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Abstract. We study the Neumann problem with Leray-Lions type operator. Using the classical variational
theory, we prove the existence, uniqueness and multiplicity of solutions. As far as we know, this is the first
attempt to investigate such a fourth-order problem involving Leray-Lions type operators.

1. Introduction

Our aim is to study the existence, uniqueness and multiplicity results for weak solvability of the following

fourth-order problem involving Leray-Lions type operator with the Neumann boundary conditions in
variable exponent spaces

Aa(x, Au)) + b(x)|ulP~2u = A f(x, u) for x € Q, (1)

with a(x, Au)-v(x) = pg(x, u) for x € dQ, where A, u € R*, Q c RV(N > 2) is abounded domain with smooth
boundary dQ, v is the outer unit normal vector on dQ, p € C(Q) is the variable exponent, a = a(x,n) :

OXxRVRY, f: QxR Rand g: dQ X R R are the Carathéodory functions, with A : Q x R — R
given by

t
A(x, t) = f a(x, s)ds.
0
In this paper, we shall consider the following conditions fora, A, b, f, and g :

(Lo) a(x,—s) = —a(x,s) for a.e. x € Qand all s € RY;
(L1) A(x,0)=0forall x € Q;

(L2) There exists a constant ¢y > 0 such that |a(x, )| < co (1 + Inlp(x)’l) forallx € Q,n e RY;
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(Ls) 0 <[a(x,m)—a(x,m)] (m —n)forall x € Q,n;, 2 € RN, with equality if and only if 71 = 12;
(Ls) IP® < a(x, 1) n < p(x)A(x, 1) for all x € Q, 1 € RN.

(B) b € L*(Q) and there exists by > 0 such that b(x) > by for all x € Q;

(F) Foreveryqg e C.(Q) with g* < p~,there exist c1, ¢z > 0 such that

If(x, t)] < c1 + oot "™ forall x € Q, t € R; 2)

(G) Foreveryr € C,(Q)withr* < p~,there exist c3,cs > 0 such that |g(x, )| < c3 + calt|™ forallx €
200,t e R.

These conditions enable us to obtain well known operators by making appropriate choices of a. Indeed,
when a(x, ) = [7]P® =21, we get the p(x)-biharmonic operator of the fourth order.

Studies of problems involving such operators appear in a variety of fields, such as the clamped plate
problem, elasticity theory and PDEs modeling Stokes” flows (see El Khalil, Kellati and Touzani [1], Nadi-
rashvili [2]). When a(x, n) = (1 + [n[>)?®-2/25, we get the generalized biharmonic mean curvature operator
(see Alsaedi and Radulescu [3]). Moreover, when we choose

a(x,n) = (1 + [P (1+ |q|2p<x>)‘1/2) P2y,
we obtain the following differential operator

|Au|7’(x)
V1 + |Auzr®)

which describes the capillary phenomenon (see Alsaedi and Radulescu [3], Avci [4]). We note that condition
(Lo) is only needed to obtain the multiplicity of solutions. Also, we choose this kind of function a satisfying
(Lo) — (L) because we want to assure a high degree of generality in our work.

The study of fourth-order partial differential equations with constant exponent has intensively devel-
oped in recent years. It has a large variety of applications (see for example Danet [5], Ferrero and Warnault
[6], Myers [7] and the references therein). By introducing elliptic problems with variable exponent, we open
the door to applications utilizing extremely nonhomogeneous materials which are nowadays becoming
increasingly common in industry. One of these applications is related to the modeling of electrorheological
fluids. The first significant discovery in electrorheological fluids was in 1949 by Willis Winslow. These
fluids have specially viscous liquids and can significantly change their mechanical properties when they
contact an electric field (see Acerbi and Mingione [8], Ruzi¢ka [9]). Other known applications are related to
the image restoration (see Chen, Levine and Rao [10]), elastic materials (see Boureanu [11] and Zhikov [12]),
mathematical biology (see Fragnelli [13]), dielectric breakdown and electrical resistance (see Bocea and
Mihdilescu [14], polycrystal plasticity (see Bocea, Mihdilescu and Popovici [15], and models of diffusion in
sandpiles (see Bocea, Mihdilescu, Perez-Llanos and Rossi [16]). In order to be able to study such problems
with variable exponent, we need to use the novel theory of Lebesgue and Sobolev spaces with variable
exponent (LF®(Q), WP®(Q)). Over the past few decades, these spaces have attracted considerable attention
(see Cruz-Uribe and Fiorenza [17], Rddulescu and Repovs [18], Diening, Harjuletho, Hésto and Ruzi¢ka
[19]) and the references therein).

The subject of the fourth order elliptic problems involving the Leray-Lions operator with variable expo-
nent has drawn the attention of many authors, for example, Boureanu [20] who has established interesting
properties which are useful in the treatment of various classes of fourth-order problems. Boureanu and
Vélez-Santiago [21] studied the solvability of a higher-order problem of type (1) with subject to Navier-
Stokes boundary conditions over irregular domain. Moreover, Kefi, Repov$ and Saoudi [22] showed the
existence and multiplicity results of weak solutions for fourth-order problems involving the Leray-Lions
type operators by using the theorem of Bonanno and Marano [23]. We also mention a very interesting pa-
per by Giri, Choudhuri and Pradhan [24]. Motivated by these results and the ideas accurately introduced

Aa(x, Au) = A [(1 + ]IAulp(x)‘zAu],
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by Boureanu [20], we shall investigate the weak solvabilty of problem (1) with subject to the Neumann
boundary conditions.

A reasonable inquiry given the preceding knowledge is what results can be recovered when the stan-
dard p-Laplacian and p-biharmonic are replaced by a fourth-order problem employing a Leray-Lions type
operator. To our knowledge, only few papers have been published on this subject (see Boureanu [20]
and Bonanno [23]). Boureanu [21] established some definitions and basic properties of new fourth-order
problem involving a Leray-Lions type operator with variable exponents and proved some existence results
for fourth-order problems with variable exponents by using different approaches. One of the interesting
aspects of our work is that we study a problem with a nonlinear boundary term that needs the applica-
tion of the Trace theorem. The possibilities of the parameter being sufficiently large or small has been
treated as different cases. Finally, it should be noted that the context here is different from Boureanu and
Vélez-Santiago [21], due to the more complicated operator and numerous parameters.

Now, we state our main results which concern existence, uniqueness and multiplicity of solutions of
problem (1) :

Theorem 1.1. Under conditions (L1)-(Ls), (B), (F), and (G), problem (1) has a weak solution.

Theorem 1.2. Under conditions (L1)-(L4), (B), (F), (Fo), (G), and (Go), problem (1) has a unique weak solution.

Theorem 1.3. Under conditions (Lg)-(Ls) and (F1)-(Fy), there exist an open interval A C (0, +o0) and a positive real
number w such that for each A € A and g : dQ X R — R satisfying condition (G1), there exists 6 > 0 such that for
each 1 € [0, 0], problem (1) has at least three weak solutions with norms in W2r@(Q)) less than w.

Theorem 1.4. Under conditions (Lo)-(Ls), (F), (G), (B), (fg), (f), and (g), problem (1) has an unbounded sequence
of distinct weak solutions.

We describe the structure of the paper. In Section 2, we state some notations and preliminary properties
which are necessary for proving our results. In Section 3, using variational methods, we establish the
existence and uniqueness result for problem (1). In Section 4, we prove the multiplicity of solutions to
problem (1) by using Ricceri’s Three critical points theorem and the Fountain theorem. We thank the referee
for several constructive remarks.

2. Preliminaries

For simplicity, we shall use letters ¢; (i = 1,2,--- ,N) to denote positive constants in different cases. We
set

Ci(Q) = {p eCQ):1< mi(_r;p(x) < m%xp(x) < oo}

and for all p € C,(Q) we let

p* =supp(x), p~ =infp(x).
xeQ xeQ)

Also, we denote

{MMWNﬂMHifP®<M

P = if p(x)=N

and
%m_{W—WMMNﬂMHifPW<N
PRI=1 if p(x)=N.

Finally, we define the mapping py(, : /(Q) — R by

oy (1) = fQ | (x) PN dx.
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Proposition 2.1. (see Fan and Zhao [25]) If u € LPY(Q), then:

lullpo <1=1L>1) e ppo) <U(=1>1) 3)
oy > 1= lull],, ) < Ppoy @) < lul}, )5 (4)
lllroer < 1= [lull],, ) < Ppoy (1) < Ilull’z;(.>(g). ()

Remark 2.2. Define the map py : LP(9Q) — R by

B 1) = f HPOdS,
2Q

where dS is a surface measure. One can easily prove relations (3)-(5) stated above.
By hypotheses (B), we have the norm

p(x)
||u||b=inf{y>0:f( )dxsl},
Q

which is equivalent to || - || on W27 (Q)). Therefore, we shall use (WZ’V(X)(Q), [ - IIb) in the sequel.
We consider p : W2P®(Q) — R defined by

p(x)

Au(x) +b()

U

u(x)

H

Ppb(U) = f [IAuI”(") + b(x)|u|lﬂ(x)] ix
Q
and we make an important connection with the norm || - ||, by proceeding as in Boureanu, Riddulescu and
Repovs [26].

Proposition 2.3. (see Boureanu, Ridulescu and Repovs [26]) For any u,u, € W*?0(Q), the following statements

hold:
lfully < (=>1) © pyyp(u) < (=>1);

il < 1= ll)” < pyoyne) < Nl
lully > 1= ull] < ppoyp(u) < llull}
”un”b - 0> & Pr()b (un) — 0(— o0).

Theorem 2.4. (see Fan and Zhao [25]) Let q € C(C;R) be such that 1 < g~ < g* < co and q(x) < p;(x) for all
x € Q, where

o= (1 Toocn
+00 ifkp(x) > N
for any x € Q,k > 1. Then there exists a continuous embedding
WkPO(Q) < L1O(Q).
If we replace < with <, then this embedding is compact.

Theorem 2.5. (see El Amrouss, Moradi and Moussaoui [27]) Let Q ¢ RN,N > 2, be a bounded open set with a
smooth boundary. Suppose that p € C,(Q) and r € C(Q) satisfy the condition

1<r(x) < pa(x), for all x € 9Q2.

Then there exists a compact boundary trace embedding W*¥0)(Q) — L'0(9Q).
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3. ThecaseA=pu=1

We recall the concept of a weak solution for problem (1) :

Definition 3.1. We call u € W*?0(Q) a weak solution of (1) if for all v € W*P0)(Q),

fa(x,Au)-Avdx+fb(x)lul”(x)_zuvdx—ff(x,u)vdx—f g(x, u)vdS = 0.
Q Q Q oQ

The energy functional I : W2?0)(Q) — R associated to problem (1) is defined by

= @ () 7y — -
I(u) = f A(x, Au)dx + f ) [P dx f F(x, u)dx f& G(x, u)dS,
F(x,s) = L Bdt,  G(x,s) = ,H)d
(x,5) j(; fx, t)dt (x,s) j(; g(x, tydt

b(x)
(x

) |u|p(X) dx,

where

and

(D(u):fA(x,Au)dx+
Q

o pP\x

‘I/(u):—fF(x,u)dx, ](u):—f G(x,u)dS.
Q oQ

Using the approach of Boureanu [20], we show that [ € C! (WZ'V(')(Q); IR) with

{I'(n),v) = f a(x, Au) - Avdx + f b(x)|ulP2uvdx — f fx, uyvdx — f g(x, u)odS, (6)
Q Q Q 2Q
for all u, v € W>P0O(Q).

3.1. Existence of weak solutions of problem (1)
Proof of Theorem 1.1. We show that I is coercive. It follows from (F) and (G) that

(X)
|F(x, t)| < cqlt| + cz ( K forallxe Q,te R, (7)

|1’X

r(x)’
By (3),(5) and Remark 2.2, we have

|G(x, t)| < c3lt| + C4| forall x € 9Q),t € R. (8)

F(x, udx < cillulliney + 2 @w {lul” )
L (®)] q L10(Q) L10(Q)

j\axw%<@wmwm+ (1400 000y + 1400 50) -
0Q

Theorems 2.4 and 2.5 imply that, for u € W2#O(Q) with [|ull, > 1, there exist ki1, k2, k3, ks > 0 such that

memwshwm+me, ©)
Q

j‘amw%shwm+mwg. (10)
20
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It follows from (L4) and (B) that

b(x) 1
A(x, Au)dx +f “ufPWdx > —f [AuP® + b(x)|uP® | dx.
fo (v A a p(x) p* Q[ ® ]

By Proposition 2.3, we know that, for [[ull, > 1,

b)) gy > Lyl
LA(x,Au)dx+f ()|u|” dx2p+||u||b. (11)

o p(x)
Then, applying (9), (10) and (11), for [|u]l, > 1, we have

1 - + +
I(M)ZFIIMIIZ — kallul] = Kallually, = (kx + k) luall- (12)

By the assumptions on p, g and v , we obtain that I(#) — co when |[u||, — oo. Following that, we create
the notations

T(u):LP(x,u)dx, g(u):fm G(x, u)dS.

Given that ¥’ and G’ are entirely continuous, F and G are said to be weakly continuous. We can infer
from Boureanu [20, Proposition 5] that I is a weakly lower semi continuous. Now we can apply the result
in Struwe [28, Theorem 1.2]. As a consequence, we can conclude that problem (1) admits at least one weak
solution. [

3.2. Uniqueness of weak solutions of problem (1)
To establish the uniqueness of solutions, we shall impose the following conditions on f and g :

(Fo) The monotonicity condition on f is satisfied, i.e. (f(x,5) — f(x,#))(s —t) <0, forall x € Qands,t € R
with s # t;

(Go) The monotonicity condition on g is satisfied, i.e. (g(x,s) — g(x,t))(s —t) < 0,forall x € dQ and s, t € R
with s # .

Proof of Theorem 1.2. The existence follows from Theorem 1.1. So let now u; and 1, be two weak

solutions to problem (1). Thanks to Definition 3.1, we can replace u by u; and consider v = u; — u, to get
that

f a(x,Aup) - A(ug — up)dx + f b(x) [ua P72 g (uy — 1p) dx
Q Q

- f f (o ur) (uy — up) dx —f g (x,u1) (U1 —up)dS = 0.
Q Q

Next, we substitute u, for u in Definition 3.1 and consider v = u, — u; to obtain

f a(x, Aup) - A (up — uy) dx + f b(x) U2l 1y (up — uy) dx
Q Q

- f f(x, u2) (w2 — uq) dx —f g (x,u2) (up —u1)dS = 0.
o) 20
After some calculation, we can deduce that
f [a (x, Aur) = a (x, Aup)] - (Aug = Aup) dx + f b() [l P2 1 = ol wa | (w1 = 1) dx
Q 0
~ [ 17 £ ] =)= [ (g 5) = g )] 1 =) S =0
Q Q

Finally, unless u; = u,, conditions (Ls), (Fo), and (Go) indicate that all terms in the above equality are
positive. As a result, we get the uniqueness of the weak solution to the problem (1).
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4. ThecaseA 20,u =0

4.1. Multiplicity of weak solutions for problem (1)
To obtain the multiplicity of solutions, we shall need to combine the following conditions :

(F1) Fort € C(Q) and #(x) < p*(x) for all x € Q, we have
|f(x, )l

(x,5)€QXR 1+ |s|t(x)—1 ’

(F2) There exists a positive constant ¢ such that F(x,s) > 0 for a.e. x € Q and all s € (0,c];

(F3) There exist a positive constant ¢s and a function y € C(Q) with 1 < y~ < y* < p~, such that
IF(x,5)| < c5(1+s/'®) forae. x € Qand all s € R;

(F4) There exist p; € C(Q) and p* < p; < p1(x) < p*(x), such that
F(x,s)

|S|P1(X)

lim sup sup
s—0  xeQ

7

(G1) For p, € C(Q) and pa(x) < p?(x) for all x € Q, we have

lg(x, s)|
sup  ———5
(rs)ed0xRr 1+ [s|P2

The main tool employed to prove Theorem 1.3 is the variational method, used to find critical points of
the functional H(u) = ®(u) + AW (u) + pJ(u) on W®(Q), where

D) = fQ A(x, Au)dx + fQ %Iulp(")dx, (13)
W(u) = —LF(x,u)dx, (14)
J(u) = - j;Q G(x, u)do. (15)

and

F(x,u) = [)M f(x,s)ds, G(x,u) = ](;u g(x,s)ds.

In this case, we define the weak solution of problem (1) on W**®(Q) as

fa(x,Au)Avdx+fb(x)lulp(")_zuvdx
Q

Q

=A f fx, wyvdx + u f g(x, u)vdo  for all v € W#W(Q).
Q 20

To prove Theorem 1.3, we shall use the Three critical points theorem (see Ricceri [30, Proposition 3.1]).

Proposition 4.1. Let X be a nonempty set and ®,\V real functions on X. Assume that there exist v > 0 and xp, x; € X

such that
-W(xy)

PeI =G0z sy ot




J. Zuo et al. / Filomat 37:7 (2023), 2027-2039 2034

Then for each h satisfying
—W(x1)
@ (x1)

sup WYX <h<r
xe®1(]—co,r])

one has

sup inf(®(x) + A(h + W(x))) < inf sup(P(x) + A(h + W(x))).
A0 X€X xeX 150

Here, we have X = W2/®(Q). Using the techniques of Boureanu [20], we can prove the following
properties (we shall avoid the details here).

Proposition 4.2. Let Q ¢ RN(N > 2) be a bounded domain with a smooth boundary, ® : X — R the functional
defined by (13,) and a : QX R — R a Carathéodory function such that the conditions (L) and (B) are satisfied. Then
@ is well-defined and of class C', with the Gateaux derivative

<<D’(u),v>:fa(x,Au)Avdx+fb(x)lul”(x)‘zuvdx.
Q Q

Theorem 4.3. Assume that the mapping a satisfies conditions (Lo)-(Ls) . Then
1. @’ is continuous and strictly monotone.
2. @ is of (S4) type.
3. @’ is a homeomorphism.

Proposition 4.4. Let Q ¢ RN(N > 2) be a bounded domain with a smooth boundary, ® : X — R as defined by
(13) and a : Q X R — R a Carathéodory function such that conditions (L1), (L), and (B) are satisfied. Then ® is
(sequentially) weakly lower semicontinuous, that is, for any u € X and any subsequence (uy), C X such that u,—u
in X, the following holds

O(u) < liyrgg}fq) (uy) -

Proof of Theorem 1.3:
(i) Let u,v € X be such that

(D' (u),v) = f [a(x, Au)Av + b(x)lul”(x)‘zuv] dx,
Q

V' (u),v) = — f flx, wyvdx, (J'(u),v) = —f g(x, u)vdo.
Q o0
By Theorem 4.3 and Proposition 4.4, ® is a continuous Gateaux differentiable and sequentially weakly
lower semicontinuous functional whose Gateaux derivative admits a continuous inverse on X'.
By (F) and (G), ¥ and ] are continuously Gateaux differentiable functionals. Furthermore, by the
compactness of the embedding W**®(Q) < LF®(Q) and the trace embedding W*®(Q) — LF®(9Q), we

can conclude that W’ and |’ are compact. As a result, @ is bounded on each bounded subset of X .
By condition (Ly), if |[u|l, > 1, then we have

_ 1 ®
q)(u)—LA(x,Au)dx+Lp(x)b(x)|u|p dx

1 1 1 -
> AulP® 4 bl dx > —o(u) > —|lull’ .
fopm(' P+ bEouP ) dx = o0 > -l

Using relations (7) and (8), we can deduce that
AW (u) = -A f F(x, u)dx > -\ f cs (1+ @) dx
Q Q

> s (102 + max 1l il ) = = (14 max el ) = = (1+ )
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for any u € X. Consequently, ®(u) + AW(u) > %Ilullii - (1 + lull) )
Since y* < p~, we get

lim (D) + AW (1)) = +c0, forall ue X, Ae€][0,+c0).

[luallp—>+o0

(ii) Let ug = 0. Invoking Proposition 4.1, condition (L), and the definition of F, we get ® (up) = =V (1) =
0. By virtue of (Fy), there exist ) € [0, 1], ¢6 > 0, such that

F(x,s)<ce|s]"@<celslt, foralls e [-n,n]and a.e. x € Q.
Invoking condition (F3), we can determine a constant M such that
F(x,s) < Ms|r, foralls € Rand a.e. x € Q.

On the other hand, by virtue of the Sobolev embedding theorem, W*?™(Q) < [/1(Q) is continuous, so
we have

~W(u) = f F(x,u)dx < M f |u|PIdx3c7||u||ZfSCSWI/P*
Q Q

.
when ||u||Z /p* <. Since p; > p*, we obtain

lim 1 sup {—-W(u)}=0. (16)

20T gt gpr<r

Next, let u; € C1(Q) be a positive function in Q, with maxu; < ¢. Then, u; € X and @ (17) > 0. Invoking
Q

condition (F), we get

-V (uy) = LF(x,ul(x)) dx > 0.

Therefore, by (16), we can find r € (O, min {CD (u1), ’%}) such that

B —W ()
HMsH:;p {(-Yw)} <r D)

Now, let u € ®((—o0,7]). Then

f (p(x)A(x, Au) + b(x)lul”’(")) dx <rp* < 1.
Q

It follows from Proposition 2.3 that [|u||, < 1 and we can conclude that

S < o < [ (pIAe A+ bl <

Therefore, we can infer that ®~!((—oo, 7]) C {u eX: ’%llullj < r}, and so

-V (1)

sup {—‘P(u)} < TW .

ued1(]-oo,r])

According to Proposition 4.1, (ii) is proved, hence problem (1) indeed has at least three solutions. [
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4.2. Existence of an unbounded sequence of distinct weak solutions of problem (1)
We shall impose the following additional conditions:

satisties the condition, that is, there exist 01 > and /{1 > 0 such that
isfies the (AR) diti hat is, th ist 0 p+ dl 0 h th

0 < 01F(x,t) <tf(x,t) forall [{{ >/ and a.e. x € Q,
¢
and essinggF(-, to) > 0, where F(x, t) = f f(x,s)ds;
XE! 0

satisfies the condition, that is, there exist 6, > and /4 > 0 such that
g) g isfies the (AR) diti hat is, th ist 6 p+ dl 0 h th

0 < 6,G(x, t) < tg(x,t) forall |t| > ]; and a.e. x € Q),
t
and ess inf G (-, tg) > 0, where G(x,t) = f g(x,s)ds;
xedQ) 0

(fg) f,9: QxR — R are Carathéodory functions, odd with respect to the second variable.
In order to prove Theorem 1.4, we shall invoke the Fountain theorem (see Willem [31]). Let
<fn/ em> = 6n,m = X[m:n}/X = Span {en : n=12,.. }

and
X* =span{f,: n=12,..},

where (e,);-; C X and (fy),.; C X*. We take X = W*/®)(Q) and fori = 1,2,... we denote

i o0
X;=spanfe}, Yi=(PX; and Z=(PX; (17)
1 =i

Theorem 4.5. (Fountain theorem, see Willem [31]) Assume that ® € C1(X,R) is even and that foreachi=1,2,...,
there exist p; > y; > 0 such that

(Hl) inf (I)(u) — 00asi— 00,
u€Z; \lullx=yi

(H;) max ®(u)<0;

ueY llullx=pi

(H3) D satisfies the (PS) . condition for every ¢ > 0, that is, any sequence (u,), C X such that ® (u,) — c and
D’ (u,) = 0in X* as n — oo contains a subsequence converging to a critical point of ®.

Then @ has a sequence of critical values tending to +oo.

Proof of Theorem 1.4.

(H1) For each i € IN* there exists y; > 0 such that ziﬁ I(u) > 00 asi— oo.
ueli|lullp=yi

We have already proved that for |[ull, > 1 we have
]. - + +
I(u) = FIIMIIZ — Akollull] — pkallully = (Aky + pkes) llully.- (18)

Since p~ > g* and r* < p~, we can choose (y;); such that y; — o0 as i — co. Consequently, since g* > 1,
(18) yields that I(1) — oo as y; = [|ully — oo.
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The proof is similar as in Boureanu [21, Theorem 1]. For each i € IN*, there exist p; > y; such that

, gﬁgﬁ:zpi I(u) < 0. To establish this, we set A(x,t) = ‘fo 1 a(x, st)tds and by (L) and the Holder-type
inequality, we get

D(u) < colQAUll0 ) + (p7) " coppir().
Then, for u € X with [jul, > 1, invoking Proposition 2.3, there exists the constants cy, c19 > 0, such

that CD(M) < C9||1/l||b + C10||u||Z+- NOW, by the (AR) condition on (f) and (g), we deduce that there exist
€11, C12,¢13 > 0 such that

6]

1 0
Lo1(Q)

p+
I(u) < collully + crollull, — Acallull = penllullz, o) + ca-

We put 03 = inf{01, 0,}, and deduce that

&

P ; 0
I(u) < collully + crollull, — Acuillull o, ) = peraliull s, o) + c1s-

Since 03 > p*and Y; is finite-dimensional, all norms are equivalent on Y;, so we have completed the
verification of (Hy).

Let M € R and (u,),, C X be such that
Hu) <M and I'(u,) >0 inX*asn — oo. (19)
We first show that (u,), is bounded. We argue by contradiction and we assume that, up to a

subsequence, |[u,]| = oo asn — co. Then, using (19) and (Ls), we can take 7 € (p*,0), where
6 = max{6,, 02}. Then for sufficiently large 1, we have

Mol 21 ) = = G (1) )
1 1 1
Z(F - ;) Ppb(tn) — A fﬂ (F(x, U,) — ;f(x, u,,)u,,)dx

> LQ (G(x,un) - %g(x,u,,)un)ds

1 1 1
> (—+ - —) Pp),b(tn) = )\f (F (o, un) — = f (x, un) ”n)dx
pr T {xeQ:  Juy()|>1h) T

F(x,t) — %f(x, 0t

- uf (G (x, uy) = lg(x, un)un)dx
(x€dQ:  |un(x)|>h) T

—yl&QIsup{ 1 x €00, [t Sll}.

— Q) sup{

;er,|t|s11}

G(x, t) - % g(x, t)t

Using Proposition 2.3 and (AR) condition on f and g, we deduce that, for sufficiently large n,
g L'rop g y larg

1 1 -
M+ 1+ llyll (F - ;) Il = Al sup{

F(x,t) — %f(x, Ht

:er,ltlsll}

— 110 sup {‘G(x, ) — %g(x, Pt

:xe&Q,ltISll}.

Dividing by ||un||Zi in the above inequality, we obtain a contradiction. This implies that (u,), is
bounded in X. Therefore u, — u in X, where u is a critical point of I, since I’ (1,) — 0 in X* and we
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have that lim I’ (uy), u, — u)| = 0. By (F), Holder’s type inequality, and Theorem 2.4, we can deduce
that

lim ff(x,un)(u,, —u)dx|=0
n—oo Q
and by Theorem 2.5, we have
lim ‘f g (x, uy) (U, —u)dx| = 0.
n—oo 90

According to Theorem 4.3 (ii), functional @ : X — X* is of type (S+). We also know that I is even
because of condition (fg). Therefore the proof of Theorem 1.4 is finally completed. [
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