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The intersection problem for kite-GDDs
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Abstract. In this paper the intersection problem for a pair of kite-GDDs of type 4" is investigated. The
intersection problem for kite-GDDs is the determination of all pairs (T,s) such that there exists a pair of
kite-GDDs (X, H, B,) and (X, H, B;) of the same type T and |8, N B,| = s. Let J(u) = {s : I a pair of kite-GDDs
of type 4" intersecting in s blocks}; I(u) = (0,1, ...,b, — 2, b,}, where b, = 2u(u — 1) is the number of blocks
of a kite-GDD of type 4". We show that for any positive integer u > 3, J(u) = I(u).

1. Introduction

Let H = {Hi,H>,...,H,} be a partition of a finite set X into subsets (called holes), where |H;| = n; for
1 <i < m. Let Ky, n,.n, be the complete multipartite graph on X with the i-th part on H;, and G be a
subgraph of Ky, u,,..n,- A holey G-design is a triple (X, H, B) such that (X, B) is a (K, n,,...n,,, G)-design. The
hole type (or type) of the holey G-design is {1, 1y, . .., n,,}. We use an “exponential” notation to describe hole
types: the hole type g} g5’ --- g,” denotes u; occurrences of g; for 1 < i < r. Obviously if G is the complete
graph Ky, a holey Ki-design is just a k-GDD. A holey Kj-design with the hole type 17 is called a Steiner system
5(2,k,v). If G is the graph with vertices a, b, ¢, d and edges ab, ac, bc, cd (such a graph is called a kite) a holey
G-design is said to be a kite-GDD.

A pair of holey G-designs (X, H,B1) and (X, H, B;) of the same type is said to intersect in s blocks if
|B1 N B;| = s. The intersection problem for S(2,k, v)’s was first introduced by Kramer and Mesner in [12].
The intersection problem for 5(2,4, v)’s was dealt with by Colbourn et al. [10], apart from three undecided
values for v = 25, 28 and 37. Chang et al. has completely solved the triangle intersection problem for
S(2,4,v) designs and a pair of disjoint S(2,4,v)s [7, 8]. Butler and Hoffman [2] completely solved the
intersection problem for 3-GDDs of type g*. Zhang, Chang and Feng solved the intersection problem for
4-GDDs of type 3" [16] and the intersection problem for 4-GDDs of type 4" [17]. The intersection problem
is also considered for many other types of combinatorial structures. The interested reader may refer to
[1,3-6,9,13-15]

In this paper we focus on the intersection problem for kite-GDDs. Let J(1) = {s : 3 a pair of kite-GDD of
type 4" intersecting in s blocks}. Throughout this paper we always assume that I(u) = {0,1,...,b, — 2,b,}
for u > 3, where b, = 2u(u — 1) is the number of blocks of a kite-GDD of type 4*.

As the main result of the present paper, we are to prove the following theorem.
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Theorem 1.1. [(u) = I(u) for any integer u > 3.
Obviously J(u) C I(1). We need to show that I(1) C J(u).

2. Basic design constructions

Construction 2.1. ([4])(Weighting Construction) Suppose that (X, G, A) is a K-GDD, and let w : X +— Z* U {0}
be a weight function. For every block A € A, suppose that there is a pair of holey G-designs of type {w(x) : x € A},
which intersect in ba blocks. Then there exists a pair of holey G-designs of type {}. ..y w(x) : H € G}, which intersect
in Y, peq ba blocks.

Construction 2.2. (Filling Construction) Let m be nonnegative integers and g;,a = 0 (mod m) for 1 < i <'s.
Suppose that there exists a pair of holey G-designs of type {g1, g2, . .., gs}, which intersect in b blocks. If there is a
pair of holey G-designs of type m%/™al, which intersect in b; blocks for 1 < i < s — 1, and there is a pair of holey
G-designs of type m@*9/" which intersect in bs blocks, then there exists a pair of holey G-designs of type mXi= 9i+a)/m
intersecting in b+ Y.;_; b; blocks.

Proof. Let (X, G, A) and (X, G, B) be two holey G-designs of type {g1, 92, ..., g5} satisfying [AN B| = b. Let
G =1{G1,Gy, ..., G} with |Gj| = g;,1 <i < sand Y be any given set of length a such that XNY = 0. For1 <i <
s—1, construct a pair of holey G-designs (G;UY, G;U{Y},C;) and (G; VY, G;U{Y}, D;) of type mailmgl satisfying
IC; N D;i| = b; and construct a pair of holey G-designs (Gs U Y, Gs,C;) and (G; U Y, Gs, D) of type mgs+a)/m
satisfying |Cs N Ds| = bs. Then (XU Y, (UiZ; Gi) U{Y}, AU (Ui, Ci)) and (XU Y, (Ui, Gi) U{Y}, BU (Ui D))
are two holey G-designs of type mXi=1 99/ Obviously, the two holey G-designs have b + Y;_; b; common
blocks.

0

We quote the following result for later use.

Lemma 2.3. [11]

(1) A 4-GDD of type g* exists if and only if u > 4, (u — 1)g = 0 (mod 3), and u(u — 1)g*> = 0 (mod 12), with the
exception of (g, u) € {(2,4), (6,4)}.

(2) A 3-GDD of type g" exists if and only if u > 3, (u — 1)g = 0 (mod 2), and u(u — 1)¢*> = 0 (mod 6).
Lemma 2.4. [18] There is a pair of kite-GDD of type 2* intersecting in s blocks, then s € {0, ..., 4, 6}.

3. Ingredients
Lemma 3.1. J(3) = I(3).

Proof. Take the vertex set X = {0,1,...,11} and G = {{0,1,2,3},{4,5,10,11},{6,7,8,9}}. Let By = {[9,3,10 -
71,18,2,10-6],[2,4,6-3],[6,5,1-10],[11,7,1-8],[0,6,11-8],[4,8,3-11],[5,8,0—-10],[1,4,9-5],[7,4,0—
91,13,7,5 - 2],[9,11,2 = 7]}. B, = (B1\{[9,3,10 - 7],[8,2,10 — 6]}) U {[9,3,10 — 6],[8,2,10 = 7]}, B3 =
(B1\{[9,3,10-71,[8,2,10 - 6],[2,4,6 — 3]}) U {[9,10,3 — 6],[8,2,10 — 7],[2,4,6 — 10]}, B4 = (B> \ {[6,5,1 —
10],[11,7,1-8]})U{[6,5,1-8],[11,7,1-10]}, Bs = (B5\{[6,5,1-10],[11,7,1-8]})u{[6,5,1-8],[11,7,1-10]}.
Then (X, G, B)) is a kite-GDD of type 43 fori=1,2,3,4,5 Consider the following permutations on X.

o= (23)4115)6897), m=0123)411)67)@89),  m =(03)12)45)697)(1011),
75 = (68)(10 11), 4 = (02)(13)(45)(6 8)(10 11), 75 = (45),
1 = (5 10), Ty = Tig = Mg = TTy9 = T3 = (1).

We have that for each s € I(3) \ {7,8,9,10}, |7.B1 N B1| = s and ;G = G. For each s € {7,8,9,10},
[tsB1os N By =sand .G =G. O

Lemma 3.2. (4) = I(4).
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Proof. Take the vertexset X ={0,1,...,15}and G = {{0,1,2,15}, {3,4,13,14}, {5,6,11,12},{7,

8,9,10}}. Let B, = [14,15,7 - 3],[6,0,7 2], [5,13,7 — 11],[4,1,7 — 12], [10,4, 11 — 13],[2,3, 11 — 14],[9, 1,11 —
0],14,5,15 - 3],[13,6,15 — 8],[12,14,8 — 11],[6,1,8 — 4],[12,3,10 — 0],[2,12,13 — 8],][0,5,14 — 1],[4,2,6 —
10],[5,2,10 — 14],[3,6,9 — 4],[9,12,15 — 11],[13,0,9 - 5],[1,13,10 — 15],]9,2,14 - 6],[0,3,8 — 2],[1,3,5 —
8],10,4,12 —1].

Table 1. The blocks of kite-GDD of type 4*

i A C:

1 [14,15,7-31,[6,0,7-2] [14,15,7-21,[6,0,7-3]

2 [14,15,7-3],[6,0,7-2),[5,13,7-11]  [14,15,7-11],(6,0,7-31,[5,13,7-2]
3 [10,4,11-13],[2,3,11-14] [10,4,11-14],[2,3,11-13]

4 [4,5,15-3],[13,6,15-8] [4,5,15-8],[13,6,15-3]

5 [12,14,8-11],[6,1,8-4] [12,14,8-4],[6,1,8-11]

Then (X, G, B;) is a kite-GDD of type 4* fori=1,2,...,8 where B, = (B; \ A}) UCy, Bz = (81 \ Ay) UGy,
By = (Ba\A3)UGCs, B5 = (B3 \ A3) UG, Bg = (B \ Ag) UCy, B7 = (B5\ Ay) UCy, Bg = (B \ As) U Cs.
Consider the following permutations on X.

7o = (215)(3144)(511126)(7810), 71 = (015)(12)(313144)(5126)(71089),
73 = (115)(414)(5116), 7 = (3144)(51112)(89),

1y = (215)(6 12)(8 10), mis = (313)(512),

g = (115)(79), 6 = (314)(1112),

Ty = (1 15)(8 9), Tl = (2 15),

my = (78), 13 = (810),

11 = (313), 9 = (51112),

Tt = (1 2), 5 = (7 9)/

T = Ty = Mg = M9 = (1) Tl = Ty = Ty = Tlpg = (1).

We have that for each s € I(4) \ {16,...,22}, |ts81 N B1] = s and ;G = G. For each s € {16,...,22},
[7sBoy_s NBy|=sand ;G =G. O

Lemma 3.3. J(5) = I(5).

Proof. Take the vertexset X ={0,1,...,19}and G = {{0,1,2,3}, {4,5,18,19},16,7,16,17}, {8,
9,14,15},{10,11,12,13}}. Let

B,: [0,19,10-6], [9,1,10-5],  [2,4,10—14], [16,18,10-17],
[14,11,7-10], [9,4,7-2], [17,18,8-2], [6,1,8-5],
[0,48-12], [516,15-1], [17,4,15-2], [13,4,14—18], [8,19,7-3],
[56,14-19], [3,412-6],  [0,18,9-6],  [17,19,9-3], 16,3,14 - 1],

[5,0,7-1],
[
[
[
(13,156 -2],  [14,12,2-16], [9,2,11-5],  [8,3,10-15],  [6,4,11-0],
[
[
[

11,16,8 - 13],

[3,513-18], [1,19,11-18], [19,13,2—18], [1,12,18—6], 16,19,12 - 7],
[16,0,13-9], [12,0,15-19], [12,59-16], [3,19,6-0], 2,5,17 - 3],
[0,14,17-12], [15,7,18-3], [1,17,13-7], [15,3,11-17], [4,16,1-5].

Table 1. The blocks of kite-GDD of type 4°

i A; C;

1 [0,19,10-6],[9,1,10-5] [0,19,10-5],[9,1,10-6]

2 [50,7-11,[14,11,7-101,[9,4,7-2]  [5,0,7-2],[14,11,7-1],[9,4,7-10]
3 [2,4,10-14],[16,18,10-17] [2,4,10-17],[16,18,10-14]

4 [17,18,8-2],[6,1,8-5] [17,18,8-5],[6,1,8-2]

5 [11,16,8-13],[0,4,8-12] [11,16,8-12],[0,4,8-13]

6 [5,16,15-1],[17,4,15-2] [5,16,15-2],[17,4,15-1]

Then (X, G, B)) is a kite-GDD of type 45 fori=1,2,...,10, where B, = (81 \ A1) UCy, Bz = (81 \ A2) UGy,
By = (Ba\A3)UGCs, B5 = (B3 \A3) UG, Bg = (By\ Ag) UCy, By = (B5\ Ay) UCy, Bg = (Bs\ A5) UG5,
By = (B7\ As) UCs, Bip = (Bs \ Ag) U C¢ Consider the following permutations on X.



G. Zhang, Y. An / Filomat 37:7 (2023), 2227-2236 2230

9 = (23)(4195)(616177)(8915)(1012)(1113), m; =(0132)(418195)(717)(814)(10121113),
7, = (021)(45)(617167)(914)(1113)(18 19), 3 = (4185)(61617)(1113),

iy = (013)(716)(815)(1112), mis = (518)(716)(8914)(1012),

e = (03)(617)(815)(1012), 17 = (41819)(89)(1013),

g = (71617)(915)(11 13), 9 = (815)(10121113),

110 = (81514)(101213), i1 = (02)(716),

2 = (419)(7 16), 113 = (914)(101213),

14 = (717)(8159), 115 = (45)(915),

116 = (419)(1011), 117 = (716)(1011),

118 = (914)(1013), 9 = (814)(1012),

Ty = (111312), ;1 = (101211),

T2 = (02), T3 = (419),

Tlog = (18 19), Tl = (7 16),

Tiae = (717), Ty = (814),

s = (815), T = (1011),

T30 = Tl31 = Tgp = T3z = T34 = (1), T35 = Tlge = T3y = T3g = Tg9 = (1).

We have that for each s € I(5) \ {30,...,38}, |ts81 N B1] = s and ;G = G. For each s € {30,...,38},
[7tsBy_s NBil=sand ;G =G. O

4. Input designs

For counting J(u) for 6 < u < 14, we may search for a large number of instances of kite-GDDs. However,
to reduce the computation, when 6 < u < 14, we shall first determine the intersection numbers of a pair of
kite-GDDs of type a™b! with the same group set.

Lemma 4.1. Let My = {0,1,...,26,36} and s € My. Then there is a pair of kite-GDDs of type 4381 with the same
group set, which intersect in s blocks.

Proof. Take the vertex set X = {0,1,...,19} and the group set G = {{8,9, 18,19}, {10, 11,16, 17},
{12,13,14,15},{0,1,...,7}}. Let

B: [19,10,0-16], [17,18,7-19], [15,16,6-19], [1,11,12-7], [9,10,2-17],
[8,16,7—14], [0,18,11-7], [17,19,5-16], [16,4,18-3], [15,17,3-19],
[16,2,14-0], [11,2,13-17], [12,10,3-8], [9,4,11-6],  [10,14,8 - 0],
[9,15,7-13], [8,6,13—18], [1,19,13-0], [1,18,10-7], [17,9,0 - 15],
[18,515—-1], [17,4,14-5], [16,3,13—4], [14,19,11-5], [10,5,13-9],
[12,9,6 —17], [8,15,11-3], [19,16,12-5], [1,17,8-5],  [2,18,12-0],
[19,15,2-8], [4,8,12-17], [1510,4—19], [18,14,6—10], [1,16,9-5],
[3,9,14 - 1].

Then (X, G, B1) is a kite-GDD of type 438!. Consider the following permutations on X.

10 = (03)(12)(89)(1017 11)(1819), m; =(0123)(81819)(101611 17),
1, = (23)(8199)(10 16 17 11), 13 = (12)(89 18)(10 17 11),
1y = (0 1)(23)(89)(11 17), 15 = (0 3)(1 2)(10 16)(18 19),
6 = (03)(8919), 17 = (8 19 18)(11 16),

s = (02)(9 18 19), 7o = (2 3)(8 18 9),

10 = (03 12)(10 11), 111 = (8 19)(11 16),

112 = (03 1)(10 11), 713 = (03 2)(10 11),

ms = (012)(10 11), ms =(0123),

116 = (0 1)(10 11), 17 = (02)(10 11),

g = (16 17), 9 = (13 2),

0 = (03 2), Ty = (11 16),

nip = (10 11), nis = (0 3),

Tog = (12), s = (2 3),

26 = (0 2), 36 = (1).
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We have that for eachs € My, [nsB1 N By =sand nsG=G. O

Lemma4.2. Let My = {0,1,...,35,48} and s € My. Then there is a pair of kite-GDDs of type 4312" with the same
group set, which intersect in s blocks.

Proof. Take the vertex set X = {0, 1, ...,23} and the group set G = {{12,13, 22,23}, {14, 15,20, 21},
{16,17,18,19},{0,1,...,11}}. Let

Bi: [0,14,23-5],
[11,20,12 -8],

[17,3,15 — 10],
[10,21,12 - 7],
[22,1,19 - 6],
[15,6,12 5],
[20,3,16 — 2],
[2,15,22 - 6],
[7,15,23 — 4],
[4,19,12 - 3],

[22,11,21 — 8],
[23,9,21 - 6],

[16,5,14 — 6],
[1,23,17 - 5],
[2,18,21 - 5],
[14,11,18 - 8],
[17,10,22 — 5],
[3,14,22 — 4],
[17,13,8 — 23],
[23,10,18 — 1],

[20,10,19 - 0],
[22,8,20 - 0],

[13,0,15 - 9],
[0,16,22 - 7],
[20,4,17 - 9],
[12,9,16 — 8],
[22,9,18 - 7],
[4,21,16 - 11],
[9,19,14 — 10],
[17,12,2 - 19].

[1,16,15-11],
[19,7,21 -3],

[12,1,14 — 4],
[0,21,17 — 6],
[18,4,15 — 8],
[14,7,17 — 11],
[19,3,23 - 11],
[5,18,13 — 3],
[9,13,20 - 7],

[13,2,14-8],
[18,6,20 - 1],

[11,19,13 - 10],
[23,2,20 - 5],
[16,7,13 — 6],
[15,5,19 — 8],
[1,21,13 - 4],
[6,23,16 — 10],
[12,0,18 - 3],

Then (X, G, B1) is a kite-GDD of type 4312, Consider the following permutations on X.

1 = (12132223)(142021)(16 18 17 19),
1, = (142115)(16 18 1917)(22 23),
1ty = (1223)(1322)(16 18)(20 21),
16 = (1420)(16 19 18)(22 23),

g = (279510)(811),

0 = (071110892),

np = (28)(511)(910),

4 = (0782911),

T = (0 8119 5),

s = (052811),

Tl = (0 85 10),

Ty = (0257),

Te =(0972),

o6 = (0810),

s = (2910),

T30 = (097),

i3z = (510),

Tas = (27),

s = (1).

11 = (1322)(1420)(1521)(16 18 19),
13 = (122223)(152120)(17 18 19),
15 = (122322)(171918)(2021),
17 = (1323)(152120)(18 19),

9 = (0101125)(89),

11 = (0 8)(5 1011 7),

13 = (210811)(79),

115 = (097)(81011),

17 = (2 10 11)(5 8),

e = (011)(59),

Ty = (211510),

i3 = (02)(89),

Tl = (5 9 8),

Ty7 = (0105),

T = (025),

31 = (5 11),

T35 = (911),

T35 = (29),

We have that for eachs € M, [nsB1 N By =sand nsG=G. O

Lemma 4.3. Let M3 ={0,1,...,53,64} and s € Ms. Then there is a pair of kite-GDDs of type 82121 with the same
group set, which intersect in s blocks.

Proof. Take the vertex set X = {0, 1,...,27} and the group set G = {{0,...,11},{12,...
{20,...,27}}. Let

,19},
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[0,27,14 — 5],
[2,14,23 - 11],
[26,17,4 — 25],
[12,27,7 - 21],
[15,22,9 — 12],
[26,6,18 — 0],
[22,17,10 - 19],
[24,0,19 - 6],
[24,18,9 - 27],
[22,14,7 — 17],
[24,15,11 - 19],
[26,16,10 — 18],
[25,14,6 — 24],
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[
[
[
[
[
[
[
[
[
[
[
[
[

0,26,13 — 4],
19,22,3 - 26],
25,16,5 — 26],
13,25,7 — 15],
14,24,10 — 23],
25,17,8 — 16],
21,19,2 - 13],
16,7,20 - 0],
23,16,0 — 22],
26,7,19 - 1],
16,27,11 — 12],
21,6,13 - 1],
12,22,4 - 14],

[0,25,12 — 6],
[3,21,18 - 5],
[17,24,5 - 23],
[12,21,8 — 23],
[13,20,11 - 21],
[24,16,2 - 17],
[20,18,4 — 24],
[20,15,2 — 25],
[21,15,4 - 16],
[21,14,1 - 20],
[19,8,20 - 9],
[26,12,2 - 27],
[27,17,3 — 24],

[24,12,1 - 26],
[2,22,18 - 1],
[6,23,15 - 5],
[13,24,8 — 22],
[14,26,11 - 22],
[25,15,10 - 21],
[20,17,6 — 27],
[20,14,3 — 25],
[25,19,9 — 26],
[22,13,5 - 20],
[13,23,9 — 14],
[8,26,15 — 3],
[12,23,3 - 16].

[27,15,1 - 25]
[23,19,4 - 27],
[6,22,16 — 1],
[16,21,9 — 17],
[27,19,5 - 21],
[23,18,7 - 24],
[21,17,0 — 15],
[23,17,1 - 22],
[25,18,11 — 17],
[27,18,8 — 14],
[10,27,13 - 3],
[10,20,12 - 5],

2232

Then (X, G, B)) is a kite-GDD of type 8212'. Consider the following permutations on X.

o = (0108 4)(29 6 7 3)(5 11)(13 16 14)(18 19)(20 22 25)(24 27)

711 = (023)(161095)(4 11)(12 15 14 19 13 18 16 17)(20 22 24 26 23 21 27)

M = (01153 172)(410)(12 17 13 14 19 16)(15 18)(20 25 22 21)(23 26 27)

m5 = (010119753 8)(1 4)(2 6)(12 14 13 19 17)(15 16 18)(20 22 23 27 24 21 26 25)
7, = (0710311 6)(15824)(1213 15 16 14 17 18 19)(20 22 27 26)(21 23 24)

s = (11143729)(14 16 17)(20 21)

e = (029 10)(1 3 6)(8 11)(12 16 14)(13 19 18 15 17)(20 21 23)(22 27 24)

ny = (243 5)(12 15 14 13)(24 25 27 26)
o = (234 5)(12 14 15)(24 26 25 27),
i1 = (4 5)(12 15 13)(24 26 27 25)
13 = (25 3 4)(13 14 15)(26 27)
s = (23 5)(12 13)(24 25 27)

iy = (234 5)(12 14 13 15)

o = (25 4 3)(24 25 26)

o = (2 5)(14 15)(24 25)

Tty = (2 5)(12 14)(24 27)

Tios = (12 15 14)(25 26)

Ty = (25 3)(24 25)

Tie = (2 5)(12 13 15)

3 = (34 5)(13 14)

T3 = (4 5)(14 15)

T35 = (3 5)(12 15)

Ti37 = (3 4)(13 15)

Tlz9 = (3 49 7)

Tl41 = (26 27)

Tly3 = (25 26)

Tys = (24 3)

T4z = (79 8)

Tiy9 = (0 3)

751 = (12)

T3 = (8 9)

75 = (4 5)(12 13 14 15)(24 26)(25 27)
o = (2 5)(3 4)(12 13)(14 15)(24 27 25)
T = (2 5)(13 15)(24 25 26 27)
ms = (254)(12 15 13 14)(24 27)
e = (2 5)(3 4)(14 15)(24 26)
s = (354)(12 15 13)(24 27)
Tiao = (3 5)(24 26 27 25)

T = (2 4)(12 15)(24 26)

T = (35 4)(12 15)(25 27)

Tiae = (235 4)(26 27)

Tig = (12 15)(13 14)

T30 = (2 4)(13 14 15)

s = (12 15)(25 26)

T3 = (25)(12 14)

T3 = (2 3)(12 13)

Ti3g = (2 34 5)

Tty = (22 25)

Tl = (24 27)

T =(254)

Tlye = (13 15)

s =(01)

150 = (0 2)

T2 = (47)

Ties = (1).

We have that for eachs € M3, [nsB1 N By =sand nsG=G. O

5. For6 <u<14

Lemma 5.1. J(6) = I(6).
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Proof. Take the same set M, as in Lemma 4.2. Let « € M. Then there is a pair of kite-GDDs of type
4312! (X, 81) and (X, B,) with the same group set, which intersect in a blocks. Here the subgraph Kj; is
constructed on Y C X. Let 8 € I(3), By Lemma 3.1, there is a pair of kite-GDDs of type 4% (Y, $7) and (Y, B))
intersecting in f common blocks. Then (X, 81 U B)) and (X, B, U 8)) are a pair of kite-GDDs of type 4° with
a +  common blocks. Thus we have

J6) 2 {a+ B:ae My, B el3)} =M +I1(3) =I16).
|
Lemma 5.2. ](8) = I(8).

Proof. Take the same set M; as in Lemma 4.3. Let a € M. Then there is a pair of kite-GDDs of type 8212
with the same group set, which intersect in a blocks. Let y1, y2 € I(3). By Lemma 3.1, there is a pair of
kite-GDDs of type 42 intersecting in y; common blocks for each i = 1,2. Let y3 € I(4). By Lemma 3.2, there
is a pair of kite-GDDs of type 4* with y3 common blocks. Now applying Construction 2.2, we obtain a pair
of kite-GDDs of type 4% with a + Y7, ; common blocks. Thus we have

3
J8) 2+ Y yita€Ms, 1,72 €10), s € [(4)} = I(8).

i=1

O
Lemma 5.3. J(u) = I(u) foru =7,10,13.

Proof. Start from a 4-GDD of type 2", u = 7,10,13, by Lemma 2.3. Give each point of the GDD weight 2.
By Lemma 2.4, there is a pair of kite-GDDs of type 24 with @ common blocks, a € {0, ...,4,6}. Then apply

Construction 2.1 to obtain a pair of kite-GDDs of type 4* with Z?Zl a; common blocks, where b = u(u —1)/3
is the number of blocks of the 4-GDD of type 2% and «; € {0,...,4,6} for 1 < i < b. Which implies, for
u=7,10,13
b
Ja)2 () iz €10,...,4,6},1<i<bl=b+{0,...,4,6} = [(u).
i=1

|
Lemma 5.4. J(u) = I(u) foru =9,11.

Proof. Start from a 3-GDD of type 3° by Lemma 2.3. Give each point of the GDD weight 4. By Lemma 3.1,
there is a pair of kite-GDDs of type 4> with @ common blocks, a € I(3). Then apply Construction 2.1 to

obtain a pair of kite-GDDs of type 12% with 21‘9:1 a; common blocks, where b = 9 is the number of blocks of
the 3-GDD of type 3° and a; € I(3) for 1 <i < 9.

Let u = 9. By Lemma 3.1, there is a pair of kite-GDDs of type 4°> with ; common blocks, where g; € I(3),
1 < j < 3. By Construction 2.2, we have a pair of kite-GDDs of type 4’ with Yo i+ Z?zl B;j common blocks,
which implies

9

3
JO 2 i+ Y piaicl®),p€l(3),1<i<9,1<j<3)

i=1 =1
=9+{0,...,10,12} +3+{0,...,10,12} = I(9).

Let u = 11. By Lemma 4.1, there is a pair of kite-GDDs of type 4°8! with ; common blocks, where
Bi € M1, 1 < j < 2. By Lemma 3.3, there is a pair of kite-GDDs of type 4> with y common blocks. By
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Construction 2.2, we have a pair of kite-GDDs of type 4!! with ¥, a; + Z?:l Bj +y common blocks, which
implies

9

2
J(11) 2 {Zaci+Zﬁj+7/:a,~€I(3),ﬁj eMy,yel(5),1<i<9,1<j<2}
i=1 =1
=94{0,...,10,12} + 2% {0, ...,24,36} + {0, ..., 38,40} = I(11).

O
Lemma 5.5. J(u) = I(u) foru = 12,14.

Proof. Start from a 4-GDD of type 3* by Lemma 2.3. Give each point of the GDD weight 4. By Lemma 3.2,
there is a pair of kite-GDDs of type 4* with @ common blocks, @ € I(4). Then apply Construction 2.1 to
obtain a pair of kite-GDDs of type 12* with ¥_; a; common blocks, where b = 9 is the number of blocks of
the 4-GDD of type 3* and a; € I(4) for 1 <i <9.

Let u = 12. By Lemma 3.1, there is a pair of kite-GDDs of type 4> with ; common blocks, where g; € I(3),
1 < j < 4. By Construction 2.2, we have a pair of kite-GDDs of type 4% with Y7 a; + Y j-1 Bj common
blocks, which implies

9 4
JA2)2 () @i+ Y B € I(4),4;€1(3),1<i<9,1<j<4)
i=1 =1
=9+{0,...,22,24} +4+10,...,10,12} = I(12).

Let u = 14. By Lemma 4.1, there is a pair of kite-GDDs of type 4°8! with ; common blocks, where
Bi € M1, 1 < j < 3. By Lemma 3.3, there is a pair of kite-GDDs of type 4> with ) common blocks, where

y € I(5). By Construction 2.2, we have a pair of kite-GDDs of type 4'* with Y7, a; + Z;’zl Bj +y common
blocks, which implies

9 3
J(14) 2 {Zai+2ﬁj+7/ ca; € I(4),8j € My, y €1(5),1<i<9,1<j<3]
i=1 =1
=9%{0,...,22,24} +3%{0,...,24,36} + {0, ..., 38,40} = I(14).

O

6. Proof of Theorem 1.1

First we need the following definition. Let s; and s, be two non-negative integers. If X and Y are
two sets of pairs of non-negative integers, then X + Y denotes the set {s; + 5, : 51 € X,5, € Y}. If X is a
set of pairs of non-negative integers and / is some positive integer, then & * X denotes the set of all pairs
of non-negative integers which can be obtained by adding any / elements of X together (repetitions of
elements of X allowed).

Lemma 6.1. For any integer u = 0 (mod 3) and u > 15, J(u) = I(u).

Proof. Let u = 3t and t > 5. Start from a 4-GDD of type 6' by Lemma 2.3. Give each point of the GDD
weight 2. By Lemma 2.4, there is a pair of kite-GDDs of type 2* with @ common blocks, a € {0,...,4,6)}.

Then apply Construction 2.1 to obtain a pair of kite-GDDs of type 12! with Y2, &; common blocks, where
b = 3t(t — 1) is the number of blocks of the 4-GDD of type 6tand a; €1{0,...,4,6} for1 <i<b.
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By Lemma 3.1, there is a pair of kite-GDDs of type 4* with ; common blocks, where g; € I(3),1 < j < t.

By (ionstruction 2.2, we have a pair of kite-GDDs of type 4% with Z?:l a; + ):;-:1 B;j common blocks, which
implies

b t
J) =@ 2 () @i+ Y Birai€l0,..., 4,6, €l(3),1<i<b1<j<H
i= =1

=b+{0,...,4,6) +t+{0,...,10,12}
= I(3t) = I(u).

O
Lemma 6.2. For any integer u = 1 (mod 3) and u > 16, J(u) = I(u).

Proof. Letu = 3t+1and t > 5. Start from a 4-GDD of type 6' by Lemma 2.3. Give each point of the GDD
weight 2. By Lemma 2.4, there is a pair of kite-GDDs of type 2* with @ common blocks, a € {0,...,4,6}.

Then apply Construction 2.1 to obtain a pair of kite-GDDs of type 12" with Zf-’zl a; common blocks, where
b = 3t(t — 1) is the number of blocks of the 4-GDD of type 6' and a; € {0, ..., 4,6} for 1 <i < b.

By Lemma 3.2, there is a pair of kite-GDDs of type 4* with ; common blocks, where B; € I(4), 1 < j < t.
By Construction 2.2, we have a pair of kite-GDDs of type 431 with Y'0_, a; + Z;Zl B common blocks, which
implies

b t

Ju) = J(3t +1) 2 Za7+Z,B ., 4,6),Bel(d),1<i<bl<j<t)
i=1 j=1

+{0,...,4,6} +t%1{0,...,22,24}

:I(3t+l):I(u).

|
Lemma 6.3. For any integer u = 2 (mod 3) and u > 17, J(u) = I(u).

Proof. Let u = 3t +2 and t > 5. Start from a 4-GDD of type 6' by Lemma 2.3. Give each point of the GDD
weight 2. By Lemma 2.4, there is a pair of kite-GDDs of type 2* with @ common blocks, & € {0,...,4,6}.

Then apply Construction 2.1 to obtain a pair of kite-GDDs of type 12! with Y2, @; common blocks, where
b = 3#(t — 1) is the number of blocks of the 4-GDD of type 6' and a; € {0,...,4,6} for1 <i < b.

By Lemma 4.1, there is a pair of kite-GDDs of type 4°8! with B; common blocks, where B; € Mj,
1 < j<t-1. By Lemma 3.3, there is a pair of kite-GDDs of type 4> with y common blocks, where y € Is.

By Construction 2.2, we have a pair of kite-GDDs of type 4%*? with Zle a; + Z;;% Bj + ¥ common blocks,
which implies

J(u)=]Bt+2)2 {Zai+z,{3j+y:aie{O,...,4,6},ﬁ]-eM1,7/615,1 <i<h1<j<t]

i=1 =1
=b+{0,...,4,6) +(t—1)={0,...,24,36} + {0, ..., 38,40}
=13t +2) = I(u).

Proof of Theorem 1.1: When u € {3,4,...,14}, the conclusion follows from Lemmas 3.1-3.3, and Lemmas
5.1-5.5. When u > 15, combining the results of Lemmas 6.1-6.3, we complete the proof. [
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