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Abstract. We consider in this paper a hyperbolic quasilinear version of the Navier-Stokes equations in
three space dimensions, obtained by using Cattaneo type law instead of a Fourier law. In our earlier work
[2], we proved the global existence and uniqueness of solutions for initial data small enough in the space
HY(R®)?® x H3(R%). In this paper, we refine our previous result in [2], we establish the existence under a
significantly lower regularity. We first prove the local existence and uniqueness of solution, for initial data

in the space H 3H(R3) x H3*(R%)?, 6 > 0. Under weaker smallness assumptions on the initial data and the
forcing term, we prove the global existence of solutions. Finally, we show that if ¢ is close to 0, then the
solution of the perturbed equation is close to the solution of the classical Navier-Stokes equations.

1. Introduction

The classical Navier-Stokes equations describe the evolution of Newtonian incompressible viscous fluids

v —vAv+ (v.V)v=-Vp + f,
(NS){ divo =0,

1.1)
U(Or y) = 0o,

with v > 0 being the viscosity, for the velocity vector v = v(t, ) : (0,00) X R®> — R® of a fluid, p = p(t, ) :
(0,0) X R* — R the pressure and f the forcing term.

This equation arise from the momentum equations
dyv +v.Vou = divs,

(1.2)
and the Fourier law for the tensor S,

S(t) = —p(H)Id + v(Vu(t) + (Vu)' (1))

(1.3)
However, the system (NS) gives a velocity with infinite propagation speed, which is contradict with the
physical. In order to avoid this, Cattaneo replace the Fourier law (1.3) by the retarded equation

S(t + €) = —p(B)Id + v(Vu(t) + (Vi)' (1)), (1.4)
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Using Taylor approximation of S(t + ¢) =~ S(t) + £9;S(t) and applying the operator (¢d; +Id) to the momentum
equations (1.2), we obtain the following quasilinear hyperbolic version of Navier-Stokes equations:

euy, — vAu® +uj + e(u.Vyu; + ((eu; +u).Vyu® = =Vp + f¢,
(HNS). ¢« divu® =0, (1.5)
(s, ug)(0, y) = (ug, uj).

This resulting system has finite propagation speed, so compatible with physical law.
In literature, there exist several examples of hyperbolic perturbation of Navier Stokes equations. We remark
that, if we neglect ¢(u®.V)u{ + e(u;.V)u®, we obtain the hyperbolic version of Navier-Stokes equations:

euy, — vAu® +uj + . Vjut = =Vp + f¢,
divu® =0, (1.6)
s, u;)0,y) = (uf, uj).

Brenier, Natalini and Puel in [4] obtained also this system (1.6) after relaxation of the Euler equations and
rescaling variables. Moreover, they proved the global existence and uniqueness of solution to the system
(1.6), in a two-dimensional space under smallness condition of the initial data in H*(IR?)? x H!(IR?)? and
without a forcing term. Paicu and Raugel in [17, 18] improved this result. They stated the global existence
and uniqueness under significantly improved regularity for the initial data by using the Strichartz estimate.
In [17], they obtained the global existence under suitable smallness assumptions on the initial data in the
space H'(IR?)?> x L?(IR?)%. In [18], the authors proved global existence and uniqueness in three-dimensional
space under a smallness condition of the initial data in H'*(IR®)* x H*(R%)?, for 6 > 0. Hachicha [13]
obtained the global existence and uniqueness under suitable assumptions on the initial data in the space
H> P (R"*H2"*°(IR")", n = 2,3 by using a modulated energy method. Also, she proves the convergence of
solution of hyperbolic version of Navier-Stokes to a solution of the classical Navier Stokes equations.

The purpose of this paper is to study the quasilinear hyperbolic perturbation of Navier Stokes equations
(HNS),. This model has already been studied by Racke and Saal [20, 21]. They have shown the local
existence and the uniqueness of solution, when the initial data belong to H"*2(R")" x H"*}(R")", for m > 5
integer. Under smallness assumption on the initial data in the space H"*2(R")" X H"*}(R")", for m > 12
integer, they proved the global existence of solution. Schéwe in [23, 24] improved this result. More precisely,
in three dimensional case, he obtained the global existence under smallness condition on the initial data in
the space H™2(R%)® x H"*}(IR®)3, for m > 4 integer. In our previous work [2], we proved the global existence
and uniqueness where the initial data are small enough in the space H*(IR®)* x H3(IR%)® and we proved that
if € is close to 0, then the solution of the perturbed system (HNS), is close to the solution of the classical
Navier stokes equations (NS). Recently, Couloud Hachicha and Raugel [10] investigated to this equation
in two dimensional space. They proved the local existence in the space H™2(IR?)? x HT"{(R?)?, 0 < < 1,
and under suitable smallness assumption on the initial data they proved the global existence.

The aim of this paper is to improve the results of [2, 20, 21, 23, 24]. First, we show the local existence
and uniqueness of solution to the equation (HNS), in the space H2*(IR?)? x H2*(IR%)?, 6 > 0. In addition,
under suitable smallness assumptions on the initial data and forcing term, we prove the global existence to
these equations. Finally, we prove that if ¢ is close to 0 then the solution of (HNS); is close to the solution
of the classical Navier-Stokes equations (NS).

The main interesting point in our result is the significantly improved regularity for the initial data. We
claim that the space H2*(IR?)? x H2*(IR%)?, 6 > 0 is the minimum regularity in the Sobolev space needed
to establish the existence results.

Asstaded above, we first adapt the Friedrichs method to our equation and prove the local well-posedness
result of the system (HNS), in H2*(IR%)? x H1*(R%)3, 6 > 0.

Theorem 1.1. Let 6 > 0, (u,u) € H3*(R%)?® x HI*(R%)? and the forcing term f¢ € C%((0, +o0), H3**(R%)%).

There exist a positive time T and a unique local weak solution u¢ € C1([0, T], H2**(R3)3) n C([0, T], H3**(R%)%) of
the System (HNS),.
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Our second goal in this paper is to refined our earlier work [2]. We prove the global existence and
uniqueness of solution for the system (HNS), under suitable smallness assumptions on the initial data in

the space H*(IR3)? x HZ*O(IR3)3.

Theorem 1.2. Let 6 > 0, There exist positive constants o, R such that for all 0 < € < &, if we assume that the initial
data (u5, ut) € H3(R3)® x HE*(R®)? and the forcing term ¢ € L1((0, +00), HF*(IR%)%) N L2((0, +00), H3 *(R%)?)
satisfy, for all 6 € [0, 1]

S (AT Fe +e4wmmgv%ﬂ + el 55) < R, (1.7)

(g {FATa

1+h 9(4 g)

) <R, (1.8)

L0+ [2(0,+c0)

then there exists a unique global solution u¢ € CY(R*, H2*(IR%)®) N C(R*, H2*(IR%)?) to the System (HNS)..

Remark 1.3. 1. With respect to our earlier work [2], the improvement in Theorem 1.2 lays in the lower regularity
of the initial data. Indeed, the initial data in our previous work [2] belongs to the space H*(R®)® x H3(R%)>.
Howeuver, in this paper, we do better, we obtained the global existence and uniqueness result for initial data in
H3"(R3)? x H2H(R%)3, 6 > 0.

2. The smallness assumption (1.7)-(1.8) on the initial data and forcing terms can be reduced to the choice of a
sufficiently small e.

The third result in this paper is dedicated to the convergence of solution from the relaxed system to the
classical Navier-Stokes equations.

Theorem 1.4. Let & > 0, vy € H3(R%)? be a divergence-free vector field.
Let (u, us) e HI(R3)3 x H*(R3)? the initial data and f¢ € LY(R*, H2*(R3)3) N LA(R*, H2*(R3)3) the forcing
term verzfy (1.7), (1.8). Assume, moreover, that there exist positive constants €1, M such that for all 0 < € < ¢,

€ﬂ%-%h+5ﬂW%—%MrW@—WW<M (1.9)
i Wiy + llf 2y < (1.10)
where vy == vAvy — P(v.V)vy + Pf4(0, y).
Then the global solution u® of the system (HNS), obtained in Theorem 1.2 close to the solution of the incompressible
Navier-Stokes equations with vy as initial data, when ¢ close to 0, in the space L;® (R*, H(IR%)).

Moreover, for all positive time T, there exists a positive constant K(T,v), depending only on T and v, such that for all
0<t<T

I (£) = o(®)ll2 + €2 IV () = v(B)ll2 < eK(T, ).

Remark 1.5. 1. Asa consequence of the assumptions in (uf, uy), (1.7)- (1.9), we obtain the smallness condition of
initial data vy, which is a necessary condition to the existence of global solutions to the Navier-Stokes equations
in R3.

2. We will not give the proof of Theorem 1.4, because the convergence result is obtained by a simple modification
of the proof of Theorem 1.2 in [2] page 222 — 224.

The structure of this paper is as follows: in Section 2, we introduce notation and some preliminary
results. The Section 3 is dedicated to the proof of the local existence Theorem 1.1. Finally, in section 4, we
prove the global existence of the system (HNS),, namely the proof of Theorem 1.2.

2. Notation and preliminary results

In the beginning of this section, We introduce several function space and recall some estimates.
We designate by L7(IR%), 1 < p < oo, the Lebesgue space with norm ||.||». For p = 2, we note (., .) the scalar
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product.
Also, we introduce the inhomogeneous Sobolev spaces, for s € R

H(R% = {u € 8'(R%; 0 € L2 (R®) and (1 + &) € LX(RY)},
equipped with the norm
llul%. = f (1 + &P TuPde,
R3

where 1 is the Fourier transform of u, given by

() = Fu(é) = f u(x)e "~ dx.
IR3
Also, for s > 0, we introduce the operator D; by
Dou = F71((1 + |EP)24(&)).

We remark that
l[eells = |Dstellr2.

We will need also to introduce the homogenous Sobolev spaces, for s > 0,

H(R®) = {u € 8'(R%); 01 € L2 (R%) and |£[u € L*(R%)},

loc

with the seminorm

Nl = ul? = f &Pl dé.
R3

For more details see [1].
In order to perform energy estimates, we need to estimate the product of two vectors. For the reader’s
convenience, we recall the following elementary laws

Lemma 2.1. 1. Let s > 1, there exists a positive constant Cy = Co(s), such that, for all u € H* and v € H*1,
we have

IIDs, ulollz < Co(S)IDsVullp2|IDs-10]l2. (2.11)

2. For any s > 0, there exists a positive constant C1 = Ci(s), such that, for all f,g € H*(R®) N L*(R®), the
following holds

lfglls < Cr(s)Ifllellglls + 1 llsllgllz=)-
3. Forany s > 0, there exists a positive constant Cy = Cy(s), such that, for all f, g € H**1(R®) N L°(IR?), we have

1/ Valls < Co(s)Ifllellglls+r + 11 fllssallgllzs)-

Remark 2.2. 1. For the proof of item 1), we refer the reader to Lemma 2.4 in [26]. Items 2) and 3) are stated in

[3,8,18]
2. Using Sobolev embedding H3*O(IR%) < L®(IR%), we write item 2) as follows
1fgllsss < Clifllsssllgllzes,  Vfig € HA(R?), (2.12)
and

1£Vall3.o < Cllfllz olVallyo, VS € HE(RY), g € H3O(RY). (2.13)
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In the study of equation dependent of ¢ with fixed initial data, it is convenient to perform a change of

variables, which fix the equation and transform the e-dependence into the initial data. For this end, we
introduce the diffusive scaling:

e LuE L), p L& fe Ty
u(t,y) = \/E 8, «/E)’ pi(t,y) = —p(= ’\/E) filny) = \/Ef( ’\/E)’

& &

T
andwesett=—,x =
€

2l

This scaling transforms the System (HNS), into the following System of equations with initial data which
depend on &:

uy — vAu + up + (w.Viuy + (. Vu + (w.Vyu = -Vp + f,
divu =0, (2.14)
(Ll, ut)(ol x) (uOI U (x) \/_uo( \/_x) & 2 M \/_x

An elementary calcul shows that, by this scaling, we have the following equality of norms
juls = €375l s = €3l Vs € R,

_341
lulley = &% 2 lulls, Vp > 1,

and

s

3,s_1
||f||[y(1f]ys)=é4 2 ”Hf ||LV(H5)IVS€R p=>1.

We introduce P the Leray projector over divergence-free vector fields which maps L%(IR?)? into L2(R%)® =
{f e L2(R%)?% div f = 0}. Therefore, if we apply IP to (HNS), we obtain the following equation

uy — vAu + up = —P(u.Viu — P(u.Vyuy — P(uy.Vyu + Pf,
(HNS){ divu =0, (2.15)
(1, 1)(0, y) = (o, 1) € H3* x H*,

As usual, the pressure p may be computed from the velocity field.

We now introduce the concept of weak solution of (HNS)

Definition 2.3. Let & > 0. A vector filed (u,u;) in the space C%,([0, T], H: **(IR®)? x H2**(IR%)%) is a weak solution
of (HNS) if divu = 0, (u, u)i=0 = (uo, u1) and for any smooth function ¢ of compact support and divergence-free, we
have

f(u” —vAu + u)(t, X)p(x)dx = — f ]P((M.V)u + (u.Vu, + (ut.V)u)(t, x)p(x)dx — f Pf(t, x)p(x)dx.
R R3 R3

3

3. Local existence in H3*3(IR%)3 x H3*5(R3)3

In this section, we show local existence and uniqueness of a weak solution to the system (HNS) in the
space H3*(R%)3 x H2*(R%)3. More precisely, we prove Theorem 1.1. For this end, we apply the Friedrichs
method, which relies on 3 parts:

e First, we introduce a regularised ordinary differential system (HNS), dependent on a parameter 7.
By using the Cauchy-Lipschitz Theorem to this ordinary differential equation, we prove the existence
of unique solution (1, dsu,). The crucial interest of this approximation that we obtain a very regular
solution.
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e Second, we perform energy estimate on the solutions (u,, d;u,) of the regularised system, in order
to prove that (i, dyu,,) is bounded in the space H2*(IR%)? x H2**(R3)3, on [0, T], which the time T is
independent on 7.

e Finally the conclusion is obtained by passing to the limit, we prove that the solution of the regularised
system (HNS), converges to a solution (i, d;u) of (HNS).

Note that, the proof is very close to that in Couloud, Hachicha and Raugel [10] in two space dimensions,
except in our situation, three space dimensions, where we replace the space by H 2*0 % H2*_ For this reason,
we sketch briefly the proof, for more details, we refer the interested reader to section 3 in [10].

3.1. Approximate system

First, we approximate (HNS) by a sequence of ordinary differential equations, which depends on a
parameter n € IN:

Uy + Ity — JnAnitn

AP (Juttn .V uttn) + PLu(Juthn .V ]n0s1ty) + P(J1 0414, V] uy) = ]P]nf
divu,, =0
(un(0), 91144 (0)) = (Jutto, Juti1),

(HNS),

where [, is the Fourier cut-off operator defined by

Ju(u) = ?_1()(71@;
and ), is the cut-off function, given by

R
X"(é)‘{o, it 1> n

The crucial role of this operator is its regularising effect. We have, for all u € H?,

utlls < Cn7Juulls < Cn™llulls, Yo >,

Cr 7l = Juulle < (I = Ju)ulls, VYo <s,

and
Ju(u) = u  strongly in H°, when n — co.

If we consider v, = (uy, diu,), then the equation (HNS), is equivalent to the following first order ordinary
differential equation

dwvn = F(t,v4),  ©v4(0) = (Jutto, Jntt1). (3.16)

Thanks to the continuity properties of J,,, we easily prove that F : [0, +co[x],H3*Ox J,H2*0 — ], H3*0x ], H7*0
is continuous and locally lipschitz in v,. For more details, we refer the interested reader to [10].

This leads to apply Cauchy-Lipschitz’s Theorem, thus we obtain for every (i, u;) € Hi* x H:* with a
divergence free, there exists a positive maximal time T,, and a unique solution (u,, d;u,) € c'(0,T,,H 340 %
H?*?). We deduce by uniqueness of solution that

Jutty = Uy, and [, 04, = diu,.

Thus, the solution (u,,, d;u,) is as regular as wanted. This is the crucial tool in the next steps.
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3.2. A priori estimate
Let us consider the energy

1
En(t) = 5 (Ihun +FualR, + 10rael ) + IVl

see e.g. [9,22,27]. In order to obtain a priori estimate of (i, dsui,,) in the space H2*(R3)? x H1*(R3)3, we
apply the operator D3, ; to the equation (HNS), and we take the L*-inner product with Ds  s(un + 2041y),
we obtain

dE,(t)

dt
Using several integration by parts, Holder inequality and estimates (2.12), (2.13), we show that for all

t €[0,Ty]
dE,(f)

dt

where G is a locally integrable function depends only on f.

00l 4 IV, = (D (V)i + (43 V)t10n + @t VYt + P f, Dy oyt + 201,

< G(HEA(b), (3.17)

3.3. Pass to the limit

Thanks to estimate (3.17), we can choose a positive time T, independent of n, such that (u,(t), d;u,(t)) is
uniformly bounded in the space H 3H(R3)3 x H2(R3)3, with respect to 1, Vt € [0, T].
Hence, there exist a subsequence (i, d;u1,,) € L([0, T], H3**(R3>xH 2 **(R?)?) and (u, d;u) € L¥([0, T], HI *0(IR?)3x
H2*(R%)%) such that

(1 (B), Dy (1)) — (u(t), dyu(t)) weakly in HI*(IR?)® x H3*O(R%)3, forall ¢ € [0, T].

To establish strong convergence between (i, d;u,) and (i, d;u), we use compactness embedding results of
the Sobolev spaces and Arzela-Ascoli Theorem.
Consequently, we can pass to the limit, when n goes to 0, in the following equation

f (P uy — VAU, + Isuy)(t, x)p(x)dx
R

3

=— f (141t + (1. V)1t + D1t V)it )(t, X)p ()b~ f PJ, f(t, x)p(x)dx.
R3 R3

We deduce that, (i, d;u) is a local weak solution of (HNS).
Finally, we prove the uniqueness and the time continuity of the obtained solution.

4. Global existence in H3*3(IR%)3 x H3*+3(R3)3

This section is devoted to proof the global existence for (HNS), in the space H3*(IR?)? x H2*(R3)3, with
a considerably relaxed assumptions on the regularity and with a e-dependent assumption of initial data.
One of the main tools in the proof, we use a specific energy E(t) and an additional related quantity Y(¢).

4.1. Energy estimate
Let E(t) the energy functional defined as follows

2

1
E) = 50+l + lull, ) + vIVul,

and we introduce Y(t) by
_ 2 2
Y =l , +vIVul?, .

The energy estimate of (i, ;) in H2"(R?)? x H3*(IR%)? is given by the following lemma
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Lemma 4.1. There exist positives constants C and K such that, for all t € [0, T}, the following energy estimate holds.

t
E(t) + fo (% — (g + YEE))Y©ds < EO) + 5 sup EG) + K(IfIP A, g )

2 sepo LI(0,,H3 ) L2([0,4,H

Proof. Applying the operator D3 ,; to the equation (HNS) and taking the L*-inner product of the resulting
equation with D3 ,5(u + 2us), we find

'S

dE
df) +Y() = Z(D%+5A,-,D%+5(u+2ut)), (4.18)

i=1

where A1 = —-P(u.V)u, Ay = -P(u.V)u;, A3 = -P(1;.V)u, and A4 = Pf.
For the first term, if we write D3 ;(u.V)u = [Ds 5 u]Vu + uD; sVu, then since divu = 0 we obtain by
integration by parts

(D34541, Dy.stt) = (IDg45, Vet Dy s10).
Thanks to item 1) of Lemma 2.1 and Sobolev embedding, we see that
(D3 4041, Dy 510) < cllully 5 Y(0).

Besides, Holder inequality and estimate (2.13) yields

(D311, D3 yotr) < cllulls 5 IValls olliulls 5 < clllly Y.
Consequently, we have

(Dy45A1, Dyt +2u1)) < cllully 5 Y (E), (4.19)
For the second term, we remark that D3, 5(u.Vu;) = D3 ;V(u ® uy). Using integrate by part, we obtain

(D%JréAz,D%“sM) = (D%Jré(u ® ut),D%mVu).
Applying Holder inequality and the inequality (2.12), we get

(D352, D3 og0) < cllulls olliulls IVl < cllals5 Y(0). (4.20)

Next, we decompose A, as follows —D% +42 =[D 340r ulVu; + uD 3 +5 YUz Besides, by integrations by parts
and divu = 0, we obtain
_(D%+6A2/ D%_H'*jut) = ([D%+5/ u]vut/ D%+6uf)

Now, we use Holder inequality and estimate (2.11), we find that
(D3 542, D3 51e) < [Ds3 5, ulVurllizlluells o5 < CIIVullubllutlleré < cY3 (). (4.21)
Thus, we infer from the inequalities (4.20) and (4.21), that

(D%+OA2, Dyt + 2uy)) < c(llullys + Yi(1)Y(H) (4.22)

Let us now estimate the term Asz. Also, applying Holder inequality and estimate (2.12), we obtain

(D%+6A3/D%+5(u + Zut)) < C”ut'vu”%+5(”u”%+(‘j + ||ut||%+6)
< clluellsyslValls ysQlleells o + Mol 45)
< cllullys + Y)Y, (4.23)
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For the last term, we deduce from the Holder inequality and the Young inequality that

(D%Jréf/ D%Jré(u + ut)) + (D%Jréf’D%Jréut)
1 1
Iflly o E)? +cllfIE,; + 5Y(). (424)

By summing up the above estimates (4.19)-(4.24), we get

(D%+5A4,D%+6(u + Zut))

IN

d 1 1 1
ZE® + (5 = Cllullys + YE))YO) < Iflls oE® + clfIR,
Integrating the above inequality between 0 and ¢, we obtain
t
—_ < 2
Hﬂ+l:( Clllus)l35 + Y2 () Y(s)ds Hm+c$£E4@f\vmm+|mb@”m%

Using Young inequality we obtain the desired energy estimate. This concludes the proof of Lemma 4.1. [

4.2. Proof of Theorem 1.2

Let T be the maximal time of existence of (i, ;) in the space H2*(R?)? x H2*(IR%)3. We will prove
that, if we assume T is finite and the initial data and forcing small enough, then [[u(t)|| st [t (1) 45 is
uniformly bounded on the time, which contradicts the fact that T, is finite.

For this end, we claim first that ||u(t)||% w7t Yz (t) is uniformly bounded on the time. First, we remark that

Cllu(®ll3.o + Y2 (1) < K@E2 (). (4.25)

Thus, if we choose K(V)E 0) < 4, and due to continuity of (1, u;), we allow that there exists T > 0 such that
forall0<t<T

KOEN() < 5,

and

Cl®lg s + YA ) < 5. (4.26)
Now, we introduce T the maximal time such estimate (4.26) hold:

T=sup{t, CAlu(®)llz.s +Y2()) < %} (4.27)
If we assume that T < Ty, then by Lemma 4.1, we obtain

sup E(f) < 2E(0) + 2Co(||f||2 3 ||f||2 (4.28)

+é
te[0,T] )

If we assume the initial data (1, #1) and the forcing term f satisfy

Lo
(B0 + CollA?, 5.0 I, ) < TRy

then by estimate (4.25), we find that forall0 <t < T

N =

Cllu(®)lly 5 + Y2 (1) <

we have a contradiction from (4.27).
We conclude that T > T and ||u(t)||g s T IIu,(t)II% +s 18 uniformly bounded on the interval time [0, Tx),
which contradict the fact that T, is finite. This finishes the proof of Theorem 1.2.
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