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Abstract. In this paper, we consider the doubly indexed sequence a(r)
λ (n,m), (n,m ≥ 0), defined by a

recurrence relation and an initial sequence a(r)
λ (0,m), (m ≥ 0). We derive with the help of some differential

operator an explicit expression for a(r)
λ (n, 0), in term of the degenerate r-Stirling numbers of the second kind

and the initial sequence. We observe that a(r)
λ (n, 0) = βn,λ(r), for a(r)

λ (0,m) = 1
m+1 , and a(r)

λ (n, 0) = En,λ(r), for

a(r)
λ (0,m) =

(
1
2

)m
. Here βn,λ(x) and En,λ(x) are the fully degenerate Bernoulli polynomials and the degenerate

Euler polynomials, respectively.

1. Introduction

In recent years, we have witnessed that some mathematicians have explored various degenerate versions
of many special polynomials and numbers by using various tools. These explorations for degenerate
versions were initiated by Carlitz (see [3]) when he studied degenerate versions of some special polynomials
and numbers, namely the degenerate Bernoulli and Euler polynomials and numbers.

The r-Stirling number of the second kind
{n

k
}
r counts the number of partitions of the set [n] = {1, 2, . . . ,n}

into k blocks in such a way that the numbers 1, 2, . . . , r are in distinct subsets. The degenerate r-Stirling
numbers of the second kind

{n
k
}
r,λ are a degenerate version of the r-Stirling numbers of the second kind

{n
k
}
r.

They can be viewed also as natural extensions of the degenerate Stirling numbers of the second kind
{n

k
}
λ
,

which were introduced earlier (see [8,12,13]).
The aim of this paper is to derive an explicit expression for the n-th generating function 1n(t, λ) =∑
∞

m=0 aλ(n,m)tm, from the initial generating function 10(t, λ) =
∑
∞

m=0 aλ(0,m)tm, and the recurrence relation
given by (12). If we choose aλ(0, k) = 1

k+1 , then aλ(n, 0) = βn,λ. Here βn,λ(x) are the fully degenrate Bernoulli
polynomials and βn,λ = βn,λ(0) are the fully degenerate Bernoulli numbers (see (10)). This is generalized to
slightly more general recurrence relation in (29) with initial generating function 1(r)

0 (t, λ) =
∑
∞

m=0 a(r)
λ (0,m)tm.

Then we get a(r)
λ (n, 0) = βn,λ(r), for a(r)

λ (0,m) = 1
m+1 , and a(r)

λ (n, 0) = En,λ(r), for a(r)
λ (0,m) =

(
1
2

)m
. Here En,λ(x)

are the degenerate Euler polynomials.
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In more detail, we show the following. For a given initial sequence aλ(0,m), (m = 0, 1, 2, . . . ), the doubly
indexed equence aλ(n,m), (n ≥ 1, m = 0, 1, 2, . . . ) are defined by the recurrence relation in (12). For each
nonnegative integer n, let 1n(t, λ) =

∑
∞

m=0 aλ(n,m)tm be the n-th generating function. Then we show that

1n(t, λ) =
(
(t − 1)

d
dt

)
n,λ
10(t, λ) =

n∑
k=0

S2,λ(n, k)(t − 1)k
( d
dt

)k
10(t, λ),

where (x)n,λ are the degenerate falling factorials, and S2,λ(n, k) are the degenerate Stirling numbers of the
second kind (see (3)). Then, by letting t = 0, we express aλ(n, 0) in terms of the initial sequence aλ(0, k),
namely aλ(n, 0) =

∑n
k=0 S2,λ(n, k)(−1)kk!aλ(0, k). For aλ(0, k) = 1

k+1 , aλ(n, 0) = βn,λ. This idea is generalized
to the case of slightly more general recurrence relation in (29), starting with the initial sequence a(r)

λ (0,m).
Indeed, by proceeding similarly to the previous case we obtain the expression

a(r)
λ (n, 0) =

n∑
m=0

{
n + r
m + r

}
λ

(−1)mm!a(r)
λ (0,m),

where r is a nonnegative integer. For a(r)
λ (0,m) = 1

m+1 , a(r)
λ (n, 0) = βn,λ(r). In addition, we express the sum∑

∞

n=0 a(r)
λ (n, 0) tn

n! in terms of the initial generating function F(t) = 1(r)
0 (t, λ). Observe here that the sum is over

the first argument. Indeed, we have

er
λ(t)F(1 − eλ(t)) =

∞∑
n=0

a(r)
λ (n, 0)

tn

n!
.

Here a(r)
λ (n, 0) = En,λ(r), for a(r)

λ (0,m) =
(

1
2

)m
.

For any nonzero λ ∈ R, the degenerate exponential functions are defined by

ex
λ(t) = (1 + λt)

x
λ , (see [6, 7, 9 − 13]). (1)

When x = 1, we let eλ(t) = e1
λ(t). Note that lim

λ→0
ex
λ(t) = ext.

The degenerate falling factorials are defined by

(x)0,λ = 1, (x)n,λ = x(x − λ)(x − 2λ) · · ·
(
x − (n − 1)λ

)
, (n ≥ 1).

In [6], the degenerate Stirling numbers of the first kind are defined by

(x)n =

n∑
k=0

S1,λ(n, k)(x)k,λ, (n ≥ 0), (2)

where (x)0 = 1, (x)n = x(x − 1) · · · (x − n + 1), (n ≥ 1).
As the inversion formula of (2), the degenerate Stirling numbers of the second kind are defined by

(x)n,λ =

n∑
k=0

S2,λ(n, k)(x)k, (n ≥ 0), (see [6]). (3)

Note that lim
λ→0

S1,λ(n, k) = S1(n, k), lim
λ→0

S2,λ(n, k) = S2(n, k), where S1(n, k) and S2(n, k) are respectively the

Stirling numbers of the first kind and the Stirling numbers of the second kind defined by

(x)n =

n∑
k=0

S1(n, k)xk, xn =

n∑
k=0

S2(n, k)(x)k, (n ≥ 0), (see [10, 15 − 19]). (4)
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For r ∈ Zwith r ≥ 0, the degenerate r-Stirling numbers of the second kind are defined by

(x + r)n,λ =

n∑
k=0

{
n + r
k + r

}
λ

(x)k, (n ≥ 0), (see [12, 13]). (5)

From (5), we note that

1
k!

er
λ(t)

(
eλ(t) − 1

)k
=

∞∑
n=k

{
n + r
k + r

}
λ

tn

n!
, (see [12, 13]). (6)

By (5) and (6), we easily get{
n + r
k + r

}
λ

=

n∑
m=0

(
n
m

)
S2,λ(m, k)(r)n−m,λ. (7)

For r = 0, we note that
{n

k
}
λ
= S2,λ(n, k).

For other types of Stirling numbers and polynomials, one may refer to [2,14,20].
In [3], Carlitz introduced the degenerate Bernoulli polynomials defined by

t
eλ(t) − 1

ex
λ(t) =

∞∑
n=0

Bn(x|λ)
tn

n!
. (8)

Note that lim
λ→0

Bn(x|λ) = Bn(x), where Bn(x) are the Bernoulli polynomials defined by

t
et − 1

ext =

∞∑
n=0

Bn(x)
tn

n!
, (see [1, 4, 5, 16]).

He also defined the degenerate Euler polynomials given by

2
eλ(t) + 1

ex
λ(t) =

∞∑
n=0

En,λ(x)
tn

n!
, (see [3]). (9)

When x = 0, En,λ = En,λ(0) are called the degenerate Euler numbers.
The fully degenerate Bernoulli polynomials arise from a p-adic bosonic integral over Zp and are given

by

log(1 + λt)
λ(eλ(t) − 1)

ex
λ(t) =

∞∑
n=0

βn,λ(x)
tn

n!
, (see [10]). (10)

When x = 0, βn,λ = βn,λ(0) are called the fully degenerate Bernoulli numbers.
For n ≥ 0, we note that

βn,λ(r) =
n∑

k=0

{
n + r
k + r

}
λ

(−1)k k!
k + 1

, (r ≥ 0), (see [10]). (11)

2. A new approach to fully degenerate Bernoulli numbers and polynomials

In this section, we prove the main results of this paper. Assume that λ is a fixed real number. For a given
initial sequence aλ(0,m) (m = 0, 1, 2, . . . ), we define the doubly indexed sequence aλ(n,m), (n ≥ 1, m ≥ 0),
which are given by

aλ(n,m) = maλ(n − 1,m) − (m + 1)aλ(n − 1,m + 1) − (n − 1)λaλ(n − 1,m). (12)
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For any nonnegative integer n, let 1n(t, λ) be the generating function of aλ(n,m), (m ≥ 0), given by

1n(t, λ) =
∞∑

m=0

aλ(n,m)tm. (13)

From (12) and (13), we note that

1n(t, λ) =
∞∑

m=0

aλ(n,m)tm (14)

=

∞∑
m=0

{
maλ(n − 1,m) − (m + 1)aλ(n − 1,m + 1) − (n − 1)λaλ(n − 1,m)

}
tm

=

∞∑
m=1

maλ(n − 1,m)tm
−

∞∑
m=0

(m + 1)aλ(n − 1,m + 1)tm
− (n − 1)λ

∞∑
m=0

aλ(n − 1,m)tn

= t
∞∑

m=0

(m + 1)aλ(n − 1,m + 1)tm
−

∞∑
m=0

(m + 1)aλ(n − 1,m + 1)tm

− (n − 1)λ
∞∑

m=0

aλ(n − 1,m)tm

= (t − 1)
∞∑

m=0

(m + 1)aλ(n − 1,m + 1)tm
− (n − 1)λ

∞∑
m=0

aλ(n − 1,m)tm

= (t − 1)
∞∑

m=1

maλ(n − 1,m)tm−1
− (n − 1)λ

∞∑
m=0

aλ(n − 1,m)tm

= (t − 1)
d
dt
1n−1(t, λ) − (n − 1)λ1n−1(t, λ)

=
(
(t − 1)

d
dt
− (n − 1)λ

)
1n−1(t, λ).

Thus, by (14), we get

1n(t, λ) =
(
(t − 1)

d
dt
− (n − 1)λ

)
1n−1(t, λ)

=
(
(t − 1)

d
dt
− (n − 1)λ

)(
(t − 1)

d
dt
− (n − 2)λ

)
1n−2(t, λ).

(15)

Continuing this process, we have

1n(t, λ) =
(
(t − 1)

d
dt

)
n,λ
10(t, λ), (n ∈N). (16)

Here one has to observe that(
(t − 1)

d
dt
− iλ

)(
(t − 1)

d
dt
− jλ

)
=

(
(t − 1)

d
dt
− jλ

)(
(t − 1)

d
dt
− iλ

)
,

for any distinct nonnegative integers i, j. Similar observations to this are needed for other results below.

Lemma 2.1. For any nonnegative integer k, we have

(
(t − 1)

d
dt

)
k,λ
=

k∑
m=0

S2,λ(k,m)(t − 1)m
( d
dt

)m
.
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Proof. Let f (t) =
∑
∞

n=0 an(t − 1)n. Then we have

(
(t − 1)

d
dt

)
k,λ

f (t) =
∞∑

n=0

an(n)k,λ(t − 1)n (17)

=

∞∑
n=0

an

( k∑
m=0

S2,λ(k,m)(n)m

)
(t − 1)n =

k∑
m=0

S2,λ(k,m)
∞∑

n=0

an(n)m(t − 1)n

=
( k∑

m=0

S2,λ(k,m)(t − 1)m
( d
dt

)m)
f (t).

By (17), we get

(
(t − 1)

d
dt

)
k,λ
=

k∑
m=0

S2,λ(k,m)(t − 1)m
( d
dt

)m
. (18)

From (16) and Lemma 1, we note that

1n(t, λ) =
(
(t − 1)

d
dt

)
n,λ
10(t, λ)

=

n∑
k=0

S2,λ(n, k)(t − 1)k
( d
dt

)k
10(t, λ),

(19)

where 1n(t, λ) =
∞∑

m=0

aλ(n,m)tm,

Let t = 0 in (19). Then we have

aλ(n, 0) =
n∑

k=0

S2,λ(n, k)(−1)kk!aλ(0, k). (20)

Therefore, by (20), we obtain the following theorem.

Theorem 2.2. For a given initial sequence aλ(0,m), (m = 0, 1, 2, . . . ), let the doubly indexed sequence aλ(n,m) be
defined by the recurrence relation

aλ(n,m) = maλ(n − 1,m) − (m + 1)aλ(n − 1,m + 1) − (n − 1)λaλ(n − 1,m),

where n is a positive integer. Then we have

aλ(n, 0) =
n∑

k=0

S2,λ(n, k)(−1)kk!aλ(0, k).

Let aλ(0, k) = 1
k+1 in Theorem 2. Then, from (11), we see that

aλ(n, 0) =
n∑

k=0

S2,λ(n, k)(−1)k k!
k + 1

= βn,λ, (n ≥ 0). (21)

For a given initial sequence bλ(0,m), (m = 0, 1, 2, . . . ), consider the doubly indexed sequence bλ(n,m), (n ≥
1, m ≥ 0), which are defined by

bλ(n,m) = (m + 1)bλ(n − 1,m) − (m + 1)bλ(n − 1,m + 1) − (n − 1)λbλ(n − 1,m). (22)
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Let 1∗n(t, λ) be the generating function of bλ(n,m), (m ≥ 0), given by

1∗n(t, λ) =
∞∑

m=0

bλ(n,m)tm. (23)

Then, by (22) and (23), we get

1∗n(t, λ) =
∞∑

m=0

bλ(n,m)tm (24)

=

∞∑
m=0

mbλ(n − 1,m)tm
−

∞∑
m=0

(m + 1)bλ(n − 1,m + 1)tm +
(
1 − (n − 1)λ

)∑
m=0

bλ(n − 1,m)tm

= (t − 1)
∞∑

m=0

(m + 1)bλ(n − 1,m + 1)tm +
(
1 − (n − 1)λ

) ∞∑
m=0

bλ(n − 1,m)tm

= (t − 1)
∞∑

m=1

mbλ(n − 1,m)tm−1 +
(
1 − (n − 1)λ

) ∞∑
m=0

bλ(n − 1,m)tm

= (t − 1)
d
dt
1∗n−1(t, λ) +

(
1 − (n − 1)λ

)
1∗n−1(t, λ) =

(
(t − 1)

d
dt
+ 1 − (n − 1)λ

)
1∗n−1(t, λ).

Thus, by (24), we get

1∗n(t, λ) =
(
(t − 1)

d
dt
+ 1 − (n − 1)λ

)
1∗n−1(t, λ)

=
(
(t − 1)

d
dt
+ 1 − (n − 1)λ

)(
(t − 1)

d
dt
+ 1 − (n − 2)λ

)
1∗n−2(t, λ).

Continuing this process, we have

1∗n(t, λ) =
(
1 + (t − 1)

d
dt

)
n,λ
1∗0(t, λ), (25)

where 1∗n(t, λ) =
∞∑

m=0

bλ(n,m)tm.

From (18) and (25), we note that

1∗n(t, λ) =
n∑

k=0

(
n
k

)
(1)n−k,λ

(
(t − 1)

d
dt

)
k,λ
1∗0(t, λ) (26)

=

n∑
k=0

(
n
k

)
(1)n−k,λ

k∑
m=0

S2,λ(k,m)(t − 1)m
( d
dt

)m
1∗0(t, λ)

=

n∑
m=0

(t − 1)m
( d
dt

)m n∑
k=m

(
n
k

)
(1)n−k,λS2,λ(k,m)1∗0(t, λ).

By (7) and (26), we get

1∗n(t, λ) =
n∑

m=0

(t − 1)m
{

n + 1
m + 1

}
λ

( d
dt

)m

1∗0(t, λ), (27)

where 1∗n(t, λ) =
∞∑

k=0

bλ(n, k)tk.
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Let t = 0 in (27). Then we have

bλ(n, 0) =
n∑

m=0

(−1)m
{

n + 1
m + 1

}
λ

m!bλ(0,m). (28)

Therefore, by (28), we obtain the following theorem.

Theorem 2.3. For a given initial sequence bλ(0,m), (m = 0, 1, 2, . . . ), let the doubly indexed sequence bλ(n,m), (n ≥
1, m ≥ 0), be defined by the recurrence relation

bλ(n,m) = (m + 1)bλ(n − 1,m) − (m + 1)bλ(n − 1,m + 1) − (n − 1)λbλ(n − 1,m).

Then we have

bλ(n, 0) =
n∑

m=0

(−1)m
{

n + 1
m + 1

}
λ

m!bλ(0,m).

Let bλ(0,m) = 1
m+1 in Theorem 3. Then, by (11), we have

bλ(n, 0) =
n∑

m=0

(−1)m m!
m + 1

{
n + 1
m + 1

}
λ

= βn,λ(1), (n ≥ 0).

Let r be a nonnegative integer. For a given initial sequence a(r)
λ (0,m), (m = 0, 1, 2, . . . ), consider the doubly

indexed sequence a(r)
λ (n,m), (n ≥ 1, m ≥ 0), such that

a(r)
λ (n,m) = (m + r)a(r)

λ (n − 1,m) − (m + 1)a(r)
λ (n − 1,m + 1) − (n − 1)λa(r)

λ (n − 1,m). (29)

Let 1(r)
n (t, λ) be the generating function of a(r)

λ (n,m), (m ≥ 0), which is given by

1
(r)
n (t, λ) =

∞∑
m=0

a(r)
λ (n,m)tm. (30)

By the same method as in (14) and (27), we get

1
(r)
n (t, λ) =

(
r + (t − 1)

d
dt

)
n,λ
1

(r)
0 (t, λ) (31)

=

n∑
k=0

(
n
k

)
(r)n−k,λ

(
(t − 1)

d
dt

)
k,λ
1(r)(t, λ)

=

n∑
k=0

(
n
k

)
(r)n−k,λ

k∑
m=0

S2,λ(k,m)(t − 1)m
( d
dt

)m
1

(r)
0 (t, λ)

=

n∑
m=0

(t − 1)m
( d
dt

)m( n∑
k=m

(
n
k

)
(r)n−k,λS2,λ(k,m)

)
1

(r)
0 (t, λ)

=

n∑
m=0

(t − 1)m
{

n + r
m + r

}
λ

( d
dt

)m
1

(r)
0 (t, λ),

where 1(r)
n (t, λ) =

n∑
k=0

a(r)
λ (n, k)tk.

Let t = 0 in (31). Then we have

a(r)
λ (n, 0) =

n∑
m=0

{
n + r
m + r

}
λ

(−1)mm!a(r)
λ (0,m). (32)

Therefore, by (32), we obtain the following theorem.
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Theorem 2.4. Let r be a nonnegative integer. For a given initial sequence a(r)
λ (0,m), (m = 0, 1, 2, . . . ), let the doubly

indexed sequence a(r)
λ (n,m), (n ≥ 1, m ≥ 0), be defined by the recurrence relation

a(r)
λ (n,m) = (m + r)a(r)

λ (n − 1,m) − (m + 1)a(r)
λ (n − 1,m + 1) − (n − 1)λa(r)

λ (n − 1,m).

Then we have

a(r)
λ (n, 0) =

n∑
m=0

{
n + r
m + r

}
λ

(−1)mm!a(r)
λ (0,m).

Let a(r)
λ (0,m) = 1

m+1 . Then, by (11), we get

a(r)
λ (n, 0) =

n∑
m=0

{
n + r
m + r

}
λ

(−1)m m!
m + 1

= βn,λ(r), (n ≥ 0).

For a given initial sequence a(r)
λ (0,m), (m = 0, 1, 2, . . . ), for the ease of notation we let

F(t) = 1(r)
0 (t, λ) =

∞∑
m=0

a(r)
λ (0,m)tm. (33)

From (6), Theorem 4 and (33), we note that

∞∑
n=0

a(r)
λ (n, 0)

tn

n!
=

∞∑
n=0

( n∑
m=0

{
n + r
m + r

}
λ

(−1)mm!a(r)
λ (0,m)

) tm

m!
(34)

=

∞∑
m=0

(−1)mm!a(r)
λ (0,m)

∞∑
n=m

{
n + r
m + r

}
λ

tn

n!

=

∞∑
m=0

(−1)mm!a(r)
λ (0,m)er

λ(t)
1

m!
(eλ(t) − 1)m

= er
λ(t)

∞∑
m=0

a(r)
λ (0,m)(1 − eλ(t))m

= er
λ(t)F(1 − eλ(t)).

Therefore, by (34), we obtain the following theorem.

Theorem 2.5. Let F(t) = 1(r)
0 (t, λ) =

∞∑
m=0

a(r)
λ (0,m)tm. Then we have

er
λ(t)F(1 − eλ(t)) =

∞∑
n=0

a(r)
λ (n, 0)

tn

n!
,

where r is a nonnegative integer.
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Let a(r)
λ (0,m) =

(
1
2

)m
in Theorem 5. Then we have

∞∑
n=0

a(r)
λ (n, 0)

tn

n!
= er
λ(t)

∞∑
m=0

aλ(0,m)(1 − eλ(t))m (35)

= er
λ(t)

∞∑
m=0

(
−

1
2

)m

(eλ(t) − 1)m

= er
λ(t)

1
1 + 1

2 (eλ(t) − 1)
=

2
eλ(t) + 1

er
λ(t)

=

∞∑
n=0

En,λ(r)
tn

n!
.

Comparing the coefficients on both sides of (35), we have

a(r)
λ (n, 0) = En,λ(r), (n ≥ 0),

where En,λ(x) are the degenerate Euler polynomials.

3. Conclusion

In recent years, explorations for degerate versions of some special numbers and polynomials regained
the interests of many mathematicians which began with Carlitz’s work on the degenerate Bernoulli and
Euler numbers. They have been done by using various tools like combinatorial methods, generating
functions, differential equations, umbral calculus techniques, p-adic analysis, special functions, operator
theory, probability theory, and analytic number theory.

For a given initial sequence a(r)
λ (0,m), (m = 0, 1, 2, . . . ), and the doubly indexed sequence a(r)

λ (n,m), (n ≥
1, m ≥ 0), defined by the recurrence relation

a(r)
λ (n,m) = (m + r)a(r)

λ (n − 1,m) − (m + 1)a(r)
λ (n − 1,m + 1) − (n − 1)λa(r)

λ (n − 1,m),

it was shown by making use of a differential operator that

a(r)
λ (n, 0) =

n∑
m=0

{
n + r
m + r

}
λ

(−1)mm!a(r)
λ (0,m).

Then we noted that a(r)
λ (n, 0) = βn,λ(r), for a(r)

λ (0,m) = 1
m+1 , and a(r)

λ (n, 0) = En,λ(r), for a(r)
λ (0,m) =

(
1
2

)m
.

It is one of our future projects to continue to explore many degenerate special numbers and polynomials
with the help of aforementioned tools.

Acknowledgment: The authors would like to thank the reviewers for their helpful comments and sugges-
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