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Subgroups of products of para t-discrete semitopological groups
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Abstract. In this article we define a new class of topological spaces called para t-discrete spaces and give
an internal characterization of a subgroup of product of para t-discrete semitopological groups having

character less than or equal to 7. Also we give a partial solution of an open problem posed by Sanchez [5,
Problem 3.8].

1. Introduction

A semitopological group is a group endowed with a topology such that the right and left translations
are continuous, and a paratopological group is a group endowed with a topology for which multiplication
is continuous. If, additionally, the inversion in a paratopological group is continuous, then it is called a
topological group.

A space X is regular if it is Ty and for every closed subset F C X and for every x ¢ F, there exist disjoint
open sets M, N such that F € M and x € N.

In [5], Sanchez obtained the following theorem: Let G be a regular semitopological group. Then G
admits a homeomorphic embedding as a subgroup into a product of metrizable semitopological groups if
and only if G has property (*) and countable index of regularity. A semitopological group G has property (*)
if for every open neighborhood U of the identity e in G, the family {Ux : x € G} has an open basic refinement
which is dominated by a countable family y of open neighborhoods of ¢ and o-discrete with respect to y.
Also, a regular semitopological group G has a countable index of regularity, if for every neighborhood U of
the identity e in G, there is a neighborhood V of ¢ and a countable family y of neighborhoods of e such that
Nwey VW™ C U (see[7]).

Notice that both the above notions require a countable family y of neighborhoods of e. So the question
still remains when a semitopological group satisfies weaker properties than the above, can G be embedded
into a product of some semitopological groups?

For this purpose we introduce a new class of topological spaces called para t-discrete spaces. This class
contains the class of metric spaces. Then an analogue of Sdnchez’s theorem mentioned above is obtained
in Section 3.

In Section 4, we answer partially a question [5, Problem 3.8] posed by Sanchez.
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2. Preliminaries

Let 7 > w be a cardinal number and let y be a family of subsets of a set X. Then y is said to be 7-family
if its cardinality |y| is less than or equal to 7. A family U of subsets of a set X is decomposable as a 7-union
if there is an index set I and subfamilies U;, i € I of U such that U = U{U;:i €} and |I| < 1.

Let G be a semitopological group with identity e. We denote by N(e) the family of open neighborhoods
of ein G.

A family U of subsets of G is called 7-discrete if it is a T-union of discrete families.

A family U of subsets of G is called discrete with respect to a family y € N(e), if for each x € G, there
isa V € y such that xV intersects at most one element of U. Also, we say that a family U of subsets of G
is T-discrete with respect to a family y € N(e), if U can be decomposed as a t-union of families which are
discrete with respect to y. A family U of subsets of G is dominated by a family y C N(e) if for each U € U
and x € U thereisa V € y such that xV C U.

A semitopological (paratopological) group G is called 7-balanced if for each U € N(e), there exists a
7-family y € N(e) such that for each x € G we can find V € y with xVx™! C U, such a family vy is usually
called subordinated to U. A subset U C G is called 7-good, if there is a t-family y € N(e) such that for each
x € U thereis a V € y such that xV C U. It is clear that 7-good sets are open in G. Denote by N*(e) the
family of open neighborhoods of ¢ in G that are 7-good. We say that G is locally 7-good if the family N*(e)
is a local base at ¢ in G.

Let X be a topological space and U be a cover of it, then we say that a refinement V of U is basic if for
every U € U and x € U thereexistsa V € V such thatx € V C U.

Definition 2.1. A topological space X is called para 7-discrete, if it has a base 8 which is 7-discrete, that is,
B =J{V;:iel}, where|l| < 7 and each V; is a discrete family, is a base for the topology of X.

Since each o-discrete family is 7-discrete, it follows from the Bing metrization theorem that the class of
metric spaces is contained in the class of para t-discrete spaces.

Theorem 2.2. Let X be a para t-discrete space. Then every open cover of X has an open t-discrete basic refinement.

Proof. Let U be an open cover of X and B be a 7-discrete base of X. Put V = {V € 8: V C U for some
U € U}. Clearly, V is open t-discrete basic refinement of U. O

Theorem 2.3. Let X be a topological space with character x(X) < t. If every open cover of X has an open t-discrete
basic refinement, then X is para t-discrete space.

Proof. For every x € X, we can assume that {B,(x) : a € 7} is a local base at x. Put U, = {B,(x) : x € X}
for every a € 7. Let V, be an open t-discrete basic refinement of U,, for all « € 7. Then B = |J,e; Vi is
t-discrete. To show that 8 is a base for X, let O be an open set in X and x € O. Then there existsan a € T
such that x € B,(x) C O. Since V), is a basic refinement of U, and x € B,(x) € U,, there existsa V € V,
such that x € V C B,(x). Thusx € V € O and V € 8. Therefore, X is a para t-discrete space. [J

Definition 2.4. A semitopological group has property (7*) if for every U € N(e), the family {Ux : x € G} has
an open basic refinement which is dominated by a 7-family y € N(e) and 7-discrete with respect to y.

Theorem 2.5. Let G be a semitopological group with character x(G) < t. Then G is para t-discrete if and only if G
has property (T*).

Proof. Assume that G is para t-discrete. Let U € N(e). Then by Theorem 2.2, the family {Ux : x € G} has
an open t-discrete basic refinement V. Since the character x(G) < t, there is a local base y € N(e) at the
identity e and this is a 7-family. Thus V is 7-discrete with respect to the 7-family y and dominated by y.
Conversely, assume that G has property (7*). Let {U, : @ € T} be a local base at the identity ¢ in G. Then
for each a € 7, the family U, = {U,x : x € G} has an open basic refinement V, which is dominated by a
t-family y, € N(e) and 7-discrete with respect to y,. Put 8 = |J,c; V. Then B is 7-discrete family with
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respect to (J,e; Va- Since {Uyx : x € G, a € 7} is a base for G, B is a base for G. Indeed, let O be an open set
in G and x € O, then there is an « € 7 such that x € U,x C O. Since V, is a basic refinement of U, there is
aV eV, suchthatx € V C U,x. This implies that x € V C O and V € B. Therefore, 8B is a 7-discrete base
and hence G is a para 7-discrete space. [

Theorem 2.6. If a semitopological group G has property (t*), then every subgroup of G has property (t*) as well.

Proof. Let H be a subgroup of G and W be an open neighborhood of the identity ¢ in H. Then there exists an
open neighborhood U of e in G such that W = U N H. Since G has property (7%), the family {Ux : x € G} has
an open basic refinement V which is dominated by a 7-family y € N(e) and t-discrete with respect to y.
Consider V; = {O € V : O € Uh for some h € H} and put Vg = {ONH : O € V;}. We claim that Vg
is an open basic refinement of {Wh : h € H}. Indeed, let iy € Wh = (U N H)h for some h € H. Since V is a
basic refinement of {Ux : x € G} and h; € Uh, there exists an O € V such that iy € O € Uh. This implies
that O € Viyand hy e ONH C UhNH = UhnHh = (UN H)h = Wh. Thus Vy is open basic refinement
of {(Wh : h € H}. To prove that, Vy is dominated by yy = {VNH : V € y},leth € ONH € Vy. Since V
is dominated by y, there is a V € y such that hV C O. This implies that W(V N H) € O N H. Thus Vy is
dominated by yy. Since V is 7-discrete with respect to y. Therefore, Vy is T-discrete with respect to yy. O

Theorem 2.7. Let {G; :i €I and |I| < 7} be a family of semitopological groups with character x(G;) < . If each G;
has property (t*), then G = [],¢; Gi has property (t*) as well.

Proof. Let U be an open basic set containing the identity e in G. Put U = [];; U;. There exists a finite subset
J of I such that U; = G; for every i ¢ |. Put | = {i1,7,...,5,}. Let K ={1,2,..,r}. First we show that the
family V = {Uyg : g € G} has an open basic refinement which is 7-discrete with respect to a 7-family and also
dominated by the 7-family. Since G;, has property (7*) for all k € K, the family V;, = {U;,x : x € G, } of G;, has
an open basic refinement ‘W , which is 7-discrete with respect to a 7- family y;, € N(e;) and dominated by
Vi, For each k € K, we can put Wj, = U,e. Wi (a), where W, (a) is discrete with respect to y;,. Let A € 7".
Put

WA) = (W x - X W) : Wy € Wi (AQD), .., Wy € W, (AR))).
and
Yu= {pl_l(Ol XX Oy) : Ol € Virreeer O, € 7/@} .

Here pj is the projection map from G onto Gj = []; G;. Clearly, yy is a T-family. We claim that W(A) is
discrete with respect to Y. Let g = (g;) € G. Since for each k € K, the family W, (A(k)) is discrete with
respect to v;,. Therefore, there exists Ok € y;, such that g;, Or meets at most one element of ‘W; (A(k)). Let
V= pj‘l(Ol X +++ X Og). Then gV intersects at most one element of W(A). Let Wy = Uper W(A). Clearly,
Wy is t-discrete with respect to yy.

Letg = (9) € Gand y = (y;) € Ug. Then y;, € U, g;, for all k € K. Since ‘W), is open basic refinement of
the family V;, for each k € K, there exists a Wy € ‘W,;,_such that y;, € Wy C U, g;,. Let W = p,‘l(Wl XX W),
Then y € W C [];; U;gi. This proves that the family ‘WY, is an open basic refinement of the family V.

Now we show that the family ‘W is dominated by the family yy;. Let Wy € ‘W, for every k € K and
y=(y;) € p;l(Wlx, . XW;). Then y; € W for each k € K. Since ‘W, is dominated by y;, for each k € K,
there is a Oy € y;, such that y;, Ox € W;. This implies that

(yi)pl‘l(Ol X, ..., XO,) C pj‘l(Wl X, ooy XW,).

By [2, Theorem 2.2.13], x(G) < 7. Let 8 be a local base at the identity e in G with |B| < 7. Let O be any open
in G containing the identity e. Let W = [J{Wy : U € B} and y = U{yu : U € B}. Clearly, y is a 7-family.
Also W is open basic refinement of {Og : g € G} which is t-discrete with respect to y and dominated by y.
Thus, G has property (7%). O
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Theorem 2.8. Let G be a semitopological group with identity e. If for every U € N(e), the family {Ux : x € G} has
an open basic refinement dominated by a t-family. Then G is T-balanced and locally t-good.

Proof. Let U € N(e) and the family {Ux : x € G} has an open basic refinement V which is dominated by a
t-family y € N(e). Let g € G. Then there exists an O € V such that g € O C Ug. Since V is dominated by
y, there is a V € y such that gV C O. Therefore, gV € O C Uyg. Thus G is t-balanced. Since V is a basic
refinement, there exists a V € V such thate € V C U. Since V is dominated by the 7-family y, the set V is
t-good. Thus, V is a local base at the identity e consisting of t-good sets. Therefore, G is locally 7-good. [

Corollary 2.9. Each semitopological group G with property (t*) is T-balanced and locally t-good.

3. Characterizations of subgroups of products of para 7-discrete semitopological groups

Let # be a topological (or algebraic) property. Recall that a semitopological group G is projectively-P or
range-P if for every neighborhood U of the identity element in G, there exists a continuous homomorphism
p : G — H onto a semitopological group H with property P such that p~!(V) C U, for some neighborhood
V of the identity element of H (see[6, 7]).

Proposition 3.1. ([1, Theorem 3.4.21]) Let P be a class of semitopological groups, T an infinite cardinal number,
and G a Ty semitopological group, which is range-P and has a base B of open neighborhoods of identity element such
that |B| < t. Then G is topologically isomorphic to a subgroup of a product of a family {H, : a € A} of semitopological
groups such that H, € P, for eacha € A, and |A| < 7.

Lemma 3.2. ([4]) Let G be a semitopological group with identity e. Suppose that a family y C N (e) satisfies the
following conditions:

(a) for every U € y and x € U, there exists a V € y such that xV C U;
(b) y is subordinated to U, for each U € .

Then the set N = N{U N U™ : U € y} is an invariant subgroup of G. Further, UN = NU = U for each U € .

Theorem 3.3. Let G be a Ty semitopological group with character x(G) < t. Then G admits a homeomorphic
embedding as a subgroup into a product [],e; H;, | < T, of para t-discrete semitopological groups H; with character
less than or equal to T if and only if G has property (T°).

Proof. First suppose that G is topologically isomorphic to a subgroup of a product H = [[;; H;, where |I| < T
and each H; is para 7-discrete semitopological group having character y(H;) < 7. By Theorem 2.5, each H;
has property (7*). It follows from Theorems 2.6 and 2.7 that G has property (17*).

Conversely, assume that G has property (7*). By Proposition 3.1, it is sufficient to show that G is
projectively para t-discrete with character less than or equal to 7. Let Uy € N(e). We need to find a
continuous homomorphism p : G — H onto a para 7-discrete semitopological group H with character
X(H) < 7 such that p~(Vy) € Uy for some V € N(ey).

We will construct by induction a sequence {y, : # € w} similarly as in Sdnchez [5] such that for each
new:

(i) yu S N'(e) and |y, < 7;
(i) vn S ynes
(iii) v, is closed under finite intersections;
(iv) for every U € y, and x € U, there exists a V € y,41 such thatxV C U;
(v) the family y,41 is subordinated to U, for each U € y,;
(vi) for each U € y,, the family {Ux : x € G} has an open basic refinement V; which is t-discrete with
respect to y,+1 and dominated by y;41.
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By Corollary 2.9, G is locally t-good, that is, the family N*(e) is a local base at the identity e in G. Then
there exists a Uj € N*(e) such that Uj C Up. Put yo = {U}. Suppose that for some n € @, we have defined
families yy, ...y, satisfying (i)-(vi). By Corollary 2.9, G is t-balanced. Since y, is a T-family, we can find a
t-family A,1 € N*(e) subordinated to every U € y,,. As )y, C N*(¢), there exists a 7-family A, » C N*(e) such
that for each U € y, and x € U, there exists a V € A, satisfying xV C U. Since G has property (7*), so for
every U € y,, the family {Ux : x € G} has an open basic refinement V;; which is 7-discrete with respect
to a 7-family Ay € N*(¢) and dominated by Ay. Let y,41 be the minimal family contained in N*(e) and
containing y, U Ule Api U Uuq,n Au and closed under finite intersections. Clearly, y,.1 satisfies (i)-(vi).
This finishes our construction.

Put y = U,ew Yn- Clearly, y is a t-family. By (vi), for each U € y, the family Vi is an open basic
refinement of {Ug : g € G} which is dominated by y and t-discrete with respect to y. By Lemma 3.2,
N = N{VNV~1:V €y}isaninvariant subgroup of G. Consider the abstract group G/N. Letp : G = G/N be
the canonical homomorphism. Put 8 = {p(V) : V € y}. Then the family 8 satisfies the following properties:

1. for each O,P € B, there existsa Q € Bsuchthat Q C O N P;
2. forall O € Band o € O, there exists a P € B such that oP C O;
3. Bis subordinated to each O € B.

Indeed, the statement (1) follows from the fact that y is closed under finite intersections. The statements (2)
and (3) follow from (iv) and (v), respectively.

Put H = G/N. The statements (1)-(3) imply that there is a topology 7~ on H such that (H,7) is a
semitopological group and the family 8 is a local base at ex, where ey is the identity of H. Since y is a
t-family. So B is a t-family. This implies that the character y(H) < 7.

Let us show that H has property (t*). Let p(U) € B, (U € y) be a basic open set in H. It is sufficient to
show that the cover {p(U)h : h € H} has an open basic refinement which is dominated by 8 and 7-discrete
with respect to 8. By (vi), the cover {Ug : g € G} has an open basic refinement V;; which is dominated
by y and t-discrete with respect to . We claim that the family p(Vy) = {p(P) : P € Vy} is an open basic
refinement of the family {p(U)h : h € H} and it is dominated by B = p(y). Let P € Vy and y € p(P). Then we
have an x € P such that p(x) = y. Since Vy; is dominated by y, there is a V € y such that xV C P. Therefore,
y € yp(V) C p(P). Hence p(P) is open in H. Let p(U)h; € {p(U)h : h € H} and y € p(U)h;. Choose g1,x € G
such that p(U)h = p(Ug1) and y = p(x) with x € Ug;. Since Vy; is an open basic refinement of {Ug : g € G},
there is a P € Vi such that x € P C Ugy. Therefore, y € p(P) € p(U)h1. Hence p(Vy) is an open basic
refinement of {p(U)h : h € H}.

Now we will show that p(Vy;) is dominated by 8. Let P € Vi; and y € p(P). Then we can find an x € P
such that p(x) = y. Since V| is dominated by y, so there is a V € y such that xV C P. Hence, yp(V) C p(P).
Therefore, p(‘Vy1) is dominated by 8.

We claim that p(Vy) is 7-discrete with respect to 8. Indeed, since Vy; is t-discrete with respect to y,
we can put Vy = Uzer Vo, where each V, is discrete with respect to y. Fix @ € 7. Let y € H. Then
we have x € G such that p(x) = y. Since V, is discrete with respect to y, there is a V € y such that xV
meets at most one element of V,. Suppose that for some P € V, we have that p(P) N yp(V) # 0. Let
h € p(P)nyp(V) # 0. Then we can find a g € P such that p(g9) = h. Since YV, is dominated by y, there is
a W € y such that gW C P. Therefore, i € hp(W) C p(P) and hp(W) N yp(V) # 0. So gWN N xVN # 0. By
Lemma 3.2, gW N xV # 0. Thus PN xV # (. Since xV meets at most one element of V,,. Hence yp(V) meets
at most one element of p(V,) = {p(P) : P € V,}. Thus we have proved p(V,) is discrete with respect to 5.
Therefore, p(Vu) = Uye, p(Va) is T-discrete with respect to 8.

Let W € N(en). Consider the cover W = {Wh : h € H}. Let y € Wh for some h € H. Then we can find a
U € y such that y € p(U)y € Wh. Since p("Vy) is an open basic refinement of {p(U)h : h € H}, there exists a
P € Vysuch that y € p(P) € p(U)y. Hence y € p(P) € Wh. Let us take V = Jye, p(Vu). Then it follows that
V is an open basic refinement of ‘W. Also V is dominated by 8 and 7-discrete with respect to 8. Thus we
have proved that H is a semitopological group with character x(H) < 7 having property (7). By Theorem
2.5, H is para t-discrete.

Finally, Vo = p(Uj) is an open neighborhood of ey in H and p~ (Vo) = Uy € Up. Therefore, G is a
projectively para t-discrete with character less than or equal to 7. O
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The index of regularity Ir(G) of a regular semitopological group is defined as a minimum cardinal
number «x such that for every neighborhood U of the identity ¢ in G, one can find a neighborhood V of e
and a family y of neighborhoods of ¢ in G such that (e, VW™ c Uand |7/) < x ([7D.

Proposition 3.4. Let G be a regular semitopological group with character x(G) < 7, then Ir(G) < 7.

Proof. Lety be a local base at the identity e of G with b/| < 1. Let U € N(e). By regularity of G, there will be
V € N(e) such that V C U. Let x € G\ U. By regularity of G, there exist disjoint open sets M and N in G such

that V C Mand x € N. Thus VNN = @and e € x IN N V. Then there isa W € y such thate e W Cx 'NN V.
This implies that xW € N and xW NV = 0. Thus, x ¢ VW1, which gives Mvey VWl cu. O

Theorem 3.5. Let G be a reqular semitopological group with character x(G) < t. Then G admits a homeomorphic
embedding as a subgroup into a product [, H;, || < 1, of reqular para t-discrete semitopological groups H; with
character less than or equal to T if and only if G has property (T*).

Proof. Suppose that G is topologically isomorphic to a subgroup of a product H = [];; H;, where |I| < 7 and
each H; is regular para t-discrete semitopological group having character y(H;) < t. By Theorem 2.5, each
H; has property (7). It follows from Theorems 2.6 and 2.7 that G has property (7).

Conversely, assume that G has property (7*). By Proposition 3.1, it is sufficient to show that G is
projectively regular para t-discrete with character less than or equal to 7. Let Uy € N(e). We need to
find a continuous homomorphism p : G — H onto a regular para t-discrete semitopological group H with
character y(H) < 7 such that p~1(Vj) C Uy for some V € N(en).

We will construct by induction a sequence {y, : n € w} similarly as in Theorem 3.3 satisfying the prop-
erties (i) to (vi) and the following;:

(vii) for each U € y,, there exists a V € ;41 such that ﬂWEVM VWlcu;

By Corollary 2.9, G is locally 7-good, that is, the family N*(e) is a local base at the identity ¢ in G. Then
there exists a Uj € N*(e) such that Uj C Up. Put yo = {U;}. Suppose that for some n € w, we have defined
families yy, . ..y, satisfying (i)-(vii). By Corollary 2.9, G is t-balanced. Since y, is a T-family, we can find a
t-family 4,1 € N*(e) subordinated to every U € y,. As v, € N*(e), there exists a 7-family A,» € N*(e) such
that for each U € y, and x € U, there exists a V € A,,; satisfying xV C U. Since G has property (7*), so for
every U € y,,, the family {Ux : x € G} has an open basic refinement V; which is 7-discrete with respect to a
t-family Ay € N*(e) and dominated by Ay;. By Proposition 3.4, Ir(G) < 7, we can find a 7-family A,,3 € N*(e)
such that for every U € y,, there exists a V € A, 3 satisfying ﬂwg\n/s VW™ C U. Let yy41 be the minimal
family contained in A*(e) and containing 7, U 7, A, U Uuey, Au and closed under finite intersections.
Clearly, y,+1 satisfies (i)-(vii). This finishes our construction.

Put y = U,ee Vn- Clearly, y is a t-family. By (vi), for each U € y, the family Vy is an open basic
refinement of {Ug : g € G} which is dominated by y and t-discrete with respect to y. By Lemma 3.2,
N ={VNV~:V e y}is an invariant subgroup of G. By (vii) we have that for each U € y, thereisa V € y
such that (e, VW™ C U. It follows from (iii) and (vii) that (e, VV™' C U, for every U € y. So that
N = Nye, VVL. Consider the abstract group G/N. Letp : G — G/N be the canonical homomorphism. Put
B = {p(V) : V € y}. Then the family B as in preceding Theorem 3.3 generates a topology 7 on H = G/N
such that (H, 7") is a semitopological group and the family 8 is a local base at the identity ep, and character
XH) <t

We show that the semitopological group (H, 7") is Hausdorff. Take y € H\ {ey}. Then thereisax € G\N
such that p(x) = y. Since x ¢ N = [y, VV-1, there exists a V € y such that x ¢ VV~!, Equivalently,
xVNV = 0. It follows from Lemma 3.2 that xXVN N VN = 0, so that yp(V) N p(V) = 0. Since H is a
homogeneous space. Thus H is Hausdorff.

Let p(U) € B, (U € y) be a local neighborhood of the identity ey in H. Then there is a V € y such that

(Mwey VW~ C U. We claim that p(V) C p(U). Let y € H \ p(U). Then there is a x € G \ U such that p(x) = v.
Since x ¢ U, there isa W € y such that x ¢ VWL ThusxW NV = 0. By Lemma 3.2, xWN N VN = (. Hence
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yp(W) N p(V) = 0. This implies that v ¢ p(V). Therefore p(V) C p(U). Since H is a homogeneous space, we
conclude that H is regular.

We have shown that H has property (7*) in Theorem 3.3. By Theorem 2.5, H is para 7-discrete semi-
topological group. Thus we have proved that H is a regular para t-discrete semitopological group with
character y(H) < 1.

Finally, Vo = p(U;) is an open neighborhood of ey in H and p’l(Vo) = Uy € Up. Therefore, G is a
projectively regular para t-discrete with character less than or equal to 7. [

A semitopological group G is called T-narrow if for every neighborhood U of the identity e in G, there
exists a subset A C G with |A| < 7 such that AU = G = UA (see [1, p. 286]).

Proposition 3.6. If G is projectively t-narrow semitopological group, then G is T-narrow.

Proof. Let U be an open neighborhood of the identity e in G. Since G is projectively t-narrow semitopo-
logical group, there exists a continuous homomorphism f from G onto a 7-narrow semitopological group
H such that f~}(V) € U, for some open neighborhood V of the identity ey in H. Since H is t-narrow and
V is an open neighborhood of ey, there is a subset D € H with |D| < 7 such that DV = H = VD. Choose a
subset A € G such that f(A) = D and |A| < 7.

We show that AU = G = UA. Clearly, AU € G. Let g € G. Then thereisad € D and a v € V such
that f(g) = dv. We can find an a € A with f(a) = d. Thus f(g) = f(a)v, or equivalently, f(a"'g) = v. Thus
a~tg € f74(V) € U. This implies that g € alU € AU, So G € AU. Thus we have proved that G = AU.
Similarly, G = UA. O

Example 3.7. The Sorgenfrey line is a para c-discrete semitopological group. Since 8 = {[x, x+7) : x € R, 7 >
0} = U{Vs, : x € Randr > 0} where V., = {[x,x + 1)}, is a c-discrete base for Sorgenfrey line. Therefore,
Sorgenfrey line is para c-discrete. Let U € N(0). By Theorem 2.2, the family {U + x : x € R} has an open
c-discrete basic refinement V (say). Since y = {[0, #) : r > 0} is a local base at the identity 0 of cardinality
¢. Thus V is c-discrete with respect to ¢-family y. Let V € V and v € V. Then there exists W € y such that
v+ W C V. Hence V is dominated by ¢-family y. Therefore, Sorgenfrey line has property (¢*), but it does
not have property (w*) [5, Example 3.5]. Note that, the property (*)[5] and property (w") are same.

In other way, since Sorgenfrey line is para c¢-discrete semitopological group. Thus, by Theorem 2.5, it
has property (c*). If Sorgenfrey line has property (w*). By Theorem 2.5, Sorgenfrey line is para w-discrete.
Thus it has a o-discrete base, which is not possible. Therefore, Sorgenfrey line does not have property (w”).

4. On problem of Sanchez

We refer the reader to [5] for basic notations of semitopological group with property (*).
Definition 4.1. ([5, Definition 2.3]) A semitopological group G has property (*) if for every U € N(e), the
family {Ux : x € G} has an open basic refinement which is dominated by a countable family y € N(e) and
o-discrete with respect to y.

In 2017, Sanchez posed the following question.
Question 4.2. ([5, Problem 3.8]) Let G be a regular paratopological group such that for every U € N (e), the family
{Ux : x € G} has an open basic refinement U which is o-discrete with respect to countable family y. Does G have
property (*)? What if, additionally, G is w-balanced?

The following theorem answers the above Question partially.

Theorem 4.3. Let G be a first-countable paratopological group such that for every U € N (e), the family {Ux : x € G}
has an open basic refinement U which is o-discrete with respect to countable family y. Then G has property (*).
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