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Abstract. The goal of this work is to introduce the two-parameter conformable fractional semigroups
and provide a definition of its infinitesimal generator. For such generators, we develop multiple results.
In addition, we show that the two-parameter conformable fractional semigroups provide a solution for
two-parameter conformable fractional abstract Cauchy problems.

1. Introduction

Fractional differential equations are well known for their importance in the exploration of many phe-
nomena and processes in various branches of science such as physics, chemistry, control systems, electro-

dynamics and aerodynamics (see [7],[8],[12],[13],[14],[17] and [20]). For more history on fractional calculus
and recent developments we refer to [15], [16] and [18].

In [11], Khalil introduced a derivative called the conformable fractional derivative, which is a natural
extension of the classical derivative. It is defined as follows:

Given a function f : [0, +oo[ — RR. Then the conformable fractional derivative of order @ € ]0,1] atf > 0
(abbreviated a-derivative) is defined by

ft+et=) = £

If this limit exists, then the function f is called a-differentiable at t. If f is a-differentiable in some ]0, b[
where b > 0 and the limit tlirg} T, (f) () exists, then the a-derivative at O is defined as T,, (f) (0) = tliré} T (f) ().

This topic has sparked a lot of debate in the scientific community, and a lot of research papers (see
[1],[16]).

In [2], Abdeljawad, Al Horani and Khalil introduced a one-parameter semigroup called the conformable
fractional semigroup (abbreviated a-semigroup) associated with the a-derivative. They showed that this
semigroup is a solution for the one-parameter conformable abstract Cauchy problems (abbreviated a-ACP).

Throughout this paper, we take a € ]0, 1].
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Let X be a Banach space on a field K (K = R or K = C) with norm ||.||, we will denote by L (X) the
Banach algebra of all bounded linear operators on X. A two-parameter family (T (s, t)), 5o of bounded
linear operators in £ (X) is called a two-parameter semigroup of bounded linear operators on X if it satisfies
the following conditions:

1. T(0,0) = I (I is the identity operator on X).
2. T((Sl, h)+ (Sz, tz)) =T (Sl, tl) T (sp, tp) for all sq,8;,t1,t2 > 0.

The theory of two-parameter semigroups was studied in [4]. The authors considered in [5] and [6] a
special class of two-parameter semigroups. Two-parameter semigroups proved to be an effective tool to
solve the two-parameter abstract Cauchy problems (see [10]).

In this paper, we introduce the two-parameter conformable fractional semigroups (T, (s, t));;»0- The
problem is to define the infinitesimal generator for such semigroups and develop multiple proprieties
for such generators, which will permit in the following to treat the two-parameter conformable fractional
Cauchy problems.

To resolve this problem, we have organized our paper as follows:

In section 2, we present some preliminaries about the theory of the one-parameter conformable fractional
semigroups of operators.

In section 3, we review the multi-variable conformable fractional calculus of vector-valued functions
with values in Banach space. We also define the a-differentiability at 0 and present a relation between the
a-derivative and the corresponding partial a-derivatives.

The two-parameter a-semigroup is defined in section 4, and multiple continuity relations are examined
in this section.

In section 5, we define the a-infinitesimal generator of the two-parameter a-semigroups as the a-
derivative at (0,0) of T, (.,.) x for a given x € X. We use two methods to describe this generator, and we
develop some essential properties regarding the a-generators.

In section 6, we apply the previous results to study the two-parameter a-ACP. We show that the two-
parameter a-semigroup provides a solution for the two-parameter a-ACP.

2. Preliminaries

Definition 2.1 ([2]). Let f be a vector-valued function defined by f : [0, +oo[ — X where X is a Banach space. Then
the conformable fractional derivative of order o € ]0,1] at t > 0 is defined by

ft+et=)=f®

&

D*f(t) = lim

If this limit exists then we say that f is a-differentiable at t, D* f(t) is called the a-derivative of f at the point t.
If f is a-differentiable in some 10, a[ where a > 0, and }1%1 D“ f(t) exists, then D* f (0) = tli%} Def(t).

For more details about the conformable fractional derivative see [3].
Now we give some reminders on the a-semigroups of one parameter (see [2] for more details).

Definition 2.2 ([2]). Let a € ]0,4] for any a > 0. For a Banach space X, a family (T, ()9 S L(X) is called a
one-parameter conformable fractional semigroup (or a-semigroup) of operators if

1 T, (0) =1,
2. Ta((s +07) = Ta (s) T (1) for all t,5 € [0, c0).

If a =1, then 1-semigroups are just the usual semigroups.

Definition 2.3 ([2]). A a-semigroup (T, (t))so is called a Co-a-semigroup, if foreach x € X, To () x — xast — 07.
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Proposition 2.4. 1. Let (T, (1)) be a Co-a-semigroup. For any t > 0, we set
S(t) =Ta(te),

then (S (t)),s0 is a one-parameter Co-semigroup.
2. Let (T (t))so be a one-parameter Cy-semigroup. For any t > 0, we set

To (t) =T (),

then (Ty (t))sso Is a one-parameter Co-a-semigroup.
3. Let (T, (£))s0 be a Co-a-semigroup. Then there exists constants w > 0 and M > 1 such that for all t > 0

ITa (DIl < Me®".

Proof. 1. and 2. are easily verified.
For 3. we notice that for all ¢ > 0

ITe Ol = [T ()7)

but from 1. we have that (S (t)),»g is a one-parameter Cy-semigroup, then there exist constants w > 0 and
M > 1 such that for all > 0 ||S (t¥)|| < Me®*". Hence

= IS I,

ITa (I < Me"".
O
Using 3. of the previous Proposition, we get the following result.

Corollary 2.5. Let (T (1)) be a Co-a-semigroup. Then for any x € X, the map t — T, (t) x is continuous, that is
(Ty () is strongly continuous.

Definition 2.6 ([2]). Let (T, (1)) be a a-semigroup. The a-infinitesimal generator of (T, ())ssq is defined on
D(A) = {x eX: tlgg} D* (T, (t) x) exists},

by setting
Ax = tlir(g} D* (T, (t)x),

forallx e D(A).

Theorem 2.7 ([2]). Let (T, (1))iso be a Co-a-semigroup, where a € 10, 1] and let A be its infinitesimal generator.
Then for x € D(A), Ty (t) x € D (A) and

D* (T, (t)x) = AT, (t) x = T, (t) Ax.

3. Multivariable conformable fractional calculus

Definition 3.1 ([9]). Let f be a vector-valued function defined by f : R*" — X where X is a Banach space and let
a €10,1]. We say that f is a-differentiable at (s, t), s,t > O if there is a linear transformation L : R*> — X such that

| “f(s Fhs!, £ 4 KE0) — £ (s,) — L (B, k)H
(h,kl)lgso,m lI(, I =0

The linear transformation L if it exists, is unique and we shall denote it by D* f (s, t) and called the conformable
fractional derivative (or a-derivative) of f of order a € 10,1] at (s, ).
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Definition 3.2. Let f be a vector-valued function defined by f : R — X where X is a Banach space and let
a €10,1]. We say that f is a-differentiable at (0, 0) if the following assertions are satisfied
1. D“f (s, t) exists in an open of the form ]0,a[ X 10,b[, a,b > 0 and ( )li{(l)’l . )D“f (s, t) exists.
s5,H)—(0+,0*
2. The one-parameter vector valued functions defined by s — f (s,0) and t — f (0, t) are a-differentiable in 10, a[
and ]0, b[ respectively.
In this case, we will take

D*f(0,0)= L D%f (s, t).
FOO= e P&

The following two theorems are proved with the same method as theorems 3.8 and 3.9 in [9].

Theorem 3.3. If a vector valued function f : R* — X is a-differentiable at (s, t) with s, t > 0 then f is continuous
at (s, t).

Theorem 3.4. Let f : R* — R* be a vector valued function defined by f (t) = (fi (t), f» (1)) and let g : R** — X
be a vector valued function. If f is a-differentiable at a > 0 and if g is a-differentiable at f (a) with f;(a) > 0,i=1,2.
Then the composition g o f is a-differentiable at a and

D%go f(a) = D*g(f @)o f @' o D"f (a)
where f (a)*" is the linear transformation defined by
f@ ) = (x[A @1 y L @),

Definition 3.5 ([9]). Let f : R* " — X be a vector valued fuction with n variables and a = (a1, .., a,) be a point whose
jth component a; > 0, then the limit

1
. f(all ey Ai-1,0; + € (ai)l_a s '"/al’l) - f(ﬂ)
lim

e—=0 &

if it exists, is denoted by aaT‘L f (a) and called the i conformable partial derivative (partial a-derivative) of f of order
a €]0,1] at a. l

Theorem 3.6 ([9]). Let f : R* — X be a vector valued function. If f is a-differentiable at (a, b) where a,b > 0 then
%f(a, b) exist fori = 1,2 and

D) =2 f @b, 2of@b).
1 2

4. Continuity of the two-parameter conformable fractional semigroups

Definition 4.1. Let X be a Banach space, and let a € 10,a] for any a > 0. A family (T, (s,1));50 € L(X) is called
a two-parameter conformable fractional semigroup or simply a two-parameter a-semigroup on the Banach space X if
the following conditions are satisfied.

1. T, (0,0) = I with I is the identity operator in L (X).
2. To((1+52)7, (b +1)7) = Ta (5107, (1)7) Ta (s2)7 , (2)7 ) for all s1,50,t1,t2 = 0.

Example 4.2. Let (F, (5))ss0 and (G (1))s0 be two commuting one-parameter a-semigroups, we easily verify that
the family (T, (s,1)); 150 C L (X) defined by

To(s,t) =Fy(s)Gay(t) ,s,t>0

is a two-parameter a-semigroup. Indeed we have
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1. T,(0,0) =F,(0)G,(0)=Iol=1
2. We have for all s1,55,t1,t, > 0.

Ta (51 +52)7 , (1 + 12)7) = Fa (51 +52)7) Ga (11 + 1))

Fa ((51)7) Fa ((52)7) Ga (11)7) Ga ((82)7)
Fa((507) G (1)7) Fa ((52)7) G ((12)7)
=T ((61)7, (1)7) Ta (52)° , (12)*).

Example 4.3. Let A and B be two bounded commuting linear operators on X, a,b € R\ {0} and define for any s, t > 0
T (s, t) = e VeA+D VB Then (T (s,1))sss0 5 %—semigroup with two parameters. In fact

1. T(0,0) = ¢ V0A+b V0B — |
2. Forall s1,50,t1,t» > 0and a,b € R\ {0},

T((S1 +5)%, (t + tz)z) = ¢t Vr+s:)'A+b V(ti+1)’B

— easlA+btlB+aszA+btzB a51A+btlBeaszA+btzB

=e

=T ((51)2 p (tl)z) T ((52)2 p (tz)z) .

Remark 4.4. 1. Let (T, (s,t)) >0 be a two-parameter a-semigroup. For any s, t > 0 we set

S(s,t) =T, (s%,t%),

then (S (s, 1)), 10 is a two-parameter semigroup.
2. Let (T (s, 1))s 150 be a two-parameter semigroup. For any s, t > 0 we set

Ty (s, t) =T (s, t%)

then (T, (s, 1)) 10 18 @ two-parameter a-semigroup.
3. Let (Ty (s,t)s 50 be a two-parameter a-semigroup. Then (T, (s,0))s50 and (T, (0,1));5o are one-parameter
Q-semigroups.

Definition 4.5. Let (T, (s, 1)), 50 be a two-parameter a-semigroup on a Banach space X, then
1. We say that (T, (s, t))s >0 is uniformly continuous if we have

lim T,(s,t)=1|| =
olim T (5,0 = 1)

2. We say that (Ty, (s, t))s 10 s a two-parameter Co-a-semigroup if for all x € X we have

Lim ([T, (s, t)x —x|| =
(s,)—(0%,0%)

Proposition 4.6. 1. Let (T, (s,1))s 50 be a two-parameter a-semigroup. Then (T, (s,t))s 10 is a Co-a-semigroup
if and only if (T, (s,0))ss0 and (T (0, t))s 450 are one-parameter Co-a-semigroups.
2. Let (Ta (s, )50 be a two-parameter Co-a-semigroup. For any s, t > 0 we set

S(s,t)zT‘X(s%,t%),

then (S (s, t))s 10 is a two-parameter Co-semigroup.
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3. Let (T (s, 1)) >0 be a two-parameter Co-semigroup. For any s, t > 0 we set
T, (s, t) =T(s*, 1%
then (T, (s, 1)), 150 is a two-parameter Co-a-semigroup.

Proof. 1. If (T, (s,1))s 50 is @ two-parameter Co-a-semigroup, then in particular if s = 0 and t = 0 we get
that (T, (s, 0))s50 and (T, (0, £)),5( are one-parameter Cp-a-semigroups.
For the converse, we observe that for any s, > 0

Ta(s, ) = Ta (" +0)7, (0 + 1))

= Ta (%), 0%) Tu (0%, (%)7) = Tu (0, (19)7) T ()7 , 07)
=Ty(s,0)T,(0,t) =T, (0,t) T, (s,0).

If we suppose that (T, (s,0))ss¢ and (T, (0,1)),5¢ are one-parameter Cp-a-semigroups, then for any
s,t > 0and x € X, we have

”Ta (S/ t)x - x” = ”Ta (S/ 0) TOI (0/ t)x - TO( (S/ O)X + TDK (S/ O)X - XH
=|ITs (5,0) (T (0, ) x — x) + T (5,0) x — x|
S| To (s, 0)ITa (0, ) x = x|l + | T (s,0) x — x|l

We apply the uniform boundedness principle, and we get that there exist 2 > 0 and M > 0 such that
ITx (s,0)/| <M forall s € ]0,a[. Then forany t >0, s € ]0,4[ and x € X, we have

1Ty (s, t) x — x|l < M||T, (0, 8) x = x|| + [T, (s,0) x — x|

which tends towards zero when (s, t) — (0*,0%), and this shows that (T (s, t)); ;>0 is a two-parameter
Co-a-semigroup.

2. It is clear that (S (s, t))s 50 is a two-parameter semigroup. Let a € ]0,4] for any a > 0 and let (i, k) =
(s%,t%) with s,t > 0, we have (h,k) — (0*,0%) as (s,f) — (0*,0%). Let x € X, from the preceding
disscussion we obtain

S(s, t)x =

1 1
= lim T,lse,te)x
(5H—(0*,0%) a( )

lim
(s,5)—(0%,0%)

= Iim T,(hkx=x
(R (00%) « (k)

3. Similar to 2.
O

Proposition 4.7. Let (T, (s,t))s 50 be a two-parameter Co-a-semigroup on a Banach space X. Then there exist
constants w > 0 and M > 1 such that

1Ty (S, t)” < Me(”(sa”“)'

Proof. Let (T, (s, t))s 50 be a two-parameter Co-a-semigroup on a Banach space X, then by the previous result
(Ta (5,0))50 and (T4 (0, 1)), are one-parameter Co-a-semigroups, so there exist constants wq, w2 > 0 and
M, M, > 1 such that ||T, (5,0)]] < Mie®*" and ||T, (0, H)]| < Me“". Let w = max (w1, ;) and M = M;Ms.
Thus

1T (s, Il = T (5, 0) T (O, )|

< Mea)(s“‘+t“)
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Definition 4.8. Let (T, (s,t))s >0 be a two-parameter a-semigroup on a Banach space X. We say that (T, (s, t)) ;>0
is strongly continuous if

lim [T (s, £) x = Ty (S0, t0) x[ = 0
(s~ (s0to)

forall x € X and sy, ty > 0 with (s,t) — (0*,0%) if (so, to) = (0,0).

Corollary 4.9. Let (T, (s, t))s 0 be a two-parameter a-semigroup on a Banach space X, then (T, (s, 1)) >0 15 strongly
continuous if and only if (T, (s, 1)) 50 15 a Co-a-semigroup.

Proof. 1f (T, (s, 1))s 10 is strongly continuous, then it is clear that (T, (s, t)) ;¢ is @ Co-a-semigroup.
Conversely, let sy, ty > 0, we have to show that

Vx e X, ( Iim [T, (s, £)x — Ty (to,s0) x|l = 0.

5,t)—(s0,t0)
Let (s, £) € [0,s0[ X [0, to] and x € X,
T (5,8)% = Te (fo,50) ¥l < [T 5, Dl 1t = T b = £, 50 = )
< Me“S™) lx = Ty (to — t,50 — ) xll,

but

lim S = T (= 50— 931 =
,L)—S0,10

Hence lim )IITa (s,t)x — T, (tp,S0) x|| = 0.

s,t)=(s0,o

Now, let (s, t) € 1sg, 80 + 1] X Jtp, to + 1] and x € X,
ITa (s, ) x — Ty (to, S0) xI| < ITy (S0, to)ll I Ta (t — to, 5 — S0) x — x|
< Me (" 00" |IT, (£ — tg, 5 — s0) x = x],

and

lim )||Ta (t—tg,s—sp)x—x|| =0.

(s,)—(s0,t0

Hence lim )||Ta (s,)x — Ty (tg,s0) x| =0. O

(s,)—(s0,t0

5. The a-infinitesimal generator of a two-parameter Cy-a-semigroup

Definition 5.1. Let (T, (s,t))s >0 be a two-parameter a-semigroup on the Banach space X. The a-infinitesimal
generator of (T (s, 1)) 150 15 defined on

D (A) = {x € X : T, (.,.) x is a-differentiable at (0,0)}
by setting for all x € D (A)
Ax =D*(T,(0,0)x).

Lemma 5.2. Let (T, (s, 1)) 150 be a two-parameter Co-a-semigroup on the Banach space X and let x € D (A), then
we have

.0 .0
Ax = 511)%1 ﬁTa (s,0)x, tllg} ﬁTa 0,1 x).



R. Ameziane Hassani et al. / Filomat 37:8 (2023), 2303-2319

Proof. Let x € D (A), then T, (., .) x is a-differentiable at (0, 0)
1. D*(T, (s, t) x) exists in some ]0,a[ x ]0,b[, a,b > 0 and

DT Q09 = lim = D*(Ta(58

exists
2. 35“ (T, (s,0)x) and 2 Bt“ (T (0, 1) x) exist in ]0, a[ and ]0, b[ respectively.

Let (s,t) € ]0,a[ X 10, b[, then gs —(Tu (s, t) x) and g:l (T, (s, t) x) exist, and we have

D* (T, (0,0)x) = ig} o D% (T, (s,t) x)
aa
(0, 2

lim
(s H—(0+,0%) Js

with

(T (s,t)x) =11 and (T (s, t)x) =

lim lim
(s)—(0,0%) 0% (5,0>(0*0%) T

We have to show that

lim (T (s,0)x) =1 and hm 88

First, we remark that for any (s, t) € ]0,a[ x 10, b[,

(T (0,5 x) =

T, (s + esl—a, t) x—T,(s,t)x

8— (Ty (s, t)x) = lirn
85“ £

€
T, (0, t)( (s+es1 @ O)x T, (s,O)x)
=lim
e—0 &
[T, (s + esla, O)x —T,(s,0) x]
=T, (0,0 |lim
e—0 &
—T.00| % @@4
& a
Similarly
ata (T (s,£)x) = Ty (5,0) '&ta (Ta (0, t) x)]

(Ta(s,0)x)| = (h, 1) € X x X

2310

We have (T, (s, ))s 10 is a two-parameter Co-a-semigroup, then Proposition 4.6 gives that (T, (0, 1)), is

a one-parameter Co-a-semigroup. Thus for any s € ]0,4[

t 0+ (T (s,H)x) = hmT (0, t)[&a ( a(s,O)x)]
= ;?(Ta (s,0)%).

Similarly, we obtain for all € ]0, b[

lim — o (Ty(s, ) x) =

lim =2 (Ty(0,8)x).

%
&a
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Let ¢ > 0, there exist 0 < 01 <aand 0 < 0, < b such that if (s,t) € ]0,01[ X ]0, 6>[ then

and there exist 0 < 1y < b such thatif t € ]0, ;[ we have for all s € ]0,a[

(T (s,)x) — L <

e
2

2 T sHD - 2 (15,0

|5
o0s%

Let y1 = inf(61,11) and let £ € |0, y1[, then we have for all s € ]0, 6]

e
<=
2

|5 @ .00 -1 < |55 (T 6,000 - 5 (T 500 + |5 (T 00 -1
<fiif=e
2 2 7
then
=1.
s—07*
Hence

. o0
. t)L(O* o) 957 (T (s,H)x) = hm hm — (T (s,H)x)

= lim @ (T, (s,0)x).

s—0*

Similarly, we obtain

(T (s,t)x) = hm lim — a (Ty (s, t)x)

lim
(5,H)—(0*,0*) ot 0% 50+ It

%
= lim == o (To (0, 1) x).

O

Let (T, (s, 1)) 450 be a two-parameter Co-a-semigroup, then (T, (s, 0))s50 and (T, (0, )5, are one-parameter
Co-a-semigroups.
Let A; and A, the linear operators defined by

D (A1) = {x €X: li%l 88? (T4 (s,0) x) exists},

D (A,) = {x € X: lim a— (T, (0,t) x) exists}
-0+ ot

and

1eg

o
Ajx = li%l 357 (T, (s,0)x) forallx € D(A;),

Axx = tlim T, (0,£)x) forall x € D(A,).

B o
It is clear that A; and A, are the a-infinitesimal generators of the one-parameter Cy-a-semigroups
(Ta (5,0))s50 and (T4 (0, £)),50 respectively.
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Theorem 5.3. Let (T, (s, 1)) >0 be a two-parameter Co-a-semigroup and let A be its a-infinitesimal generator, then
we have

D(A) =D (A1) ND(Az),
and we can consider the a-infinitesimal generator as a linear operator A : D (A) C X — X x X defined by
Vx € D(A), Ax = (A1x, A>rx).

Proof. Let x € D (A), then by the previous lemma hm 5= = (T, (s,0) x) and hm s (T, (0,t) x) exist and

.0 . o°
Ax = Slirgl @Ta (s,0)x, }L%l wTa 0,8 x)
= (A1x, Ayx).

Therefore, D (A) € D (A1) N D (A,) and Ax = (A1x, Axx) for all x € D (A).
Now, let x € D (A1) N D (A;) then hm (95’* (T4 (s,0) x) and hm at; (T, (0,t) x) exist, then g; — (T, (s,0) x) and

atﬂ ~ (T, (0,1) x) exist on an open of the form 10,a[,a > 0 and ]O bl, b > 0 respectively, but we have for any
(s,£) €10,a[ x]0, b,

leg

(16,00 = T, 00| 3 T, 500

¢
a @
and

(T (s,8)x) =T, (s, 0)[ (T, (0, t)x)]

ot ate

then % (T4 (s,t) x) exists for all s € ]0,a[ and ¢t > 0 and Bt“ — (T, (s, ) x) exists for all + € ]0,a[ and s > 0.
Let (s, t) € ]0,a[ x ]0,b[ and K, k > 0, we set

J(hK) = T (s +hs'™2, £+ kt' =) x = Ty (5,4) x — ( o (Tu(5,1)%), 5 & —— (T (5, 1) x))( )
We have

J (k) = T, 0, t)( o (s + 7', 0)x = Ty (5,0) x - ha (Ta (s, O)x))

+Ta(s+hsl‘“,0)(T (o t+ ktl™ “)x T, (0,8) x — i (T o, t)x))

ot
+ k(T (s +7s',0) = T s, 0)) (T, (0,6)7).
Since (T, (s,1))s50 is a two-parameter Cp-a-semigroup. Then Proposition 4.6 gives that (T, (s, 0)),5o and

(Tw (0,1))1s are one-parameter Co-a-semigroups, then there exist constants wy, w; > 0 and M;, M, > 1 such
that for any s, t > 0 we have ||T, (s, 0)|| < Mje®*" and ||T, (0, #)|| < Mae®"".
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Given the fact that we have H(h o1 < 1and mrsn h 1 < 1, we obtain the following inequalities:

T, (s + hsle, 0) x=Ty(5,00x o

ool
1,00 = oy e Ol n - 2= (Ta(5,00%)
T.(0,t + k') x - T, (0, ¢ "
T, (S + hsl_al 0)” ( + k)x ( ) aata (T (O t) x)

(s +1s'™,0) = Tu Gs, 0)) (1. 0,H%)

||(h k)|| H
T, (s + hsle, O) x=Ta(s,00x o
h o5

< Mye“t" (T, (s,0)x)

T,10,t ktl-e -T,(0,t o
Ok )3T @O o o

+ Moo (s+h51*“')“
2 k ot

H s+hs1 @ 0) To (s, 0)) (T ©,H) ).

We have for all (s, t) € 10,4 x ]0, b[

|| Ta (s + hsl—a, 0) x—T,(s5,0)x 8"‘
}g}% p (T (s,0)%)|| =
and
| Te (0t + k) 2= T, 0,5 x g
& R E B

If we put ¢ = hs'™ then ¢ — 0 as h — 0, and we have (T, (s, 0)),s is strongly continuous, so we get

h—0

lim ’(T (s+h51-a,o) Ta (s, 0)) (T 0, 1) x)

(T O, 8)x)| =

= tim |7 6+ 6.0~ T 6,0 5
Finally

WP _
a—00 LRI
which means that D (T, (s, t) x) exists for all x € D (A1) N D (A7) and (s, f) € ]0,a[ x ]0,a[ and

( a(S,f)x))-

o

DA (T, (5,6)3) = (‘9 (Ta(s09), 3
We have for any xeD(A1))ND(Ay)
(s, t)L(O* 0+) Js (T (5,£)x) = Arx

Indeed, we have for all s € 10,4

tl ;—(T (s,H)x) = hmT (0, t)[& ( a(s,O)x)]

= 8_ (T, (s,0) x) exist,
ds@
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and we have for any x € D (A1) N D (4y)
11m — (T (s,0)x) = Aqx.

Let € > 0, there exists 0 < 61 < a such that if s € ]0, 5[ then

&

(T (s,0)x) — A1x|| < X

and there exists 0 < 0, < b such that if t € ]0, 0o we have for all s € 10,4

357 (Ty (s, t)x) = (Ta (s,0)x)

|5
2

Let (s,t) € ]0,01[ X ]0, 65[ then

< b
8t‘* 2

aa (T (s,H)x) — Arx|| < i

aa
357 (Ty (s, t)x) = ET

(Ty (5,0)x)|| +

IA

€L
2 2
£

IA

Thus,

lim T, (s, t Aqx.
(5,H)—(0+,0%) &sa( (5,8)x) = Arx

Similarly, we show that for any x € D (A1) N D (4y)

lim T, (s,t Ajx.
(5,H—(0+,0%) at“( (5,£)x) = Apx

Hence, we have

(s,t)—(0*,0%) (s,t)—(0*,0%)

lim D*(Ta(sH%) = lim (%(Tmt)x),%(n (s,t>x))

—( lim a (T, (s, t)x),

(550 ,0*) I
= (Alx, Azx) .

(s, ) (0+ 0+) ot

Finally, we have shown that
1. D*(T, (s, t) x) exists in some ]0,a[ X ]0,b[, a,b > 0 and

D*(T,(0,0)x) = lim D%(T,(s,t)x)
(s,)—(0*,0%)

exists.
2. 5; (Tx (s,0)x) and 2 ata (T (0, ) x) exist in ]0, a[ and ]0, b[ respectively.

Therefore, T, (s, f) x is a-differentiable at (0, 0), then x € D (A).

Hence D (A1) N D (Az) € D(A) and Yx € D (A1) N D (Ay), Ax = (A1x, Axx).

(T (s,0)x) — A1x

(T (s, 1) X))

2314
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Theorem 5.4. Let (T, (s, t))s 0 be a two-parameter Co-a-semigroup, then we can consider the a-infinitesimal gen-
erator of (T, (s, t))s 150 as a linear transformation

A:RY = L(D (A1) N D(Ay), X) defined by
A (h, k) = ]’lA1 + kAz,

where Ay and A, are the a-infinitesimal generators of the one-parameter Co-a-semigroups (T (s, 0))ss0 and (To (0, 1)) 10
respectively.

Proof. Letx € D (A) = D (A1) N D (Ap) then D* (T, (0, 0) x) exists as a linear transformation L (.,.) : R* — X
defined by
L(h,k) =D"(T,(0,0)x) (Z) = hA1x + kAx.

LetL(,.): RY > L (D (A1) N D (Az), X) defined by
L(h, k) = hA; +kA,,
then L (,.) is a linear transformation and we have for any (b, k) € R** and x € D (A1) N D (Ay)
L(hk) =Lk x,
then we have for all x € D (A1) N D (A)
L(,)=L()x
therefore, for any x € D (A1) N D (A,)
Ax =D*(T,(0,0)x)

=L(,.)
=L )x.
Thus,
A=1(,).

Therefore, we can consider the a-infinitesimal generator A as a linear transformation as follows
A:R*" = L(D(A;) ND(As),X)
defined by
A(h, k) = hA; + kA,.
0

Remark 5.5. If (T, (s, 1)) 10 is a two-parameter Co-a-semigroup and A is its a-infinitesimal generator, then in the
preceding results, we have seen two approaches to define A.
The first approach is to consider A as a linear operator A : D (A) € X — X x X defined by

Ax = (A1x, Axx) forall x € D (A).
The second approach is to consider A as a linear transformation A : RY > L (D (A1) N D (A2), X) defined by
A(h k) = hA, + kA,.

Next, we will denote the a-infinitesimal generator of (T, (s,1))s 50 by (A1, Az), and this notation is adopted for
the two approaches of the definition, and we will write
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1. For the first approach :
(A1, A2)x = (A1x, Axx) forallx €e D (A1) N D (A2).
2. For the second approach :
((Al,Az) (:))x = hA1x + kAyx for all (h, k) € R* andall x € D (A1) ND(Ay).
Theorem 5.6. Let (T, (s,t))s >0 be a two-parameter Co-a-semigroup, and let A be its a-infinitesimal generator then

forall x € D(A)

1. Foranyt > 0 we have T, (0,t)x € D (A1) and A1T, (0,t)x = T, (0,t) Asx.
2. Foranys >0 we have T, (s,0)x € D (A;) and A3T, (s,0) x = T, (s, 0) Aax.
3. Forall (s,t) € RY, Ty (s,t) x € D (A) and we have

2600 = ATa (5,05 = TasH Aix

and
80(
Er (T (s,t)x) = AxT, (s, ) x = T, (s, t) Aox.

4. Forall (s,t) € R*, T, (s,t)x € D (A) and
D (1, 09 = (<40 })) 7. 603 = T 0 a0 )

for all (h,k) € R2.

Proof. 1. Letx € D(A) € D (A1), then lil’(l)‘l % (T4 (s,0) x) exists, so D* (T, (s, 0) x) exists in an open of the form
s—0*

10,a[,a > 0. Lets € ]0,a[ and t > 0, we have

1ed

% (Ta (5,0) To (0,£) %) = T, (0,8) % (Ta (5,0)%).

Therefore,

. o~ B ) pald
slirg}' ﬁ (TD{ (S/ 0) TDC (0/ t) x) - Ta (0/ t) (SIL%}_ ﬁ (Ta (S/ 0) X)
=T« (0,1) Arx,

then for any ¢ > 0 we have T, (0,¢) x € D (A1) and A1T, (0,f) x = T, (0, £) Aqx.
2. The same method as 1.
3. Let (s,t) € R* and x € D (A), we have from 1. that T, (0, ) x € D (A1), then from Theorem 2.7 we have
144
% (Ta (S, O) Ty (O, t) X) = Al Ty (5/ 0) Ty (0/ t) x =T, (S/ 0) Al Ty (O/ t) X

and from 1. we have
Ta (S/ 0) AlTa (O/ t) X = TLY (S/ O) TCK (O/ t) Alx'
Finally, we get for any (s, t) € R* and x € D (A)

2 TaH0) = AT (5, 0% = Tu s, D A
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With the same method, we show that

88t“ (To (s,)x) = AxT, (s, ) x = Ty (s, 1) Apx.
4. Let (h,k) € R?, (s,t) € R*" and x € D (A)
From 3. we have

D* (Ta (s, 1) %) (h) ( (Ta (5,8 %), 5 a 57 (Ta (s, t)x))( )

(T (s, t)x)+k (T (s,t)x)

= hAlTa (s,)x + kAzTa (s,t)x
=Ty (s, t)hA1x + T, (s, t) kApx
= (hA1 +kA)) T, (s, t) x
=Ty (s, t) (hAy + kAjy) x

(a4 ;) 7. .0
=Ta(s 1) ((Al,Az) (Z)) x.

6. Two-parameter a-Abstract Cauchy Problem

O

Let A; : D(A)) € X — X, i = 1,2, be a linear operator. We consider the following two-parameter
a-Cauchy Problem

%u(tlftZ) = Aiu (tlrtZ)/ ti > 0/ i= 112/
2-a-ACP{
u(0,0) = x, xe€D(A1)ND(Ay).

We mean by a solution a function u : [0, +oo[ X [0, +oo[ — X which satisfies the following :

1. u(.,.)is continuous on [0, +oo[ X [0, +o0].
2. u has continuous partial a-derivative.

3. Vs, t >0,u(s,t)e D(A;) fori=1,2.

4. u satisfies the 2-a-ACP.

Theorem 6.1. Suppose that (A1, A;) is the a-infinitesimal generator of a two-parameter Co-a-semigroup (Ty (s, 1))s i>0-
Then the 2-a-ACP has the unique solution u (s, t;x) = Ty (s,t) x for all x € D (A1) N D (A).

Proof. 1t is clear from Theorem 5.6 that u (s, t; x) = T, (s, t) x is a solution of 2-a-ACP. It remains to show that
the 2-a-ACP has a unique solution, for that it is enough to show that the 2-a-ACP has a solution u (s, ) = 0,
for the initial value x = 0.

Based on the case of one parameter [2], we know that the systems
Aw (), t>0,

70 (f) =
1-a-ACP{ r%v(o)

and

rancp] FO® = Azw(t),t>0
w(0) =
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have the unique solution v = 0 and w = 0.
Now, suppose that u (s, t; 0) is a solution of the 2-a-ACP for the initial value x = 0, then its clear that

01 (S) = TD( (S/ 0) u (0/ t/ 0) and (%] (S) =u (S/ t; 0)
are two solutions of the 1-a-ACP

aa
o 550(8) = A1v(s), s >0,
1“ACP{ 0(0) = (0, £0).
Indeed, we have

aa &(x
@Ul (S) - @Ta (S/ 0) u (O/ tl 0)

= Al TDt (S/ 0) u (O/ t/ 0)
= A171 (5)

and

01(0) = T (0,0)u (0, £;0)
=u(0,t0).

On the other hand, we have

aa aa
S0 ) = Sl 50)
= Aqu (s, t;0)

and
02 (0) = u(0,£0).
By uniqueness of the solution, we get for any s, > 0
u(s,t;0)=T,(s,0)u(0,t0).
With the same method, we show that
w1 (t) =T, (0,8)u(s,0;0) and v (t) = u (s, t;0)
are two solutions of the 1-a-ACP

Zw(t) =Aw(t), t>0,

1-a-ACP{ v(0) = u(s,0;0).

Through the uniqueness of the solution, we obtain for all s,t > 0
u(s, £0)=T,(0,t)u(s,0;,0).
Finally, we have

u(s,t;0)=T,(s,0)u(0,t;0)
=Ta(s,0)(Ta (0,£)u(0,0;0))
=T, (5,0) T4 (0,1)(0)
=0.
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As an application of our discussion, we conclude with a simple example.

Example 6.2. Let A and B be two bounded commuting operators and consider the following two-parameter a-Cauchy
Problem

%u(s,t) =Au(s,t), s,t >0,
2-a-ACP* %u (s,t) = Bu(s,t), s,t >0,

u(0,0)=x,xe D(A)ND(B).

<&

Then for all s,t > 0 and x € D (A) N D (B) the 2-a-ACP* has the unique solution u (s, t; x) = e A+ TBy,
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