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Reynolds operators on Hom-Leibniz algebras
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Abstract. In this paper, we first introduce the notion of Reynolds operators on Hom-Leibniz algebras
and give some constructions. Furthermore, we define the cohomology of Reynolds operators, and use
this cohomology to study deformations of Reynolds operators. As applications, we introduce and study
NS-Hom-Leibniz algebras as the underlying structure of Reynolds operators.

1. Introduction

The study of Hom-algebras can be traced back to Hartwig, Larsson and Silvestrov’s work in [14],
where the notion of Hom-Lie algebra in the context of g-deformation theory of Witt and Virasoro algebras
[15] was introduced, which plays an important role in physics, mainly in conformal field theory. The
notion of a Leibniz algebra was introduced by Loday [16} [17] with the motivation in the study of the
periodicity in algebraic K-theory. Leibniz algebras were studied from different aspects due to applications
in both mathematics and physics. The notion of a Hom-Leibniz algebra was introduced by Makhlouf and
Silvestrov [18], generalizing both Hom-Lie algebras and Leibniz algebras. Hom-Leibniz algebras were
widely studied in the following aspects: representation and cohomology theory [5], deformation theory
[21], Hom-Leibniz cohomology [24]. For more interesting Hom-algebra structures, see [2H4}[12}[13}/19] and
references cited therein.

Our main objective is to study Reynolds operators on Hom-Leibniz algebras. The notion of Rota-Baxter
operators on associative algebras was introduced in 1960 by Baxter [1]] in his study of fluctuation theory
in probability. Recently, it has been found many applications, including in Connes-Kreimer’s algebraic
approach to the renormalization in perturbative quantum field theory [7]. For further details on Rota-Baxter
operators, see [11]. The study of Reynolds operators has its origin in the well-known work of Reynolds
[22] on fluid dynamics in 1895 and has since found broad applications. It also has close relationship with
important linear operators such as algebra endomorphisms, derivations and Rota-Baxter operators. Also it
was closely related to the probability theory. For further details on Reynolds operators, see [23]. Recently,
Das [8] introduced twisted Rota-Baxter operators on Lie algebras and considers NS-Lie algebras as the
underlying structure Motivated by Uchino [25]. Later, Das and Guo [9] introduced twisted Rota-Baxter
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operators on Leibniz algebras and considers NS-Leibniz algebras as the underlying structure. In fact,
twisted Rota-Baxter operators are all generalizations of Reynolds operators.

Recently, Mishra and Naolekar [20] studied O-operators, also known as relative or generalized Rota-
Baxter operators on Hom-Lie algebras. Das and Sen [10] studied Nijenhuis operators on Hom-Lie algebras.
Later, Chtioui, Mabrouk and Makhlouf [6] introduced the cohomology theory and deformations of O-
operators on Hom-associative algebras. Zhang, Gao and Guo [26] gave the construction of free objects
of Reynolds algebras by bracketed words and rooted trees. However, so far, there is little research on
Reynolds operators on Leibniz algebras, not to mention studying about the Reynolds operators on Hom-
Leibniz algebras. In this paper, we study the deformation and cohomology theory of Reynolds operators on
Hom-Leibniz algebras. The specific structure is as follows. In Section 2, we introduce the notion of Reynolds
operators on Hom-Leibniz algebras and give some constructions. In Section 3, we define the cohomology
of Reynolds operators. In Section 4, we use this cohomology to study deformations of Reynolds operators.
In Section 5, as applications, we introduce and study NS-Hom-Leibniz algebras as the underlying structure
of Reynolds operators.

2. Preliminaries

In this paper, we work over an algebraically closed field K of characteristic 0 and all the vector spaces
are over K and finite-dimensional. We now recall some useful definitions in [5]].

Definition 2.1. A Hom-Leibniz algebra is a triple (g, [-, ], ¢q) consisting of a linear space g, a bilinear operation
[,-]s: 6® g — gand a linear map ¢, : § — g satisfying

[Pg(x), [y, zlsls = [[x, Ylg, Po(2)]g + [Pe(W), [x, 2ls]s, VX, 4,z € 0.

A Hom-Leibniz algebra (g, [+, ‘]4, ¢,) is said to be regular (involutive), if ¢4 is nondegenerate (satisfies
=Id).

Definition 2.2. A representatzon of a Hom-Leibniz algebra (g, [, 1o, @) is a quadruple (V, v, p*, pR), where V is
a vector space, ¢y € gl(V), pt, pR : g — gl(V) are three linear maps such that the following equalities hold for all
X,y EQ:

(1) pH(Pg(x)) © Py = Py 0 ph(), pR(CPg(X) o dy = ¢y o pR(x);
@ pMxyly) o dyv = pH(ge()) © pH(Y) = pH(Pa(y)) © p"(R);
@ pxyly) ¢v—p (<¢>g(x))°p (y) - R(qbg(y ) o ph(x);
@ pRxyly) 0 dv = pH(Pe()) 0 PR (y) + PR (Pa(y)) © PR ().

Define the left multiplication L : g — gl(g) and the right multiplication R : g — gl(g) by L,y = [x, y], and
Ryy = [y, x], respectively for all x, y € g. Then (g, ¢y, L, R) is a representation of (g, [+, -], ¢4), which is called
a regular representation.

Let (g, [+, ‘14, ¢) be a Hom-Leibniz algebra and (V, ¢v, pL, pR) be a representation of it. The cohomology
of the Hom-Leibniz algebra g with coefficients in V is the cohomology of the cochain complex {C*(g, V), d},
where C"(g, V) = Hom(g®", V) for n > 0, and the coboundary operator 9" : C"(g, V) — C"1(g, V) given by

@" (X1, .., Xps1)

= Z(—1)i+1PL(¢g_1(xi))f(x1, R )+ (C) RO ) )
Y @), Ba@) s Do), [ Xl Boji1), - By (Han)),

1<i<j<n+1

for x1,..., %41 € 8. The corresponding cohomology groups are denoted by H*(g, V).
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3. Reynolds operators on Hom-Leibniz algebras

In this section, we introduce the notion of Reynolds operators on Hom-Leibniz algebras and give some
constructions.

Definition 3.1. Let (V, ¢y, pt, pR) be a representation of a Hom-Leibniz algebra (g, [+, "]4, ¢4). A Reynolds operator
on (g, [+, -1g, Pg) with respect to the representation (V, pv, pL, pR) is a linear map K : V' — g such that

Koy =y oK,

[Ku, Kv], = K(pL(Ku)v + pR(Kv)u - [Ku, Kv],), Yu,v € V.

Example 3.2. Suppose d is a derivation of a Hom-Leibniz algebra (g, [-, -14, Pq) such that (id +d) : ¢ — g is invertible,
then (id + d)~! is a Reynolds operator respect to the reqular representation.

Example 3.3. Consider the three-dimensional Hom-Leibniz algebra (g,[-,-15, ¢4) given with respect to a basis
le1, e2, e3} together with the following nonvanishing operations:

[e,ei]l =e3, Pgler) = —e1, Pglex) =e2, Pyles) = es.

a4z M3
Then K=| a1 ax»n axs ] is a Reynolds operator on (g, [+, -1q, @q) with respect to the regular representation if and
Az dsz 433
only if
[Kei, K@j]g = K([Kei, e]‘]g + [67‘, KEj]g - [Kei, Kej]g), Vi,j = 1, 2,3.

2

1,63 and

Since [Key, Kei]g = [a11e1 + aziex + azie3,a1e1 + azes +azies]y = a
K([Key, e1]q + [e1, Ker]; — [Ker, Kerg)

K([ar1e1 + azer + azes, ei]q + [e1, aner + aziex + aziez]y — 11%133)
(211 — a3, )Kes

= (a1 — aj))azer + (2a11 — a7,)anzer + (2411 — a3, )azses.

Thus, by [Keq, Ke1ly = K([Key, e1]4 + [e1, Kei]q — [Kes, Kei]y), we have
(a11 — a3))ar3 = 0, (2a11 — a7, )aps = 0,47, = (2a11 — a7, )ass.

Similarly, we obtain

ana = (a2 — a11a12)ass, (a12 — anaz)az = 0, (a12 — anarz)azs = 0;
anaz = (a13 — 411413)as3, (a13 — anms)az =0, (a13 — anaiz)axs = 0;
appa11 = (a12 — a11412)a33, (a12 — anap)az =0, (a12 — anaz)axs = 0;
a3a11 = (a13 — 411413)a33, (a13 —anms)az =0, (113 — anaz)azs = 0,
a%z + a%2a33 =0, a%2a13 =0, a%2ﬂ13 =0.

Summarize the above discussion, we have the following two cases:
0O 0 O
(DIf a1 = a1p =a13 =0, then any K = [ ay1 Ay a3 ] is a Reynolds operator on (g, [+, ‘14, ¢q4) with respect to
as) dsp dass3
the regular representation.
al 0 0
(2)Ifar; =a13 =a; =0anday; # 0,2, thenany K = { ax  an 0 ]is a Reynolds operator on (g, [+, 15, Pg)

an
a3t a3 5o,

with respect to the reqular representation.
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Let K : V — g be a Reynolds operator. Suppose (V’, pv/, p't, p'R) is a representation of another Hom-
Leibniz algebra (¢',[-, ‘], ¢g). Let K’ : V' — g’ be a Reynolds operator.

Definition 3.4. A morphism of Reynolds operators from K to K’ consists of a pair (@, y) of a Hom-Leibniz algebra
morphism @ : ¢ — o and a linear map 1\ : V — V' satisfying

poK=K oy,

(o (u) = PPN, Y(p () = p (PG (w),

by op=@ody Pyoyp=tpody, forxegueV.

One can construct the semidirect product algebra. More precisely, the direct sum g ® V carries a Hom-
Leibniz algebra structure with the bracket given by

[(X, 1/[), (}// U)] = ([x, y]w PL(X)U + PR(y)” - [X, y]g)/
(Pg + Pv)(x, 1) := (Py(x), pv(u)), forx,yegu,veV.

We denote this semidirect product Hom-Leibniz algebra by (g <V, ¢4 + ¢v). Using this semidirect product,
one can characterize Reynolds operators by their graph.

Proposition 3.5. A linear map K : V — g is a Reynolds operator if and only if its graph Gr(K) = {(Ku, u)| u € V} is
a subalgebra of the semidirect product (g < V, g + Pv).

The proof of the above proposition is straightforward, hence we omit the details. Since Gr(K) is
isomorphic to V as a vector space, as a consequence, we get the following result.

Proposition 3.6. Let K : V — g be a Reynolds operator. Then the vector space V carries a Hom-Leibniz algebra
structure with the bracket

[u,v]x := pL(Ku)v + pR(Kv)u — [Ku, Kvl,, foru,veV.

4. Cohomology of Reynolds operators

In this section, we define the cohomology of a Reynolds operator K as the cohomology of the Hom-
Leibniz algebra (V, [, -]k, ¢v) that is constructed in Proposition with coefficients in a suitable represen-
tation on g.

Proposition 4.1. Let K: V — g be a Reynolds operator. Define maps ﬁL,ﬁR 1V — gl(a) by
P-(u)x = [Ku, x], — K(o®(x)u) + K[Ku,x], and P~ (u)x = [x, Kul, — K(p"(x)u) + K[x, Kul,,

foru e Vandxeg. Then (g, cpg,ﬁL,ﬁR) is a representation of the Hom-Leibniz algebra (V, [, 1k, ¢v).

Proof. Foru,v € Vand x € g, we have

P (@v)p @)x — B (Pv(v)p" (w)x
= P (pv(w))([Ko, x]y — K(p* (x)0) + K[Ko, x]y) — p* (v (@) ([Ku, x], — K(pR(x)u) + K[Ku, x]5)
= [Kdv(w), [Ko, x]y]y — [Kv (w), K(p" (x)0)], + [Kpv (1), K[Kv, x],], — K(pR([Ko, x]) v (1)
+ K(p" (KpR(x)0) v (1)) — K(p" (KK, x]g) v (1)) + K[Kpy (), [Ko, x],],
— K[Kpy (1), K(p* (x)0)], + K[Kepy (1), K[Kv, x],]4
~ [Kopv (), [Ku, x],]s + [Kpv (0), K(p" (x)w)]y + [Kpy (v), K[Ku, 1], + K(p® (K, x]) v (v))
— K(p" (Kp* (x)u)py (0)) + K(p" (KK, x]3)pv (0)) — K[Kepy (0), [Ku, x],],
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+ K[Koy (v), K(pR(x)u)], — K[Kpy (0), K[Kut, x],]4
= [[Ku, Koly, §(x)]; = K(p® (g () p" (K1t)v) — K(p® (g (1)) (Ko)ur)
+ K(p" (3 () [Kut, Kvl,) + K[K[u, 0]k, pa(x)];
= [K[u, vlx, §()]; — K(p" (9o ()11, 0]k) + KIK[11, 0]k, Po(x)],
=P ([, vlk) Py (¥).
Thus, we deduce that
" ([u,vIk) 0 ¢y = P (Pr(w))p" (@) — B (P (©)p" ().
Also
P (@v)p" @)x — P (Pv(0)p" (w)x
= P (¢pv()([x, Kol — K(p"(x)v) + K[x, Kol,) — p" (0)([Ku, x]; — K(p" (x)u) + K[Ku, x],)
= [Kov(u), [x, Koyl — Ky (), K(p* ()0)], + [Ky (), KLx, Kolyly — K(p® ([x, Kvly)py (1))
+ K(p* (Kp"(x)0)pv (1)) — K(p" (KIx, Kol)py (u)) + K[Kepy (u), [x, Kol,],
— K[Koy (1), K(p"(x)0)], + K[Kepy (1), K[x, Kv],],
— [[Ku, x1y, Ky (0)], + [K(p" (x)u), Kpy (0)], — [KIKut, ], Ko (0)],
+ K(p"([Ku, X1)pv (0)) = K(pH(Kp® (0))py (0)) + K(p"(K[Ku, 1)y (0)) — KI[Kut, x5, Ky (0)],
+ K[K(pR (x)1), Ky (0)]y — KIK[Ku, ]y, Ky (0)]
= [¢a(x), [Ku, Kol], — K(p"(a(x))p" (Ku)o) — K(p* (g(x))p" (Ko)ur)
+ Kp (s () [Kut, Kvl,) + K[pg(x), K[, v]i]g
= [a(x), Kl1t, 0lx]y = K(p" (o)), v]k) + Klpy(x), K[, 0]k ]
= " ([, vl (),
which shows that
2" ([, v]k) © g = P (Pv()p" (@) — P~ (Pv(©)p" ().
Similarly, we can show that
5" ([u,0]k) © g = 0" (P (0)) © B (u) + p (v (w)) o p"(v).
Therefore, (g, g, EL, ER) is a representation of the Hom-Leibniz algebra (V, [, -]k, ¢v). O

It follows from the above proposition that we may consider the cohomology of the Hom-Leibniz algebra
(V,[-, Ik, ¢v) with coefficients in the representation (g, ¢4, p", p"). More precisely, we define

Ci(V,8) := Hom(V®",gq), forn>0
and the differential dx : Ci(V, g) — Cl’é“(V, a) by

@k f)(u1, ..., Uns1)

= Z(_l)i+1 [K(P?/_l(ui)/ f(ull IRy ﬁi/ ey ”n+1)]g - Z(_l)i+1K(pR(f(ulr Ry ﬁi/ ceey un+1)) ;{l/_l(ui))
i=1 i=1

+ Z(—l)”lK[K(p(‘,‘l(ui), flur, iy )y + (G, ), Ky ()]
i=1

(1 KMfn, - )P W) = (1)KL, - 10), KO )]y
) Covn), o Sy, i), pH(Kuuj + pR (Kupu,

1<i<j<n+1

- [Ku, Kuj]g/ ¢V(uj+1)/ o Py (Unsn)),
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for f € Ci(V,g) and uy, ..., ups1 € V. Then {Ci(V, g), dk} is a cochain complex. We denote by
Zi(V,0) = (f € CL(V,0) | 9kf = 0) and BV, 0) = dkg | g € 7' (V, 9)],
the spaces of n-cocycles and n-coboundaries, respectively. The corresponding quotients

Zy(V,9)
B (V, g)

are called the cohomology of the Reynolds operator K.

Hy(V,g) :=

, forn>0

5. Deformations of Reynolds operators

In this section, we will apply the classical deformation theory of Reynolds operators on Hom-Leibniz
algebras.

5.1. Linear deformations
Let (g, [, ‘14, ) be a Hom-Leibniz algebra, (V, ¢v, pL, pR) be a representation of it. Suppose K: V — gis
a Reynolds operator.

Definition 5.1. A linear map Ky : V — g is said to generate a linear deformation of the Reynolds operator K if for all
t € C, the sum K; = K + tKj is still a Reynolds operator. In this case, Ky = K + tKy is said to be a linear deformation
of K.

Suppose K; generates a linear deformation of K. Then we have

KtO(PV = qbgOKtr
[Kiu, K]y = Kt(pL(Ktu)v + pR(Ktv)u - [K:u, Ktv]g), foru,veV.

This is equivalent to the following conditions

Kiogy =¢g0Kjy, (5.1)

[Ku, Kyv], + [Kiu, Ko], = Kq(p"(Ku)o + pR(Ko)u — [Ku, Kvl,) (5.2)
+ K(p"(Kyu)o + pR(Kyo)u — [Kyu, Kvl, — [Ku, K1o],),

[Kiu, Kyv]g = Kl(pL(Klu)v + pR(Klv)u — [Ku, K1v], — [K1u, Kv]g) — K[Kiu, Kq0],, (5. 3)

Ki([Ki(u), K1 (0)]g) = 0. (5. 4)

Note that Eq. (4.2) means that K; is a 1-cocycle in the cohomology of K. Hence K; induces an element
in HL(V, g).
K 7

Definition 5.2. Two linear deformations K; = K + tKy and K] = K + tK] of K are said to be equivalent if there exists
an element x € g such that ¢y(x) = x and

(¢r =1dg + tLy, ¢ = Idy + t(p"(x) — [x, K=],)
is a morphism of Reynolds operators from K; to K.
The condition that ¢; = Id, + tL, is a Hom-Leibniz algebra morphism of (g, [+, ‘15, ¢4) is equivalent to
[[x, yls, [x,2]5]s =0, fory,z€g. (5. 5)

Further, the conditions ¥ (pL(y)u) = pH(Pi(y))¢i(1) and Yi(pR(y)u) = pR(Pe(y))Yr(u), for y € g,u € V are
respectively equivalent to

{[x, K(p"(yw)]y = p"()lx, Kul,, 5. 6)

P ([x, yD(p"(x)u — [x, Kulg) = 0,
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{[x, K(R(m)w)ly = pR(y)lx, Kul,,

5.7
PR ([x, y) (" (0)u — [x, Kul,) = 0. (5.7)

Similarly, the conditions y([y, zl5) = [¢¢(y), P+(2)]s and ¢; o K; = K] o 1); are respectively equivalent to

{ - PL(x)[]// Z]g + [X, K[]//Z]g]g = _[xl []// Z]g]g - []// [x/ Z]g]g/ (5 8)

[[x, ylg, [x, zls]g = O, .
Ki(u) + [x, Kul, = K(p"(x)u — [x, Kul,) + K (u), 5.9
[x, Kyul, = K (pH()u — [x, Kutl). '

It follows from the first identity in (5. 9) that Ky (u) — K] (u) = dk(x)(u). Hence we obtain the following
result.

Theorem 5.3. If two linear deformations K; = K + tKy and Kj = K + tK] of a Reynolds operator K are equivalent,
then Ky and K, are in the same cohomology class of Hy(V, g).

Definition 5.4. A linear deformation Ky = K + tKy of a Reynolds operator K is said to be trivial if K; is equivalent to
the undeformed deformation K; = K.

We will now define Nijenhuis elements associated with a Reynolds operator K in a way that a trivial
deformation of K induces a Nijenhuis element.

Definition 5.5. Let K be a Reynolds operator. An element x € g such that ¢4(x) = x is called a Nijenhuis element
associated with K if x satisfies

[, 5" (), =0, forueV
and Equations (5.5), (5. 6), (5. 7), hold.

The set of all Nijenhuis elements associated with K is denoted by Nij(K). As mentioned earlier that a
trivial deformation induces a Nijenhuis element. In the next subsection, we give a sufficient condition for
the rigidity of a Reynolds operator in terms of Nijenhuis elements.

5.2. Formal deformations

Let C[[]] be the ring of power series in one variable t. For any C-linear space V, let V[[¢]] denote the
vector space of formal power series in t with coefficients in V. Moreover, if (g, [+, ‘], ¢4) is @ Hom-Leibniz
algebra over C, then one can extend the Hom-Leibniz bracket on g[[t]] by C[[t]]-bilinearity. Furthermore,
if (V, ¢v, p*, pR) is a representation of the Hom-Leibniz algebra (g, [+, 14, @), then there is a representation
(VIIH], ¢v, p*, pR) of the Hom-Leibniz algebra g[[¢]]. Here, p! and pR are also extended by C[[#]]-bilinearity.

Let K : V — g be a Reynolds operator on the Hom-Leibniz algebra (g, [, ‘]5, ¢5) with respect to the
representation (V, ¢y, pt, pR). We consider a power series of the form

+00

K = 2 Kit', for K; € Hom(V,g) with Ko = K.
i=0

Extend K; to a linear map from V/[[t]] to g[[¢]] by C[[¢]]-linearity, which we still denote by K;.

Definition 5.6. A formal deformation of K is given by a formal power series K; = Y. Kit' with Ko = K satisfying
Kt (¢] (1)1/ = (Pq [¢] Kt, (5 10)
[Kiu, K]y = Kt(pL(Ktu)v + pR(Ktv)u — [Ki(u), Kt(v)]g), foru,ve V. (5. 11)
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It follows that K; is a Reynolds operator on the Hom-Leibniz algebra g[[¢]] with respect to the represen-
tation V[[t]].

Remark 5.7. If Ky = Y10 Kit' is a formal deformation of the Reynolds operator K on the Hom-Leibniz algebra
(8, [+, -1g, Pg) with respect to the representation (V, pv, pL, pR), then [, -]k, defined by

+00

[u,v]k, = Z (pL(Kiu)v + pR(K,'U)u - Z [Kju, Kkv]g)ti, foru,veV,

i=0 jk=i
is a formal deformation of the associated Hom-Leibniz algebra (V,[-, -1k, ¢v).

By expanding the identity (5. 11) and comparing coefficients of various powers of t, we obtain for n > 0,

Y K Kol = ) Ki(p"(Kjuyo + p*(Kpou) = Y~ KilK;(w), Ke(©)]y,

i+j=n i+j=n i+j+k=n
for u,v € V. It holds for n = 0 as K is a Reynolds operator. For n = 1, we obtain
[Ku, Kyol, + [Kiu, Koly = Ki(p"(Ku)v + pR(Ko)u — [Ku, Kvl,)
+ K(p (Kyu)o + pR(Kyo)u — [Ky (1), Kvly — [K(w), K10]).

This condition is equivalent to (Jdx(K1))(u,v) =0, foru,v € V.
Next, we define an equivalence between two formal deformations of a Reynolds operator.

Definition 5.8. Two formal deformations Ky = Y.,;/=5 Kit' and K] = Y5 K!t' of a Reynolds operator K are said to be
equivalent if there exists an element x € g such that ¢q(x) = x, linear maps ¢; € gl(g) and p; € gl(V) for i > 2 such
that the pair

(¢ =Idg + tLe + Y @i, = 1dv + Hp"(x) - [x, K=I) + ) it
i=2 i=2

is a morphism of Reynolds operators from K; to K;.
By equating coefficients of t from both sides of the identity ¢; o K; = K] o 1;, we obtain
Kq(u) — K (u) = K(p"(x)u — [x, Kuly) — [x, Kuly = dx(x)(u), foru € V.
As a summary, we get the following result.

Theorem 5.9. The linear term of a formal deformation of a Reynolds operator K is a 1-cocycle in the cohomology of
K, and the corresponding cohomology class depends only on the equivalence class of the deformation of K.

Definition 5.10. A Reynolds operator K is said to be rigid if any formal deformation of K is equivalent to the
undeformed deformation K| = K.

In the next theorem, we give a sufficient condition for the rigidity of a Reynolds operator in terms of
Nijenhuis elements.

Theorem 5.11. Let K be a Reynolds operator. If Z,(V, 8) = dx(Nij(K)), then K is rigid.

Proof. Let K; = Y3 Kit' be any formal deformation of K. I t follows from Theorem [5.9| that the linear
term Kj is a 1-cocycle in the cohomology of K, i.e., K; € Z}<(V, g). Thus, by the hypothesis, there is a Nijenhuis
element x € Nij(K) such that K; = —dx(x). We take

¢r=1dg +tL, and ¢, =Idy + t(pL(x) - [x,K=1,),
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and define K] = ¢; o K; o ¢;1. Then K] is a formal deformation equivalent to K;. For u € V, we observe that

Ki(u) = (Idg + tLy)(Ki(u — tp“(x)u + t[x, Kul, + power of t2))
K(u) + t(Kqu — KpL(x)u + K[x, Kul, + [x, Ku];) + power of 22,
K(u) + 2K () + - -+ (as K1 = —dx(x)).

Hence the coefficient of ¢ in the expression of K] is trivial. Applying the same process repeatedly, we get
that K; is equivalent to K. Therefore, K is rigid. O

6. NS-Hom-Leibniz algebras

In this section, we introduce NS-Hom-Leibniz algebras as the underlying structure of Reynolds opera-
tors. We study some properties of NS-Hom-Leibniz algebras and give some examples.

Definition 6.1. An NS-Hom-Leibniz algebra is a quintuple (A, ¢a,>, <, ©) consisting of a vector space A together
with three bilinear operations »,<,¢ : A® A — A and an algebra homomorphism ¢ : A — A satisfying for all
X, Y,Z€A,

(A1) Pa(x)> (y*2) = (x> y) > Pa(2) + Paly) < (x> z),

(A2)  Qa(x)<(y>2z) = (x<y)> Pa(z) + Pa(y) > (x *2),

(A3)  Pa) <(y<2) = (x+y) <Pa(2) + Pa(y) < (x <2),

(A4)  Palx) <(yoz)+ Pa(x) o (y*z) = (x o y)>Palz) + (x*y) © Pa(2)
+Qa(y) < (x 0 2) + Paly) ¢ (x*2),

wherex*y =xry+x<ay+xoy.

NS-Hom-Leibniz algebras are more general than NS-Leibniz algebras introduced in [9]. More precisely,
an NS-Hom-Leibniz algebra (A, ¢4,>, <, ©) in which ¢4 = Id is an NS-Leibniz algebra.
In the following, we show that NS-Hom-Leibniz algebras split Hom-Leibniz algebras.

Proposition 6.2. Let (A, pa,>, <, ©) be an NS-Hom-Leibniz algebra. Then the vector space A with the bilinear
operation

[,'.:A®A—> A, [x,yl.:=xxy
is a Hom-Leibniz algebra.

Proof. By summing up the left hand sides of the identities (A1)-(A4), we get [pa(x), [y, z].].. On the
other hand, by summing up the right hand sides of the identities (A1)-(A4), we have [[x, y]., pa(z)]. +
[pa(y), [x, z].].. Hence the result follows. |

Proposition 6.3. Let (A, ¢4) be a Hom-associative algebra and P : A — A be a linear map satisfying P(x)P(y) =
P(P(x)y) = P(xP(y)) and ¢pa o P = P o ¢4, for any x,y € A. Define bilinear operations>,<,0 : A A — A by

x>y =—-yPx),x<y=Px)y, and xoy =0, forx,y € A.
Then (A, ¢a,», <, ) is an NS-Hom-Leibniz algebra.

Proof. For any x, y,z € A, we have

$a(2)P(yP(x)) = P(pa(y))(zP(x))
zP(y)P(Pa(x)) — (P(y)z)P(Pa(x))
ba(x) > (y * 2).

(x> y) > Pa(2) + Paly) < (x>2)
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Also, we have

Pa(x) < (y>2) = (x 2y) > Pa(2)

~P(Pa(x)(zP(y)) + paz)P(P(x)y)

—P(x)(zP(y)) + (zP(x))P(Pa(y))

Pay) > (x*2).

Thus (A1) and (A2) hold. Similarly, we can check that (A3) and (A4) hold obviously. This completes the

proof. m]
NS-Hom-Leibniz algebras also arise from weighted Rota-Baxter operators on Hom-Leibniz algebras.

Let (g, [, ‘]g, @) be a Hom-Leibniz algebra. A linear map T : ¢ — g is said to be a Rota-Baxter operator of
weight A on the Hom-Leibniz algebra if T satisfies

Togpg=dgoT,
[Tx, Tyly = T([Tx, ylq + [x, Tyl + Alx, yl,), forx,y € g.

Note that the identity map Id : ¢ — g is a Rota-Baxter operator of weight -1. If T is a Rota-Baxter operator
of weight A, then —AId — T is so. In the following result, we show that Rota-Baxter operators of weight A
induce NS-Hom-Leibniz algebras.

Proposition 6.4. Let T : ¢ — g be a Rota-Baxter operator of weight A on the Hom-Leibniz algebra (g, [, ‘1g, Pq)-
Then there is an NS-Hom-Leibniz algebra structure on the vector space g with bilinear operations

xey=[xTyly, x<y=[Tx,yly andx oy = Alx, yls, forx,y€aq.
Proof. For any x, y,z € g, we have

(x> y) > Pg(2) + Pg(y) < (x> 2)

[[x, Tyls, Tog(2)]s + [Tpa(y), [x, Tzlglq
= [pg(x), [Ty, Tz]y]q
= [Ppg(), T(y = 2)]I
= Pg(x)> (y*2).

Also,

P < (y>z) = (x2y)> Py(z) = [Tog(x), [y, Tzlglg — [[x, Tyly, Thy(2)];
= [Pps(y), [Tx, Tz],],
= [Pg(y), T(x=2)]g
= ¢o(y) > (xx2).

Similarly, we have

Pg() < (y<z) —Pg(y) < (x<z) = [Tpg(x), [Ty, zlsls — [TPg(y), [Tx, z]4];
= [[Tx, Tyls, ¢o(2)]q
= [T(x*y), Pg(2)]
= (x*y) 1Py(2).

Moreover, we have

(x o y) > Pg(2) + (x* y) © Pg(2) + Pg(y) < (x © 2) + Pg(y) © (x * 2)
= Allx, ylo, Tog(2)]g + AT, ylo, $o(2)]y + Allx, Tyl, ¢g(2)] + A[[x, y1, ¢g(2)]
+A[TPa(y), [x, 211 + Alg(v), [Tx, 2)gly + Aldg(y), [x, Tzl + A[Pg(y), [x, 241
= AMTog(), [y, zlls + Mg(x), [y, T21laJs + Ao (x), [Ty, zlly + A*[g(x), [y, 21l
= Pg(x) 2 (y 0 2) + Pg(x) © (y * 2).

This completes the proof. |
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The Hom-Leibniz algebra (4, [, ‘1., ¢4) of the above proposition is called the subadjacent Hom-Leibniz
algebra of (A, ¢a,>, <,¢) and (A, pa,>, < ©) is called a compatible NS-Hom-Leibniz algebra structure on

(A/ ['/ ']*/ (PA)

Proposition 6.5. Let (g, [, ‘1s, ¢q) be a Hom-Leibniz algebra and N : ¢ — g be a Nijenhuis operator on it. Then the
bilinear operations

x>y =[xNyly, x<y=[Nxyly and xoy=-N[x,yly, forx,y€g
defines an NS-Hom-Leibniz algebra structure on g.

Proof. For any x, y,z € g, we have

o) > (v *2) = [Pg(x), N(y *2)] = [Py(x), [Ny, Nz]]
[[x, Nyl, Nog(2)] + [Np4(y), [x, Nz]]
(x> y) > Pg(z) + Pg(y) < (x> 2).

Hence the identity (A1) of Definition[6.1]holds. Similarly, we get

Pg(x) < (y > 2) = [Ngy(x), [y, Nz]] = [[Nx, y], Npg(2)] + [q(y), [Nx, Nz]]
= (x 1Y) > Py(2) + Py(y) > (x+2),

and
$g(x) < (y <z) = [Npy(x), [Ny, z]] = [[Nx, Nyl, p4(2)] + [NPo(y), [Nx, z]]
= (x*Y) <Pg(z) + Pg(y) < (x <2).

Therefore, the identities (A2) and (A3) also hold. To prove the identity (A4), we first recall from [5] that the
given Hom-Leibniz bracket [+, -], and the deformed Hom-Leibniz bracket [, -]y are compatible in the sense
that their sum also defines a Hom-Leibniz bracket on g. This is equivalent to the fact that

[Pa(x), [y, zlsIN + [Pg(x), [, zIN]q

= [[x, ylg, @s(@)IN + [[x, YN, Po(D)]g + [@s (W), [x, zlgIn + [Pa(y), [x, zIN]a, (6. 1)
for x,y,z € g. The identity (A4) of Definition simply follows from . Hence (g, ¢q,>, <, ©) is an
NS-Hom-Leibniz algebra. ]

Let (A, ¢a, >, <, ) be an NS-Hom-Leibniz algebra. Define two linear maps L. : A — gl(A), R, : A — gl(A)
by
L{x)y=x<y, RXy=yrx and [x,yl.=—-xoy, forx,yeA.
With these notations, we have the following result.

Proposition 6.6. Let (A, pa,>, <, ¢) be an NS-Hom-Leibniz algebra. Then (A, ¢4, L., R.) is a representation of the
subadjacent Hom-Leibniz algebra (A, [-, 1., pa). Moreover, the identity map 1d : A — A is a Reynolds operator on
the Hom-Leibniz algebra (A, [, ‘1., ¢a) with respect to the representation (A, ¢pa, L4, R.).

Proof. For any x, i,z € A, we have

Ll yl)baD = 4yl <0a() ‘2 pa() <(y<2) — pa(y) < (x <2)
= (Luda() 0 Lo(y) - Lu(@a(¥)) 0 Lu(¥) 2.
Similarly, we get

42

R.([x, y1.)pa(2) = pa(2) > [x, y]« Pa(x) <(z>y) = (x 22) > Pa(y)

Lo(¢pa(x)) o Ro(1))z = Ro(pa(y)) © L+(¥)z,
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and
Rl y1)0a(@) = da@) o 6,y 2 (25 %) > Ppa(y) + pa(x) < (2> y)
= (R(@a®) o Re(x) + Lupa()R.(y))z.

Therefore, (A, ¢4, L., R.) is a representation of the subadjacent Hom-Leibniz algebra (A, [+, ‘1., ¢4). Finally,
we have

Id(L(Id x)y + R.(Id y)x = [Id x,Id y].) =x <y + x> y+xoy = [Id x,1d y].,

which shows that Id : A — A is a Reynolds operator on the Hom-Leibniz algebra (A, [+, ‘1., p4) with respect
to the representation (A, ¢4, L., R.). m]

Proposition 6.7. Let (g, [, 14, ¢5) be a Hom-Leibniz algebra and (V, v, p*, pR) be a representation. Let K : V — g
be a Reynolds operator. Then there is an NS-Hom-Leibniz algebra structure on V with bilinear operations given by

U> U= pR(KU)u, U<y = pL(Ku)v and uov:=-[Ku,Kvl,, foru,veV.

Proof. For any u,v,w € V, we have

Py () > (v*w) = p" (K@ *w)pv () = p*([Kv, Kw)py(u)
pH(Kpv(@)p" (Kw)u + p* (K (w))p" (Koyu

Qv (v) <(urw) + (u>v)> Ppy(w).

Similarly, we get

Py () < (0> w) = p* Ky (u)p" (Kw)o

p"([Ku, KzD)pv (0) + p* (K (w))p" (Kuyo
Pv(0) > (u+ W) + (1 <0) > Py (w),

and
Pv(u) <(©aw) = p"(Kpv()p"(Ko)(w) = p"([Ku, Kol)py(w) + p"(Kdy (0))p" (Kuyw
= (uxv) <Ppy(w) + Py(v) < (u <w).
Hence (A1), (A2) and (A3) of Deﬁnitionhold. Since ([, ‘14)(Ku, Kv, Kz) = 0, i.e.,
p* (K (u)[Ko, Kwly — p* (K () [Kut, K]y = p* (Kepy (w))[Kut, Kol
— [[Ku, Kv]g, Kov(w)]; — [KPy(v), [Ku, Kwlglg + [Kpv(u), [Kv, Kw]g]y = 0.
This is equivalent to the condition (A4) of Definition Hence the proof is completed. m]

Remark 6.8. The subadjacent Hom-Leibniz algebra of the NS-Hom-Leibniz algebra constructed in Proposition
is given by

[u, 0], = p*(Ku)o + pR(Kv)u — [Ku, Kvl,, foru,v e V.

This Hom-Leibniz algebra structure on V coincides with the one given in Proposition

In the following, we give a necessary and sufficient condition for the existence of a compatible NS-Hom-
Leibniz algebra structure on a Hom-Leibniz algebra.

Proposition 6.9. Let (g, [, ‘]q, ¢q) be a Hom-Leibniz algebra. Then there is a compatible NS-Hom-Leibniz algebra
structure on g if and only if there exists an invertible Reynolds operator K : V. — gon g with respect to a representation
(V, v, pt, pR). Furthermore, the compatible NS-Hom-Leibniz algebra structure on g is given by

x>y = K(e*(yK %), x<y:=K"®)K'y) and xoy=-K[x,yl, forx,yeaq.
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Proof. Let K : V — g be an invertible Reynolds operator on g with respect to a representation
(V, v, pt, pR). By Proposition there is an NS-Hom-Leibniz algebra structure on V given by

usv:=pRKoyu, zv:=p"Ku)p and u3sv:=—[Ku,Ko],, foru,veV.
Since K is an invertible map, the bilinear operations

xey = KK x5 K'y) = K(p* (y)K %),
x<y:= KK 'x3Ky) = K(p" K y),
xoy:=KK'x3K'y) =-K[x,yly, forx,yeg,

defines an NS-Hom-Leibniz algebra on g. Moreover, we have

X>PYy+x<ay+xoy
= K(p"(y)K™"x) + K(p" @K "y) ~ KIx, yl,
= K(pR(K o K™'y)K™2) + K(p"(K 0 KK 'y) — K[K 0 K™x, Ko Ky,
=[KoK'x,Ko K‘ly]* =[x, yl..

Conversely, let (g, ¢q,>, <, ¢) be a compatible NS-Hom-Leibniz algebra structure on g. By Proposition
(8, ¢g, L, R.) is a representation of the Hom-Leibniz algebra (g, [, ‘15, ¢4), and the identity map Id : g — gisa
Reynolds operator on the Hom-Leibniz algebra (g, [+, ‘15, ¢4) with respect to the representation (g, ¢, L, R.).
Hence the proof is finished. ]
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