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Seminorm optimal dual frames for erasures

Zahra Keyshams?

TFaculty of Mathematics and Statistics, Department of Pure Mathematis, University of Isfahan, Isfahan, Iran

Abstract. The main purpose of this paper is to find other measurements for constructing optimal duals
that minimize the reconstruction errors, when erasures occur. Some known results are investigated with

some other measurements. Moreover, we investigate extreme points of the set of all optimal duals for
1-erasure by the seminorms. Furthermore, some examples are provided for clarification.

1. Introduction and preliminaries

Let H, be an n-dimensional Hilbert space. We denote by B(H,,), the Banach algebra consisting of all
bounded linear operators on H,,. A sequence {f;}\", (m > n) in H, is called a Bessel sequence if there exists
B > 0 such that

Y KELHP<BIAP  (feH).
i=1

The analysis operator O : H,, — C™" is defined by O¢(f) = {(f, fi)}-,, where f € H,,. The adjoint operator of
Or is also given by

m

0;:C" — H,,  Op(lcil) = ) cif:

and is called synthesis (or pre-frame) operator, related to {f;}i,

i=1

A sequence F = {f;}'"| in H,, is called a frame if there exist constants A, B > 0 such that

AIFIR <Y KE PP <BIAP  (f € Hy).
i=1

The constants A and B are called lower and upper frame bounds, respectively which are not necessarily
unique. The frame operator is defined as

Sx:Hy — Ha,  Sxf = 0:0r(f) = ) (f, ff;
i=1
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which is a bounded, positive, and invertible operator; see [5, Lemma 5.1.5]. For more information about
frames, we refer to [3], [4] and [5].

A frame G = {g;}1", is called a dual for frame F = {fi}!", if 0,60¢ = I3, where Iy, is the identity operator
on H,. Note that {51;1 fit!, is a special dual frame for F, called the canonical dual of F. It is well known [7,
Propositin 6.4] that {g;}" | is a dual for {f;}"", if and only if g; = S;lfi +u; (1 <i <m), where {u;}" | satisfies
the following condition

Y (£, foui = 0. (1)
n=1

The equation
=1 (f) = 0:0c(f) = Y (f.00fi  (feHy),
i=1

is called the reconstruction formula for the frame F. However, in application usually, some erasures occur.
Therefore minimizing the maximum error takes an important role. In [9] and [10], the authors considered
thisissue, by using the operator norm. In [11], they used spectral radius, and in [2] this subject is investigated
by using numerical radius as a measurement. Note that

p(A) < r(A) < [IAll < 2r(A),

where p(A) is the spectral radius and r(A) is the numerical radius of A, for all A € B(H,). To understand
the background of this field, we refer to [6] and [8]. In addition, using several measurements may be useful
for different applications. From this point of view, in this paper we investigate some available results, by
considering general seminorms as the measurement.

Here, we provide some preliminaries and notions that will be used in the further results. Suppose that
Iy :={1,...,m}, and F = {fi}ic;, is a frame for H,. If G = {gilie1, is a dual of F and A C I, then the error
operator E, is defined as

Ex(f)= Y (f fdgi = ODOF, (f € Hy),
ieA

where D is k X k diagonal matrix with d; = 1 for i € A and 0 otherwise. In [10], the authors defined
d,(F, G) = max{|l6 D6l : D € D,),

such that D, is the set of all k X k diagonal matrices with r 1’s and (m — r) 0’s, in which |A| = r. Moreover,
d.(F, G) is the largest possible error when r-erasures occur. Indeed, G is called an optimal dual frame of F
for 1-erasure if

d1(F, G) = min{dy(F, Y) : Y is a dual of F}.

Inductively, for r > 1, a dual frame G is called an optimal dual of F for r-erasures if it is optimal for
(r — 1)-erasures and
d,(F, G) = min{d,(F,Y) : Y is a dual of F}.

Following [10], the rank-one operator x ® y is defined as
@®y@ =@yx  (YoeH,). (2)

Note thatif D € D; and G = {S;lﬁ + U;}ier, such that U = {u;};, satisties (1), then for each i € I,, we have

m

165DOFl| = II(SE" fi + ui) ® fill = II(SE" fi + udllll fll-

Thus, whenever 1-erasure optimal dual frames are considered, we always assume that f; # 0, for all i € ,,,.
We view U, as a vector in the orthogonal direct sum Hilbert space H™ = H, & &H, (m times).
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In [9] and [10], the authors found conditions that the canonical dual is optimal dual for erasures. They
used the operator norm as a measurement. Afterward, in [11] the authors used spectral radius for finding
optimal dual for erasures. Furthermore, in [2] the numerical radius is applied. It should be noted that both
spectral and numerical radius are seminorms. Therefore in this paper, we investigate the general form of
seminorm, for finding optimal duals for erasures.

Let p : B(H,) — [0, o) be an arbitrary seminorm. Define

d.(FY) = max{p(Ex) : |Al =1} = max{p(67,D0F) : D € D,},

di(F, G) = min{d,(F,Y) : Y isa dual of F},

and
d/(F,G) = min{d,(F,Y) : Y is a dual of F},

We say G is an optimal dual for 1-erasure by the seminorm, (or a p-optimal dual for 1-erasure) when
di(F,G) = d1(F,G). Moreover, G is a p-optimal dual for r-erasures when it is a p-optimal dual for (r-1)-
erasures, and d/(F,G) = d,(F, Y).

By (2), for 1-erasure we have

max{p(0;D0F)} = max{p((S;" fi + u;) ® fi)}.

This paper is organized as follows.

In section 2, the set of all p-optimal duals is studied. Mainly, we present the necessary or sufficient
conditions, under which the canonical dual is a (unique) p-optimal dual or not. At the end of this section,
the extreme points of the set of all p-optimal duals are investigated.

In section 3, we generalize some of the available results about arbitrary duals, for the case where general
seminorms, under some circumstances, are the measurements.

In section 4, we provide some examples to illustrate our results, in the previous sections.

2. Seminorm canonical optimal dual

We denote by
Dorp = {G; G is a p-optimal dual of F for erasures},
the set of all p-optimal dual frames for erasures.
We commence our results with a generalization of [10, Lemma 2.1], as follows.

Lemma 2.1. Let H,, be a finite dimensional Hilbert space with the dimension n, and F = {f;}!" | be a frame in H,,, in

which f; # 0 for all i € I,,. Then p-optimal dual frame for F exists for 1-erasure. Moreover, the set of all p-optimal

dual frames of F for r-erasures is a convex, closed and bounded subset of H™,

Proof. Tt is obvious that Dor, is nonempty. Moreover, the mapping
F(U) = max{p(0;D0OF)},
is continuous. It follows that Dor, is closed and bounded. We show that Dor, is convex. To this end, let
max p(F, G1) = max p(F, G2) = z,

for p-optimal duals G; and G,. It is easily verified that G = AG; + (1 — A)G, (A € [0,1]) is a dual of F.
Furthermore, G is p-optimal, because
p(0;DOF) = p(AQ*GlDGF +(1- A)GEZDGF)
p(G*GlDQF) +(1- )\)p(@*GZDGF)
Az+(1-A)z =z

IA
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On the other hand, by the optimality of G; and G, we have
z < max p(0;DOF).

Therefore
max p(0;D0F) = max p(F, G1) = max p(F, Gy).

O

By using induction, we obtain the next result, immediately.

Corollary 2.2. Let H, be a finite dimensional Hilbert space with the dimension n, and let F = {f;}!" | be a frame for
‘H,,, in which f; # 0 for all i € 1,,. Then p-optimal dual frames for F exist for any r-erasures. Moreover, the set of all

p-optimal dual frames of F for r-erasures is a convex, closed and bounded subset of H™,

Before proceeding to the next results, we introduce some notions that will be required. Let F = {f;}""| be
a frame for H,,, with the frame operator S. Following [9], we have

c=max|ISfilllfill,  Av =i € L ISE filllfill =), Ao =T = Ay,
and
Hy = span{filien,;  Hz = span{filie,-
Now suppose that p is a seminorm on B(H,,). Let
cp =maxp(S;' fi® f), Al ={iclLypSFfi®f)=c, A)=1I,-Al
In the next theorem, we generalize [9, Theorem 1.1], for an arbitrary seminorm p on B(H,,).

Theorem 2.3. Let H,, be a finite dimensional Hilbert space with the dimension n, and let F = {f;}!", be a frame for

‘H.,, with the frame operator Sp. Suppose that p is a seminorm on B(H,) such that p(-) < || - ||, ¢, = c and Af C Aq.
If the canonical dual is the unique p-optimal dual, then Hy N H, = {0} and {fi}; A IS linearly independent.

Proof. Let {fi};cyr be linearly dependent. Thus there exists u;(i € A, not all zero) in Hy such that
Z<frfi>ui = 0/ (f € 7_{)
i€l

Suppose that u; =0, for all i € Af and U := {u;}ie], . Consequently, 0 ,0r = 0, for any scalar ¢. It follows that
{S;lf,- + tuj}ies, is a dual of F. For each i € Af, we have

p(Si' fi+ tui ® fi) = p(S;' fi ® fi) = cp.
There exists t > 0, small enough such that p(S;1f; + t1; ® f;) < c,. Indeed, for any i € A} define
fi + R—R 3)
filt) = p(Se'fittui® f)
flO) = pSfi®fi)<cp

Since f; (i € Ag), is continuous, there exists 6; > 0 such that (-0;, 6;) C fl.‘l((—oo, c)). It follows that fi(t) < ¢,
(i€ Ab). Now forall t € Nie (=07, 67), we have

p(S' fi + tu; ® f;) < cp.
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Thus {S;l fi + tuilier, is p-optimal, which is a contradiction. Now assume that H; N H, # {0}. There exists a
nonzero element x € H; N H, such that
x = Zcif,' = Zcifi.

P P
€A €A,

j

1=y (i € Af) and also nonzero constants

Since H; = span{fi};. A thus there exist a linear independent set {f; }
{Cil}{zl such that
I
Ci/»fij + Z Cifi =0.
j=1 ieAl
Moreover, since { fi,}{:1 ((iy) € Af) is linearly independent, there exists also i € H,, such that (S‘l(a fi),hy <0,

based on Proof of [1, Proposition 2.2]. Suppose that Q = {il}{:1 U Ag and u; = 0, fori ¢ Q. Let u; = ¢;h, for
ieQand U := {ui}?il. Then by some simple calculations we obtain QZIGF = 0. By the same way as (3), one

can find t > 0, small enough such that for any i € A, p((S;'f; + tu;) ® f;) < c,. For eachi € Af - {il}{zl, we
have

p((SF' fi + tuy) ® fi) = p((SF' f) ® f) = cp.

Again, there exists f > 0 small enough such that for all i € {il}le,
(P(SF fi+tu) @ )P < ISELfi + tup)PIFIP

(IS AAD? + (Pl + 268" frus)) 1A

&+ (Pl + 267" fr,u)) P

< = (cp)2.

I IA

Therefore p((S;lfi +tu;) ® f;) < ¢, for all i € I, and so the claim is achieved. [
The next result is a generalization of Proposition 3.1 from [9].

Proposition 2.4. Let H, be a finite dimensional Hilbert space with the dimension n, and let F = {f;}I" | be a frame for
H,, (m > n), with the frame operator S. Suppose p is an arbitrary seminorm on B(H,) such that {fi};. A IS linearly

independent and Hy N Hy = {0}. Then the canonical dual is a p-optimal dual, but not unique.

Proof. Assume that {g;}ic1, = {Sl;1 fi + Ui}ie,, is an arbitrary dual for F. Thus (1) holds and so for all f € H,
Y (Fudfi+ Y (foudfi =0,

ieA! ieA
Since {fi};c A is linearly independent, then for all i € Agy and f € H,, (f,u;) = 0, which implies that

u;=0, (i€ A’f ). Moreover, we have

rré?x p((S;lfi +u)®f)) = mig( p((S;lfi +u)® f;)
1€l 1€ "

max p(S;'f ® fi)

max p(S¢'f; ® f).

Therefore {S; fi}ici, is a p-optimal dual for 1-erasure and so for any r-erasures. Now we prove it is not
unique. Since m > n, there exists a dual {S;1 fi + uilier, for F. Based on the previous part of the proof u; # 0,
for somei € Ag. There exists t > 0, small enough such that for any i € A,

p((S5' fi + tu) ® fi) < cp. (4)
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Indeed, for alli € Ag, define
fi + R—R (5)
JZ0) p(SE fi + tu; ® f)
fi(0) p(SE fi® fi) < cp,

and by the same way in the proof of Theorem 2.3, one can find desired t > 0, satisfying (4). Furthermore,
forallie A’f we have

p((SF' fi+ tu) ® fi) = p(SF' fi ® fi) = ¢,
Therefore {S7! f; + tuj}iei, is also p-optimal. [J

Proposition 3.2 in [9], leads us to the following result.

Proposition 2.5. Let H,, be a finite dimensional Hilbert space with the dimension n, and let F = {fi}"" | be a frame
for H,,, (m > n), with the frame operator S and p be a seminorm on B(H,,) such that p(-) < ||-||. Suppose that {f,-}ieA;;

is linearly independent and there exists a sequence of scalars {ci}ier, such that Y, cixi =0, {cil;c a#F0,cp=c and

Af C Ai. Then the canonical dual is not p-optimal for any erasures.

Proof. Since {fi};c A7 is linearly independent, there exists h € H,, such that (S;l(ci fi),h) < 0. Letu; = c;h. Then
by using )¢, cix; = 0 and some simple calculations, we obtain for any arbitrary ¢ that 0;,0r = 0. There
exists t > 0, small enough such that for all i € AP, we have

p((SF fi + tui) ® fi) < cp.
Indeed, by the assumption we have
(P(SF fi+tu) ® F)Y < ISz fi + tualll i)’
@+ (Pl + 2687 i, ) IR
(cp)® + (Plluil + 26(S5* fi,us)) P

< (o)™

IA

Now for each i € A}, define f; exactly similar to the ones, given in (5) and by the same way, one can show
that there exists t such that forany i € AY, p((S;' fi +tu;)® f}) < c,. Therefore there exists the sequence {u;}ie,
({u} # 0) such that {S;' f; + tuj}iey, is p-optimal. [0

Similar to [9, Corollary 3.3], we have the next result.

Corollary 2.6. Let H,, be a finite dimensional Hilbert space with the dimension n, and let F = {f;}!" | be a frame for

H,, (m = n + 1), with the frame operator S. Suppose that Af has only one element and p is an arbitrary seminorm
on B(H,). If {fi}ic AL IS linearly independent, then the canonical dual is not p-optimal for any erasures.

2.1. Extreme points of the set of p-optimal duals

In Lemma 2.1, it was shown that Do, is a nonempty convex and compact set. Thus by the Kerin-
Milman theorem, ext(Dorp) is nonempty and Dor,, is the closed convex hull of its extreme points. Indeed,
Dorp = co(ext(Dorp)). In this section, we generalize [1, Theorem 3.2], for some seminorms on B(H,), as a
measurement.

Theorem 2.7. Let ‘H,, be a finite dimensional Hilbert space with the dimension n, and let F = {f}ic1,, be a frame for
H.,, p be a seminorm on B(H,,) and the canonical dual be a p-optimal dual for F. If {S;1 filie1, € ext(Dor,), then
{fi}ieAg is linearly independent. Moreover, if there exists M > 1 such that M||-|| < p(-) and also ¢, = ¢ ,A} C Ay, and

{fitic AL IS linearly independent, then {S;' fi}ier,, € ext(Dorp).
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Proof. Let {Sz fi}ier, € ext(Dorp) and {fi};c A be linearly dependent. Then there exists the sequence {u;}; AL
not all zero such that

Y (o foui=0 (feH,).

i€y
Letu; =0, forice Af and U := {ui}ier,. Thus for any ¢ > 0, we have
max p((S;lf,- + tu;) ® f;) = max p(S;lfi ® fi) = cp.
Y Y
Take t > 0, small enough such that

max p((SFfi + tu)) ® fi) < ¢, and max p((SFfi — tu)) ® fi) < c.
i€l ieAh

Indeed, define
fi + R—R
filh = p(Sp'fi+tu; ® fi)

£i(0) p(SF fi® fi) <cp, (i€ AD).

Thus 0 € f,.‘l(—OO,cp) and consequently there exists o; > 0 such that (=6;,6;) € fi‘l(—oo, cp). For each
te N, Ag(—éi/ 0;), we have fi(t) < c,, foralli e A’ZJ . Moreover, define

g : R—R
git) p(SF fi =t ® f)
g0 = p(S;fi®f) <cp (i€ ny).
By the same way, there exists y; > 0 such that (=y;,7;) C g;7'(—c0,c,). Forall t € Niear (=0i, 61) N Niear (=7, Vi),

the desired inequalities are satisfied. Consequently, {Sl;1 fi + tuilier,, and {S;l fi — tuilier, are both p-optimal.
Furthermore,
-1z . =1£ _ 4.
Sglﬁ _ Sy fi + tu; ;L S: fi tuzl

which is a contradiction.
Now suppose that { S;l fitier,, & ext(Dorp) and {fi}; Al islinearly independent. Thus there exist {g;}ie1,,, (hi}ier, €
Dor, such that
gi + hi

gi =S¢ fi+ui,hi =Sg' i+ v and Splfi = 5

Note that {u;}ie1,, and {vi}ies, satisfy (1). It follows that u; = —v;. Moreover,

riré?x p((S;lfi +u)® f;) = riré?x p((S;lﬁ —u) ® fi) = cp.
By the hypothesis, there exists a M > 1 such that
MIISE fi + ui ® fill < p(SF fi + i ® f7),

and
MIISE i — i ® fill < p(SF-fi — 1 ® ).
Thus
_ (cp)?
(ISF2 fi + willlfil)? - < #,
(cp)?

(IS¢ fi - willl f < =5
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Thus for all i € Ay 2 A¥, we have (c,)* = ¢ = [ISF! filPllfill* and so

2 -1 (Cp)2 1
lluill® — 2Re(S;" fi, ui) < W(W -1)<0,
_ () 1
”uillz - 2R€<SF1fi, u;) < ”f#(m -1)<0

Consequently by [10, lemma 2.7], u; = 0 for all i € Af and so
0= (fui—v)fp
i€l

which is in contradiction with the linear independence of {fi};. A O

3. Seminorm arbitrary optimal duals

In [1], the authors generalized some results, related to canonical duals for arbitrary duals. In this section,
we investigate and generalize Proposition 2.1, and Proposition 2.2 of [1], for arbitrary p-optimal duals. First,
we recall some standard notions.

Let F = {fi}ic1, be a frame for H,, and G = {g,}ic;, be an arbitrary dual of F. Then

Al =i €Ly llgillifill = ¢, AJ =L =M
and
Hy = span(fleyy,  Ha = spanifilicay.
Now for any seminorm p, let
(A ={ielu:p@®fi)=c}, (A)P =1L~ (A]),
and
Hf = span{ﬁ}ie(Az)ﬂ, Hg = span{ﬁ}ie(Ag);7.

The following proposition is a generalization of Proposition 2.4, likewise [1, Proposition 2.1] which gener-
alizes [9, Proposition 3.1].

Proposition 3.1. Let ‘H,, be a finite dimensional Hilbert space with the dimension n, and let F = {fi}ier, be a frame
for Hy,, (m > n), G = {gi}ic1,, be a dual of F and p be an arbitrary seminorm on B(H,). Suppose that {fr‘}z’e(A{)ﬂ is

linearly independent such that H] 0 Hj = {0}. Then G is a p-optimal dual for F for erasures but not unique.

Proof. We follow some arguments, similar to [1, Proposition 2.1]. Assume that G = {s1 fi + vikier,,, where
{vilier,, satisfies (1). Hence for all f € H,,

Y (o foui+ Y (F fou =0
ie(A?)r ie(A)
Since Hf N Hg =0, thus

Y ffui=0="Y (f foui =0,

ie(Ad)p i€(Ag)P
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By the assumption, {fi};( Ay 18 linearly independent. It follows that (f,v;) = 0 (f € H,) and so v; = 0, for all
i€ (Ag )P. Thus for any arbitrary sequence {h;}i,, satisfying (1), we have h; =0 (i € (Az )P). Consequently,
max p((SFHfi+h)® f) = max p((SF fi + hi —vi +01) ® f7)
1€l,, 1€l
> max p((S;lfi +hi—vi+v)® f)
ie(Al

= max p((S;'fi +v) ® f)

ie(A])
= rlxgx p((S;lfi +0;) ® fi).

Thus G is a p-optimal dual. Now, suppose that {5;1 fi + Uilier,, is a dual frame for F such that u; # 0, for all

i € (AJ)P. There exists ¢ > 0 small enough such that for any i € (AJ)?, p((S;' fi + v; + €u;) ® f}) < ¢}. Indeed,
define
fi + R—R
fit) = p(Si'fi+vi+eui® fi)
fi0) = pSi'fi+vi®fi)<c), (ie(A)P),

and follow the same arguments similar to the proof of Theorem 2.3. Thus for all i € (A? )P, we obtain
p(SF fi+vi+euw;® fi) = p(S;' fi ® fi) = ).
Therefore {S7' f; + v; + €uti}ie,, is also p-optimal and so the proof is completed. [

In the following proposition, {gi};¢ Ay 18 linearly independent instead of {fi};c Ay In [1], the authors
generalized Proposition 2.2, for the general dual frames. In the next proposition, we generalize Proposition
2.5, similarly.

Proposition 3.2. Let H, be a finite dimensional Hilbert space with the dimension n, and let F = {fi}ie1,, be a frame
for Hy,, G = {gilier, be a dual of F and p be a seminorm on B(H,,) such that p(-) < || - ||. Suppose that {gi}iemzlz)p is

Y

> and

linearly independent and there exists a sequence of scalars {ci}iei, such that }ie; cixi =0, {cilig Ay 0,67 =c

(A9)p € AJ. Then G is not a p-optimal dual for any erasures.

Proof. We have

{gitier, = 1S fi + wibier,,
such that {ui}e, satisfies (1). Since {gi};c Ay is linearly independent, there exists h € H,, such that for all
i€ (A?)P, we have (c;g;, h) < 0. Now let v; = fc;jh + u;, (i € Iy, t € R). Thus {S;lf,- + Viliel,, is a dual of F. There
exists t > 0, small enough such that p(S;' f; + v; ® f;) < c?,, forallie (A?)F’ . Indeed,

(P(SF fi+on® f)? < (IS:'fi +lll )’
= (lg: + tchlllfl)?
= (@) + (PIlGHP +26g;, ) I £
< ()

Now for each i € (AZ)P, define
fi + R—R
filt) P(SE fi + toih + i ® f;)
fl0) = p(Si'fi+ui @ f)
= p@i®f)<c).
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Again one can find f such that p(S;' f; + v;) < cg (i € Iy). Therefore {gi}icr, is not a p-optimal dual. [J

4. Examples
In this section, we provide some examples, for clarifying our results.

Example 4.1. Let H = R* and F = {f;}> | = {e1, e, €2} be a frame. Then

1 0
_(r 0 -1 _
SF_[O 2}ﬁSF ‘[0 1]
2
and 11
S;lfl = {61, 562, 562} .
Define
p 1 BIR)—[0,)
p(T) = lIT()ll-
It is obvious that p is a seminorm on B(IR?). Consequently,
3
{p(SF i@ f)}_, = 11,0,0).

It is clear that
=1 A={i=1), A ={i=23},
Moreover, {fi};c A= {e1} is linearly independent and Hy N Hy = {0). Therefore {S;' fif>_, is a p-optimal dual but not

unique, by Proposition 2.4. We also check it again as follows. Let {g;}} | = {Sg* f; + )3, be a dual of F. Then {u;}?_|
satisfies (1) and we have

iy, = {[S]ZH:Z]}

and {S;lﬁ + ”i}?zl

a —a
11 11
0] = — -
5t b 5 b
By some simple calculations, we obtain for all a,b € R that

max{p((S;' fi + ;) ® f)}2, = max{p(S;' fi® )2, = 1.
Therefore {S;* fiY_, is optimal but not unique, as we expected.

We provide an example, for illuminating Proposition 2.5.

Example 4.2. Let H = R*and F = {fi}} | = {e1,e2, 2,2 — €1} be a frame. Then

2 -1 -
st[_l 3]:>SF1:

gil— a1l W

and
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Suppose that p is defined, as in Example 4.1. Thus

R N

2
CP:J;’ Af:{l:]_}, Ag {1—234}
and {fi}ienr = {e1} is linearly independent. If{eit, = {1,0,-1,1}, then

It is clear that

4
Zc,ﬁ =0, and {ci}ieAf; =c #0.

i=1

(E=TAIT {\[\[\[\[ }
c=AJg=cwmdA1=U:1A}2A§

Therefore {S;' fi}}, is not a p-optimal dual by Proposition 2.5, but we again check it for clarification. Let {g;}} , =
{S;'fi + wi}} | be a dual of F. Then {u;}}_, satisfies (1) and we have

., = { N [_7] H}
thi=1 b s b ’ b 7
21 172

Moreover,

Thus

b

ESP I A I S I

5 5 2[5 2 5
and {S;1ﬁ+ui}?:1 = , , ,

Lol 12200122011,

5 5 2115 2 5

Simple calculations imply that for all a,b € R
a1 4 3 1 -2 1
(PSF fi+ ) ® Iy =] (G + @2+ (5 +67,0,0, /(5 +aP + ( + D7 .

Ifa=0,b= —%, then

max{p((S;' fi + u;) ® fi)}i, = % < cp.
Thus {S;* fi}}., is not a p-optimal dual.
Remark 4.3. It is worth noting that c, is not always equal to c. For instance in the last example, define
p o BRY) - [0,)
p(T) = [IT(e)l-

It is obvious that p is a seminorm on B(R?). Moreover,

RPN Ly | 1\ﬁ
{p(SE fi® fi)lis, = {0, \/;, \/;, 5}.

2

1
Therefore c, = \/;, whereas ¢ = 5
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One may ask that whether the conditions ¢, = c and A} C A; are necessary and sufficient. This question
will be answered in the following example.

Example 4.4. Let H = R?, and F = {f;}} | = {2ey, V2e,, €2} be a frame. Then

0

N

sz[é g}ﬁs;lz

QI

and so

_ 1 V2 1
SFlfi = {561, ?62, 562} .

Suppose that p is defined, as in Remark 4.3. Thus

{p(s7'f ®fi)}i3:1 = {0' % %} '

It is clear that

¢ = Al =(i=2), A={i=13}

3/
Moreover, {fi}ieAf = {V2e,} is linearly independent. Iffei)y, =10,1,- V2}, then

3

Z cifi =0, and {cifienr =2 #0
i=1

and
3
c=max{ISTAlIAN}_, =1#c)and Ay = {i =1} # AL,

Let {g:}> | = {Sp" fi + wi}}_, be a dual of F. Then {u;}> | satisfies (1) and so we obtain

ot = (IE)

(1 a [ —2a

and {S;lﬁ + ui}?zl

b+ﬁ —\/§b+%

By simple calculations one can get for all a,b € R that

{p((S}_“lﬂ + ui) ®f1)};5=1 — 0’ \/5 a2 + (b + g)z’ \/Zﬂz + (_ \/Eb + :13)2 .
1
F leifa=0,b=—-——, th
or example if a o en
max{p((Sg' fi + 1) ® )Ly < cp-

Thus {S;' fif?_, is not a p-optimal dual. Therefore, although the conditions c, = c and Ay = Alp are sufficient, they
are not necessary.
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The following example emphasizes that all cases of equality or inequality, occur for Ay and A’ or c and
Cp-

Example 4.5. Let H = R?, and F = {fi}} | = {e1, ez, €2, €2 — 21} be a frame. Then

3 2
5 -2 11 11
Sr = I: ] =6l =
-2 3 F 2 5
11 11
and so
S‘lf'—{ie +£e ie +ie ie +ie _—46 +le}
R C TR TR S TR TR A TR PR FRE TR
Suppose that p is the seminorm, defined as in Example 4.1. Thus
_ L Vi3 V17
{P(Splfi ®fi)}i:1 = {T'O' O’ZT}'
It is easily verified that
17
cp = 2%, Al ={i=4}, A)=1{i=123}

Moreover, {fi};. A= {ex — 2e1} is linearly independent. In the case where {ci};1 1 = 12,-1,0,1}, we have

4
Zcifi =0, and {Ci}ieAf =c #0

i=1

and

_ 4 V&5 .
¢ = max{ISg' flllAll] _, = 7 # cp and Ay = (i =4} 2 AL

Let {gi}}, = {Sp fi + wiY}, be a dual of F. Then {u;}}, satisfies (1) and we obtain

[2a] [-5] [-5] |2
{ui}?zl = 7 b 7 b 7 7

20] [=3] [=3] 1b

3 + 2 g — E E — Z 4 +
n 2 a2 Tt

and {S_lfi + ui}?zl = , , ,

2 ol 12t |5t L,
11 11 2 11 2 11

By simple calculations one can obtain for all a,b € R that

rmofl, = 2w G2, 0,02y eap Ly
(p((S ﬁ+uz>®ﬁ>},-:1—{\/<n+2a) (T +202, 0,0, 24[(F7 +a2+ (5 + b2
) 1
For example ifa = 0,b = 1T then

max{p((S;lf,- +u;) ®fi)}?=1 = % < cp.

Thus {S;* fi}}., is not a p-optimal dual.
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Here, we show by an example that the converse of Theorem 2.3 may not be hold in the general form of
alternate dual.

Example 4.6. Let H = R? and F = { fi}?:l = {2e1, V2e,, 2} bea frame. Then

1
4 0 4 |z O
SFZ[O 3}::»51:1:3 1
3
and so %
2 1
1f1 { =61, 5~ 3 62,562}-
Define
p: B(RY) - [0,0)
1
p(T) = @IIT(€1)+T(62)||2-

It is clear that p is a seminorm on B(IR?) and

(S fi® f iy = Kf S il

pstnonl, - {422

Thus

Consequently,

max {p(S;'f; 69]‘1)}‘1’:1 = % ¢, Al ={i=1}, A ={i =23}

Furthermore, {fi}ieA'; = {2e1} is linearly independent and Hy N Hy = {0). By Proposition 2.4, {S;' fif?_ is a p-optimal
dual. Now assume that {g;}} | = {Sg' fi + wi}>_, is a dual of F. Thus {u;}_, satisfies (1) and we have

o [HEE
[l d15)

(o7 fi+u @ f)), | = {? 2 (2 g, e (L - b>2}.

and {S;lfz- + ui}?zl

Therefore

3 3V2

Foralla > g, we have
-1 3 -1 3
max {p(SP fi+ui) ®fi)}1:1 > max{(p(SF fi ®fi)}1:1
\/i

Hence for all a > 7 S fi + w3, is not a p-optimal dual, while when b = —L\/_, then A-‘17 ={i =2,3} and
6V2

AJ =i =1} Also {filicns = {2e1} is linearly independent and H] N Hj = {0}.
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