) has a 2kT-periodic solution in Q
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Definition 2.4. [8] If z*(t) = (z(t), zy(t), .-, z,(t)) " is a periodic solution of and z(t) = (z1(t), z2(t), ..., z, (£)) T
is any solution of satisfying

lim Z lzp(t) = 2y =0, p=1,2,- .
=1

t—+o0 A&

We call z*(t) is globally asymptotic stable.

For the sake of convenience, we list the following assumptions which will be used by us in studying the
existence of homoclinic solutions and periodic solutions to the (1.2) in Section

(H1) There exists constant M, > 0 such that
lfaz)l <My, z;€C, g=1,2,..,n.

(H2) Forp=1,2,---,n,t € R, dy(t) are positive continuous periodic real-functions and d;,(t) <0, apy(t), bpy(t),
H,(t) are all continuous periodic functions.

(H3) H, € Cis abounded function, H,(t) # 0 for all t # 0 and

2
B = (f alu)lde) + g/ sup [H, ()] < +oo,
R teR

where ¢ is determined by (T.4).
(H4) H, € Cis abounded function, H,(t) # 0 for all t # 0 and

T 2
(f IHp(t)Izdt) + 6(1)/2 sup |H,(t)| < +oo.
-T teR

where ¢ is determined by (T.4).
Remark 2.5. It follows from that |Hp, (t)] < sup [Hy(t)|. So if assumption (H3) holds, then for each k € N,
teR

kT 1/2
( r IHpk(t)|2dt) <B.

3. Homoclinic and periodic solutions

In order to investigate the existence of 2kT-periodic solutions to (1.3)), we need to study some properties
of all the possible 2kT-periodic solutions to the following equations:

dx;t( - A[ ~ O () + Z HOIACHONS Z g () fy (24(8)) + Z bR () fR (24 (t = Tpg(1))
! - - ™ (3.1)
- Z; b Of1zylt = T @) + HE O] A € 0,11,
and q
dyjt( ) ?\[ —dp(B)yp(t) + Zn;aﬁq(t)f;(zq(t)) + Zn;aé,,(t) FR(zg() + Z} BR (D) f(zq(t = Tpa(1)))
" " " (3.2)

# Y B O FF Gyt - T®) + H{,k(t)], Ae@©1]
q=1

For each k € N, let I' C U represents the set of all the 2kT-periodic solutions to (1.3).
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Theorem 3.1. Suppose that the assumptions (H1)-(H3) hold, for each k € N, if z, € T, then there are positive
constants Ay, Ay, Az and Ay, which are independent of k and A, such that

lzplla < A1, izl < A, lizpllu, < As, lizpllu, < As, p=1,2,..1.

Proof Multiplying both sides of by x,(f) and integrating on the interval [-kT, kT], we have

kT ;T n T
_kT(x;,(t))Zdt =-A I . X, (D) (xp (£)dt + A ; I . X (Bay (£) fir (zg(1)dt
- I I ol R /(R

-A ; I o Xy (D, (D) f (2q(£))dt + A ; I . X (D)l (B) £ (24 (= Tpq(£)))dt (3.3)

no kT .
-A ;‘ IkT X, (Bl (£) f (24 (E = Tpg(B))dE + A IkT X, (t)Hy (t)dt.
Note that

kT 1 kT 5 1 kT 5 ( )
X, (O, (H)x,(Ddt = = f d,(H)dx3(t) = —= f d (H)x2(H)dt. 3.4
fkTp PR 2 4 Y 2 g P
Substituting into and by (H1) and (H3), we have
’ 6 - — — ’ - -R -l ’ ’
gl + Sl < 3 (oMol + 135 Mlla) - Iz + Y (I Myla + 1BpgMll) - il + Bllylle:— (3.5)
9=1 q=1

where 6 = min —d,(t).

From the inequality above, we can see that

n n
— — ’ —R -l ’ ’
keI < )" (15 Myl + 13 Myll) - Iyl + Y (Ml + 1B, Mgll2) - 11l + Il o, (3.6)
q=1 q=1
and
o 2 - —R —I ’ - R -l ’ ’
Sl < ) (1Ml + 17 M) - 1l + ) (1Ml + g Myllz) - iz + Bl 3.7)
q=1 q=1

It follows from (3.6) that
n
_ _ —R —I -
Il < ) (1Mol + 1183 Myl + Wby, Mlla + 15, Myl + B) := @. (3.8)
q=1

Substituting (3.8) into (3.7), we can have

1/2
2[ v e _ —R I — —
el < \@ [ X (15 Myl + 118y, Myl + 1B, Ml + Myl + B) - wp] = . (39)
=1

Furthermore, it follows from Lemma 2.1 that
. t+kT 1 .

01 <D f v Pds) -+ T f

t-kT t

—kT

—en f Z |xp<s>|2ds)% +TET( f Z |x;<s>|2ds);,

t+kT

|x;(s)|2ds)2
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which together with and yields

kT 3 kT 3
I, (D] <(2T) "2 ( f . |xp(s)|2ds) +T(2T) 2 ( f . |x;,(s)|2ds) < 1) 2w, + TQT) 2w,
thus, we can obtain

1 — 1~ —
llxpllo = max sup |, (f) < max sup {<2T>‘fw +T<2T>‘EW}1=P‘
P 1<p<n te[o 2kT] ! 1Sp=n yef0,2kT) ’ ’ ’

Clearly, p, is independent of k and A.
Moreover, from (3.I), we can see that

(O] <ldpOlley (O] + Y IR OIFR @)+ Y lab OIF O + Y 105, ONFR 24 = T ()
q=1 g=1 =1

+ Y I8 O f gt = O]+ HE (),
q=1
which together with (H1), (H3) and (3.10) gives

n
AT ’ 5 =~ R =1 7R —1) o~
||xp||0 = lr£1£;1<>;<q sup pr(t)l < 1r£1a<>1<1 sup {dppp + Z (apq +a,, + bpq + bpq M, + B := p,.
SP=M te]0,2kT] SP=M te]0,2KT] =1

Clearly, p, is independent of k and A.

2004

(3.10)

(3.11)

By using the same methods as above, we can see that there exists four positive constants ,, 6,, 6, and

6~p, which are independent of k and A such that
Iyl <0p, 1Ypll < 0.

and
ypllo < 8y, Nlypllo < 6

Note that z,(t) = x,(t) + iy,(t), then by (3.10), (3.11) and (3.13), we get

lIzpllu, = max sup |zp(t)] = max sup [x,(f)] + max sup [y,(t)] < f)\p +;5\p = As,
1<p<n e[0,2kT] 1<p<n e[0,2kT] 1<p<n pef0,2kT]

and

Izl = max sup |zl < Ixpllo + ypllo < pp + 6y = As.
P p p p
1<p<it g0 0kT]

Moreover, by (3:8), (3:9) and (3.12), we have

lIzpll2 =(IZ Izp(t)|2dt)1/2 _ (IZ x, (1) + iyp(t)|2dt)1/2

kT 172 kT 1/2
< f p(Pdt) o+ f Bp(OPdE) <@y +5y = Ay,
—kT —kT

k

( f : |z;(t)|2dt)l/2 =( f Z |x”g(t)+iy;,(t)|2dt)l/2

kT 1/2 kT 1/2
S( f |X’p<f>lzdt) +( f |y,;(t)|2dt) <W,+7,:= Ay,
—kT —kT

Therefore, from (3.14)-(3.17), we know that all the conclusions of Theorem 3.1 hold.

and

12112

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Theorem 3.2. Assume that the conditions of Theorem |3.1| are satisfied, then for each k € IN, (1.3)) has at least one
2kT-periodic solution z,, (t) in T’ C Uy such that

lzpll2 < A, llzp Il < Az, llzpllu, < As, llzpllu, < As, p=1,2,..,n. (3.18)
where A1, Aa, Az and Ay are constants defined in Theorem
Proof In order to apply Lemma[2.3} for each k € IN, we consider the following equation:

dz, (t)
dt

—Ady(£)z, () + A Z g (B) (2o (D) + A Z Do (8) 2 = Tpa(D)) + AH,, (1), A € (0, 1]. (3.19)

g=1 g=1

Let Q; C Uy represent the set of all 2kT-periodic solutions to (3.19). Since (0,1) € (0, 1], then we can see that
Q; c T, where T is defined by Theorem 3.1} If z, € Q, then by applying Theorem 3.1, we can have

lzpllu, < As, lizllu, < Aa.

Let
0O, = {zp :zp € ker L, QNz, = O}.

If z, € Oy, then z, = ¢, € Rand
1 kT
QNz =5 f ( 300+ Y auOic) + Y bfie) + pk(a))ds
-k q=1 q=1
ie.,

1

2kT n n
M) =5 fo ( —dy(E)c, + ; a0 f(cq) + ; b (B f(cq) + Hpk(é))dé = 0.

Now, if we set
Q={z,:2, € Uy, lizllo < A, llzjllo < As+1],

then Q; U Q; € Q. So the condition (i) and (ii) of Lemma2.3|are satisfied.
In order to verifying the condition (iif) in Lemma we define

H(zp, u) : (QNR) x[0,1] = R, H(zp, u) = —uzp + (1 = w)A(zp),
where
1 2kT n n
Alzp) =5 f (= d©2(6) + ) By fy(24() + ) byn(6)fyzg ) + Hy, ().
q=1 q=1
From assumption (H1)-(H3), it is easy to see that
H(zp, 1) # 0, VY(zp, p) € [0 QNR)] x[0,1].
Hence,

dp(A, QN R,0) =deg(H(zy,0), QN IR, 0) = deg(H(zp, 1), QN R,0) # 0.

Therefore, by applying Lemma we can see that (3.19) has a 2kT-periodic solution z,, € Q. Obviously,
2z, (t) is a 2kT-periodic solution to (1.3) for the case of A # 1, so z,, € I'. Thus, by using Theorem we get

||Z}7k||2 S Al, ||Z;1k||2 S AZI ||Zpk||uk S A3I ”Z;jklluk S A4/p = 1,2,...,]’1
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Theorem 3.3. Assume conditions (H1), (H2) and (H4) hold, then (1.2) has at least one 2T-periodic solution.

Proof From the assumption (H3), we see that H, € C is a continuous 2T-periodic function, Hy(t) # 0 for
allt #0, T > 0is a given constant, and

T 2
( f |H,,(t)|2dt) + ey/? sup [Hy(H)| < +oo.
-T teR

So by using Theorem we know that (1.I) has at least one 2T-periodic solution. Thus, (1.2) has at least
one 2T-periodic solution.

Theorem 3.4. Assume that f(0) = 0, |tllim Hy(t) = 0 and conditions (H1) holds, then has at least one
—+00

homoclinic solution.

Proof From Theorem we see that for each k € IN, there exists a 2kT-periodic solution z,(t) to (1.3).
So for every k € IN, z,,(t) is satisfied

dz), () : :
= = d 0z, (1) + ; g (1) fy 24, () + ; by (8) fy 2, (¢ = Ty (D)) + H (0. (3.20)

Furthermore, it follows from Theorem [3.2] that
||Zpk||uk S A4-

Then by (3.20) and (H1), we have

n n
25, lu, < max {d,,A4 + Zfap,,M,, + Z{ bpM, + B} =p,p=12-n.
= 9=
Clearly, p is a constant independent of k. By applying Lemma we can see that there exists a z,, € C
and a subsequence {ij} of {z,,} such that for each interval [c,d] € R, zpkf(t) — z,,(t) and Z;;k,(t) - z;,O(t)
]
uniformly on [c,d]. For all a,b € R with a < b, there must exist a positive integer jo such that for j > jo,
2= IITpqllo, b+ IIpqllo] © [=k;T, kiT — e0]. So for t € [a = lIrygllo, b+ lITyglo], it follows from () and (B-20) that

dz,, (t) n n
’;; = = dy(Dz, (1) + Z (D) fy (zq,, (D) + 2 bpg (8) fo(zg, (= Tpg(£))) + Hp (). (3.21)
q=1 q=1

In view of Zp,, (8) = zp,(5), Zp,, (s = Tpg(s)) = zp,(s) uniformly on [a, b], and by (3.21), we see that

dz,, (t) n n
2, () =—— = =dy(02, () + Y A (Ofy G, (D) + Y Byy(Dfy By (¢ = () + Hy (1)
q=1 q=1

= = dy(Oz () + Y () fy @ () + Y By (8 fy ot = Ty (D)) + Hy () = (1),
q=1 g=1

uniformly on [a, b]

which together with the fact that Z;;k, (t) is the continuous differential for Zp, (t) on (a, b) for every j > jo, and

Z;k/(t) — @(t) uniformly on [, b], then we can obtain @(t) = %[zpo(t)] on (a,b). Since a,b are arbitrary and
a < b, we get (t) = L[z, (t)], t € R, that means z,,(#) is a solution of .
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In the following, we will prove that z, (t) — 0 and zp,(t) = O as [f| — +oo.
Since

+00 nT nT
2 ’ 2 1z 2 ’ 2 o 1: . 2 ’ 2
[ o+ 0= tim [ Gz + OB = i tim [ G, 0F + 5, 0P,

o0

clearly, for every n € N if k; > n, then it follows from Theorem that,

nT k,'T
2 ’ 2 2 ’ 2 2 2
I iz (OF + 12, (OF)at < _k/T(IZpk/_(t)I + Iz, (OP)t < AT+ A7

Letn — +oco and j — +oo, then we have

+00
f (12p, (D + |2y, (D)t < AT + A3,

(o)

and as r — 400, then we get

f| (2 (OF + 12, (D) = 0. (:22)
t>r

By applying the Lemma[2.1) we obtain

t+T t+T

ol <0} [ |zpo(<s>|2d(s)% eren( [ |z;0<5>|2d<s)é

ot A (3.23)
2
<[@n) 2 + T@1)]- [ f (125 ()2 + |z;,0(g)|2)dg] —0, as [t > +oo.
=T
Finally, we will prove that
|zp, (D] — 0, as [t — +oo. (3.24)

From f(0) = 0 and |ﬂlim Hy(t) = 0, it follows that
—+00

Z;a(](t) == dp(t)zpo(t) + Z apq(t)fq(zqo )+ Z bpq(t)fq(zqo(t - qu(t))) + Hp(t) — 0, as [t| = +oo.
q=1 q=1

Therefore, holds. So there exist a homoclinic solution for .

Furthermore, since zo(t) = (z1,(f), 22, (), ., Zu, (t)) 7, then from , we can see thatzy(t) - 0= (0,0, ...,0)"
as |t| — +co. Similar, by (3.24), we can have z)(t) = 0 = (0,0, ...,0)" as [t| = +co. Thus, has at least one
homoclinic solution. Therefore, the prove of Theorem [3.3]is completed.

Remark 3.5. Although, the existence of homoclinic solutions of the real systems have been widely studied, see, to
name a few, [121l, [15], [18], [24], there is no result on homoclinic solutions of the complex-valued neural networks.
As we all known, the problem of existence of homoclinic solutions is one of the most important problems in qualitative
theory of differential systems. Theorem 3.3|and Theorem 3.4 have provided the new results on homoclinic solutions of
the complex-valued neural networks. They can be regarded as the first results on such problem.

4. Asymptotic behaviours of solution z(#) = 0

In order to obtain globally asymptotic stability, let H,(t) = 0 and £,(0) = 0. Then is changed into

dz,(t) d !
= = = d(hz(0) + ; A (Ofy2q()) + ; b (Ofy (¢ = Ty (®)), (4.1)

and z = 0 is the equilibriun point of (4.1).
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Theorem 4.1. Assume that the conditions of Theorem [3.1|are satisfied, further that

(H5) there exists a positive constant Ly, and 11 > 0 such that

00— I <Lx—yl, Yx,yeC, g=1,2,---n,
and
Xofy(xg) < —nlxg, 9=1,2,-,n.
(H6) Let &, > 0, where
&p = lim inf [Zép +2a,0—ay =By - yp(t)]

t—+00 —

— = — 7 — = N _ 1
where &y = Ygo puq @pgLg, By = Lgza bpgLy, vp() = g (”PﬂLq + quLﬂa)M(t))’ wpg(t) = =, ()
Tpq(t) is inverse function of t — T,,(t).

Then has unique periodic wave solution z'(t) = (z(t), z(t), ..., 2,(t)) " which is globally asymptotic stable.
Proof Suppose x(t) be any solution of (.. Let
Vi(t) = @)% p=1,2,-n.

Derivation of it along the solution of gives
Vi) =22(02(0) = 22,(0)] — D20 + Y (DS 0) + Y b0zt = T )|
q=1 q=1

= = 2dy22(1) + 22)(D) ) pq(8)fy (2 (D) + 22(8) ) byg(B) iy (zq(t = To(£)))
q=1 q=1

<- Zc_lpzﬁ(t) - ZQWnlzp(t)l2 + 2|zp(t)| Z ququzq(t)l + 2|zp(t)| Z ququzq(t — qu(t))l
q=1,p#q g=1
n

n
< —2d 22(t) = 20, nlz,(OF + aplzp P + Y ApglLglzgOF + Bolzp(F + Y BygLalzg(t = ()P
9=1,p#q g=1

=~ (2d, + 28,1 = ap = B )z ®OF + Y FpaLglzg(OF + Y BpgLylzg(t = (B
9=1, q=1
p#q

Define

E=Tpqg (£

n ¢
VT,,q(t)=meLq f ( Wpg(5)22(5)ds.
q=1

Then we have

Vi ()= Y bugL wpg(BZ2(t) — Z2(t = ()]
q=1
Choose the Lyapunov function for in the following form:

n

V() = ) [Vp®) + Ve, )]

p=1
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Derivating it along the solution of (4.1)) gives
n n n _
V<) { (24, + 23,0 = @y = Bp)lzpOF + Y Fpglglzg®F + Y BygLlz(t = Tpg ()P
p=1 q=Lp#q q=1

+ Y Bl [wp (9220 - 22t - Tw(t))]}

q=1
- { (24, + 23,0 = @y = Bp)lzpOF + Y, Fpglglzg®F + Y BygLlz(t = Tpg ()P
p=1 q=Lp#q q=1
+ Y B0 = Y BuLyzit = T ) 42)
q=1 q=1
= { - (de + ZL_IWT] —ap— ﬁp)|2p(f)|2 + Z ququzq(t)lz + Z ququpq(t)zg(t)}
p=1 q=Lp#q q=1
== Y {2, + 20,1 -y = B ) OF = Y (@l + BpuLacop )2, OF
p=1 q=1

= |l

s- (Zc—lp + 22;;;;17 — &~ ABP - yp(t))lzp(tﬂz-
p:

—_

Assumption (H6) yields, for any ¢ > 0 and &, — ¢ > 0, there exists a positive constant T (enough large) such
that

Zc_ip +2a,,10—ay =Py —yp(t) 2 &y — ¢, forallt > T,

which together with gives

V() < =) (& - ellzp(BP <0, forallt > T. 4.3)
p=1

Integrating both sides of from T to +co gives
+oo 1
V() + f Y (& - Olz(s)Pds < V(0).
T
p=1

By applying the Barbalat’s Lemma [1], we can have

n
i B0
p=1
Therefore, the prove of Theorem [.Tis completed.

5. An illustrative example

Example 5.1. Consider the following two-neuron complex-valued recurrent neural networks with time-varying
delays:

z(t) = =D(b)z(t) + A(D) f (2() + B(D) f (z(t — ©(1))) + H(D), (6.1)
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where
+et, 0 L_igint 2 —Lcost 1_icostd—igint
D)= (557 ) a0 = (3 Fsme AT me = (1T e e,
575 575 576 "5 6
— +2isint 1 i
H(t) = (_g + 3icos t)/ T(t) - 2t/ fq(zq) = _E Eyq/

where z; = x; + iy, € Cand p, g = 1,2. Then we can see that the conditions (H1)-(H4) are satisfied. Thus,
by applying Theorem (5.1) has at least one periodic solution and one homoclinic solution .
Furthermore, for any x, = xR + ixl €eCyy = yf; + z'qu € C,and g = 1,2, we have

1
< 5 = P+~ 4P = 2l - il

) = fiul = |38 + 53k 4 308 - 20

and
1 i . 1 1
olenzg =( = 5%+ 5%8) - g +ivg) = 3 (b + ) = gzl
Then, we have L, = 1 and 1 = 1, which implies that (H5) holds. Moreover, we can get

2 V2. V5. V2 i V5 W
4,=5 =5 M= 5 e == ), by =g B = ) hels = 33

2
9=Lp#q g=1
- YRE
wpg(t) = =1, yp(t) = Z (TpaLy + bpaLowp(®)) = 10 127
q=1

N
Q1

thus we have

B PR SRRV S B
ép—hmmf[Zd +2a,,1—ay—fy— )/pt)]—hmmf[g t 5T T 1012

t—+00 t—+co
4,2 V5
3775 5

Therefore, it follows from Theorem [4.1] that the solution of is globally asymptotic stable.

Remark 5.2. Though [5], [17], [211], [22]], [28] the complex-valued neural networks with time-varying delays are
studied, the methods using in [5], [171, [211, [22], [28] to obtain the periodic solutions are Matrix measure method,
different approaches or Brouwer’s fixed point theorem, which are different from the methods using in this paper. In
this paper, we use an extension of Mawhin’s continuation theorem. Moreover, the problem of existence of homoclinic
solution is not touched in the references and hence the results there cannot directly be applied to either.

6. Conclusion

In this paper, we are concerned with the complex-valued neural networks with time-varying delays.
The results on the existence of at least one homoclinic solution and periodic solution have been completely
established by means of an extension of Mawhin’s continuation theorem and an approximation technique,
the global exponential stability of the solutions are further obtained by applying the Lyapunov function. It
must be mentioned that it is the first time to discuss the existence of homoclinic solutions for the complex-
valued neural networks with time-varying delays and the methods of obtaining the periodic solutions in
this paper are different from the corresponding ones in the literature. So, the results established in the
present paper are essentially new and can improve and extend previous works.

The proposed results in the paper can be applied to the impulsive or stochastic complex-valued neural
networks and further consider the fixed-time stability of the homoclinic solutions and periodic solutions,
some related papers can be referred, such as [3], [10], [11]. These are the further researches.
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