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Abstract. We study relative controllability of linear and nonlinear conformable delay differential systems
with linear parts defined by permutable matrices. By using a notion of delay Grammian matrix, we give a
sufficient and necessary condition to examine that a linear delay controlled systems is relatively controllable.
Thereafter, we construct a suitable control function for nonlinear delay controlled system, which admits
us to adopt the framework of fixed point methods to investigate the same issue. More precisely, we apply
Krassnoselskii’s fixed point theorem to derive a relative controllability result. Finally, two examples are

presented to illustrate our theoretical results with the help of computing the desired control functions and
inverse of delay Grammian matrix as well.

1. Introduction

It is well known that Khusainov and Shuklin [1] and Diblik and Khusainov [2] introduced the notation
of delayed exponential matrix functions to derive the representation of solutions of continuous and discrete
linear delay differential systems with permutable matrices, respectively. Based on these foundation con-
tribution, representation of solutions, stability analysis of solutions and controllability problems for linear
and nonlinear delay systems have been studied extensively, see [3-22].

Recently, Khalil etal. [23], Chung [24] and Ortega and Rosales [25] studied the conformable type calculus,
which provided a possible alternative approach to enrich the standard Newton mechanics. Further, Wang
et al. [26] give the sufficient and necessary conditions for the complete controllability of systems governed
by linear and nonlinear conformable differential equations. Xiao and Wang [27] proposed the conformable
type delayed exponential matrix function to derive the representations of solutions for homogeneous
and nonhomogeneous differential equations. To the best of our knowledge, controllability of linear and

nonlinear conformable delay differential systems with linear parts defined by permutable matrices has not
been studied until now.
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Motivated by [15, 26, 27], we study relative controllability of linear case

{Dﬂy(t) = Gy(t) + Ry(t — 1) + Ku(t), t € ] := [0,1], T >0, 1
y(t) =), —T1<t<0, 1)
and nonlinear case
{Dg]/(t) = Gy(t) + Ry(t — 1) + g(t, y(t)) + Ku(t), t€ J, >0, ,
y(t) =), —T1<t<0, )

where D%(0 < @ < 1) denotes the conformable derivative with lower index zero (see [23, Definition 1]),
G R KeR™, GR =RG, g:]xR" — R". The state y takes values from R" and the control function u(-)
takes value from L?(J,R") and ¢ € C'([-7,0], R").

The main contributions are stated as follows:

(i) Concerning on linear conformable delay differential controlled system, instead of seeking Kalman
type criterion, we introduce a notion of delay Grammian matrix and reveal the relationship between
non-singular property of delay Grammian matrix and relative controllability for linear conformable delay
controlled system. Meanwhile, we also give an algorithm for constructing a control.

(ii) Except for a criterion of relative controllability for linear conformable delay differential controlled
system we construct a suitable control function for nonlinear conformable delay differential controlled
system and adopt the framework of fixed point methods to derive relative controllability via Krasnoselskii’s
fixed point theorem as well.

The rest of this paper is organized as follows. In Section 2, we give some necessary notations, concepts
and lemmas. In Section 3, we firstly investigate relative controllability of linear conformable delay controlled
differential system and give a delay Grammian matrix criterion. Secondly, we turn relative controllability
of nonlinear conformable delay controlled differential system into a fixed point problem, which admit us to
take advantage of Krasnoselskii’s fixed point to verify our main theorem. Two examples are given in final
section to illustrate our theoretical results.

2. Preliminary

Let IR" be the n-dimensional Euclidean space with the vector norm || - || and R"*" be the n X n matrix space
with real value elements. The Banach space C(J,IR") of vector-value continuous functions from | — R”"

endowed with the norm [|yllc = sup ||y(f)|| for a norm || - || on R". Let X, Y be two Banach spaces, Ly(X, Y)
te]
denotes the space of bounded linear operators from X to Y. Next, L(J,Y) denotes the Banach space of

functions f : ] — Y which are Bochner integrable normed by || f||r»(y) for some 1 < p < co. For G : R" — R”,

we consider its matrix norm ||G|| = sup ||Gy|| generated by || - ||. In addition, [|pllc = sup [l@(s)ll.
llyll=1 se[-1,0]
Set
P(t) = 5 el 20, 3)

(t—1) 1%
G a

where Ry = ¢ R and ef,},; is defined as follows: (see also [27, (2)])

O, —co<t< -1,
I, —7<t<0,

Rt 1 ((t —af)a)2 Lol ((t - 2T)a)3

Cra = ]I+R1; +R1i 13' 0

a\k
+...+R’;%(@) k- <t<knk=12,---,

where © is zero matrix, I is the identity matrix.
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By [27, Theorem 3.4] and [27, Theorem 3.5], the solution y € C([—7, f;1], R") of system (1) can be formulated
by
y(H) = PEETp(-1) + f Pt — 7 — 5)eC T [Dp(s) — Go(s)]s* ' ds
¢
+ f P(t — T —5)e® T Ku(s)s* ds, +>0, 4)
0
where P is given in (3).

Definition 2.1. (see [1, Definition 4]) System (1)A2) is called relatively controllable, if for an arbitrary initial vector
function ¢ € C'([-1,0],RM), the final state of the vector y; € R" and time t1, there exists a control u € L2(J,IR™) such
that the system (1)A2) has a solution y € C([—7, t1], R") that satisfies the boundary conditions y(t) = @(t), -1 <t <0
and y(t1) = y1.

Similar to the proof in ([4, Lemma 3]), one can get a useful norm estimation of ef};

Lemma 2.2. The following inequality holds true for all t > 0,

(tH+0)%

lle th“ < elRull=3

3. Main results

3.1. Linear case

We investigate relative controllability of system (1). We introduce a notation of a new delay Grammian
matrix as follows:

t 5\
(t —1—5)% +1¢ R t T (-7 5)Y +7% _
W[0, ] =f GO R Tl (1) 6T I i g, )
0

Now we are ready to state a sufficient and necessary condition to guarantee (1) is relatively controllable.
Theorem 3.1. System (1) is relatively controllable, if and only if W.[0, t1] defined in (5) is non-singular.

Proof. Sufficiency. Since W,[0,#] is non-singular, its inverse W- 1[0, t1] is well-defined. One can select a
control function as follows:

R T (-7 t)“+r‘ _
u(t) KT m(tl 0 G ' 71[01 tl]T]/ (6)
where
n o= yp-eT o1
0
(ty—T—s)*+7¢
- f S T D0(s) - Gpls)]s s, 7)
-7

and the vector y; € IR” is arbitrarily before it is chosen.
Inserting (6) in (4), we have

tax

0
(ty—1-s)* +7% o
yt)) = S lhp-n) + f T eI Dg(s) - Gop(s)]s s
-T
h G(ﬁ—x—s)“ﬂ“ R(t —1-5)
+f e e TTIKKT ®)
0

RT(t1 T— S) GT (G 5)0( &

“Cry s* ds - W, ;1[0, t]n.
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Linking (5) and (8) via (7), it is not difficult to derive that

[a 0 t —1—s)* +1°
yth) = &5 R’t](p( ) + f (ST R 0 (5) — Gop(s) s ds
=Y. )

The boundary condition y(t) = ¢(t), —t < t < 0 holds via (4). Combining the formula (9) via Definition 2.1,
the system (1) is relatively controllable.

Necessity. We adopt proof by contradiction to prove our result. Assume W,[0, t1] is singular, i.e., there
exists at least one nonzero state y € R” such that

TWT[O, fl]’g =0.
Further, one obtain
0 = Yy W0, 1]y

t
u Ry(H—T—s RT(H—7-5) Tz _
— f y G ,]a(] )KKTET,}X EG = ]/Sa 1dS
0

t1 a
(t —7-s) +1¢ Ry (¢
f [y eG ’ eTix(l - S)K]
0

[,:17— GM R1(t1 T— S)K] a— 1dS
t a
_ fl Tecmelil t—1— s)K” a— 1dS
0
which implies that
(t ~T-5)% +7%
7T IR = (0,-,0), Vse] o

————
n

Since system (1) is relatively controllable, according to Definition 2.1, there exists a control u;(t) that
drives the initial state to zero at t1, that is

[uz <&

0 & 47
yh) = N p(-1)+ f ORI Rlp(E) - ol s

t )+
(t1—7—s) B
+ f e f}f“ Kty (s)s* 1 ds (11)
0
= 0,

where 0 denotes the n dimensional zero vector.
Similarly, there also exists a control u(-) that drives the initial state to y at t;, i.e.,

447 0 (t—1-5)%+1%
yit) = T fp(-1) + f O T Dp(s) - Gop(s)]s*ds
=T

tq
(ty—t—s)* +7¢ o
+f ORI (s)s s (12)
0

Then by (11) and (12), we have

t ty —7—s)* +1¢
y = f G¥e§};h_7_5)K[ﬁ(s)—ul(s)]s“_lds. (13)
0
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Multiplying both sides of (13) by ', we obtain

2 1:)"‘”
f 7S RETTIK(s) — uy (5)]s s,

Note that the fact (10), one can obtain §'y = 0, i.e., ¥ = 0, which conflicts with i being nonzero. Thus,
W[0, t1] is non-singular. The proof is finished. [

3.2. Nonlinear case
We need the following hypothesis:
[Hi1] : The operator W : L%(],IR") — R" defined by

tl S\ 4O
(=9 po o _
Wu :f O MKy (5)s0 s
0

has an inverse operator W=! which takes values in L?(J,R")/kerW and there exists a constant M > 0 such
that

W I, @R 2R ey < M.
Remark 3.2. By [15, Remark 2], we have

IW=[0, 1 17]I- (14)

[H>] : The function g : | x R" — R" is continuous and there exists a constant g > 1 and L,(-) € LI(], R*)
such that

llg(t, y1) — gt y2)ll < LyBlly1 — vall, vi € R?, i=1,2.
In viewing of [H1], for arbitrary y(-) € C(J,IR"), consider a control function u,(-) given by

t+“

) = Wl - 8 g
0 1 —1=s)* +1%
- f G eI D00(s) — Go(s)]s* M ds (15)

h (ty —7—5)* +7¢ T—s
- [ gt o s e .

Now we state our main idea to prove our main result via fixed point method. We firstly show that,
using control (15), the operator ¥ : C(J,R") — C(J, R") defined by

Fp® = 5 ellp-n)
0 (t=7— s)“+7
+f e® ef}x(t D0 0(s) — Go(s)]s*ds
t (\'+T(\
b [ s e
0

t
GU=et Ry(t-1-s) a-1
+fe €rg Ku,(s)s*ds
0

has a fixed point y, which is just a solution of system (2). Secondly, we check that (Fy)(t1) = y1 and
(Fy)(0) = ¢(0) = yo, which means that u, steers the system (2) from yo to y; in finite time ;. This implies
system (2) is relatively controllable on J.

For each positive number 7, define 8, = {y € C(J,R") : |lyllc < r}. Then, for each r, B, is obviously a

bound, closed and convex set of C(J, IR"). For brevity, we set R, = sup ||g(t, 0)| and N = ||Gl| + [|Rq]|.
te]
In what follows, we apply Krasnoselskii’s fixed point theorem to derive the relative controllability result
for system (2).
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Theorem 3.3. Suppose that [H1] and [H,] are satisfied. Then system (2) is relatively controllable provided that

bM
M1(1 + R_HK”) <1, (16)
2(t +1) +7%
where My = eN ™ IILgI|L4(]]R+)[W o ’ia p+1] % + % =1, pq>1a> %,and
(N Rl VChck ECRUAAL a-1
b o= e lplic + X5 (llyoll + liglic + N lip(s)s Ids) (17)
JRECE gRg
and M is given by (14).

Proof. We divide our proof into several steps.
Step 1. We prove that there exists a positive number r such that 7(8,) C B,.
In light of [H,] and Holder inequality, we obtain that

t
_ 1 1
1L (s)dss[—t"“ ’“] Ll xeys
f(; g pa— (JJR*)
< &N = —R

p+11
t N(tl >) +1¢ N(t1 Nz(t1+r)"‘+r"‘ t 1
e e R, s 'ds
0 0
a

2(t+7)* +1% tlllt
Taking into account of (15), using [H1], [H2], we have

and

Ilg(s 0)lIs*~ds

IN

g-

tA a

(t1+'r)"
o, (DIl < [IW™ ”L(IR”LZ([]R”)/kerW)(”yln+e et (=)l

0 st et o 1
+H e a e @ [Da(p(s) - G(P(S)]Sa dSH
llgts, vl ds)

fl
(f s) +7& (tl
+ f eN eN
0
tl )

M||y1||+Me TN

0
f Dp(s)s*1ds — f G(p(s)s“_lds'l

tl o 14
(1 =s)* +1 (t—s)’
+M f N N T Ly(9)lly(s) Il s

+M f NEEEE N (s, O)lls s

A

IA

N 2ty +7)* +7¢

+Me a

Milyll + MoV N

IA

2({1 +1)%+1¢

M [yl + llp(=)l + N f I (s)s"ds]

(.‘]+ & 4 1 _ 1 p
M T L ey ||y||c[_—tp“ .l

p+11

a

2(ty +1)% +7¢ tl
+MeNT e =R,

o

Myl + Mb + MM,

IA
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where b and M; is defined in the above.
It comes from [H;] and [H>] that we have

1 g ( )
IFOI < NN o)l
0 N(fl-s)"‘*'T (=) 0 a—1
o [ 20 - ol |

o >)“+7“ t1-s
+ f e N Ilg(S y(s))lIs*ds
0

ty 5\
(ty—s)*+7¢ (ll
Ni -1
+f e e ”K”“”y( s)lIs*~ds
0

[a a

N-1

+7 (ty T)
NN Ilqo( Dl

<
N2(11+T)“+T 0 1 0 1
+e a Daqo(s)s“ ds — Gop(s)s” ds”
=T —T
fy
2t +T)“ +7%
N2t -1
+e ||y||cf Ly(s)s" 'ds
t1
2t +1)* +1¢
+eN TS Rgf s* s
0
a4 a t
N2(11+7) +T a—1
+e' T IIKII(M||y1II+Mb+MM1||y||c)S ds
le
< e ||§0( ol
2(t1+7) +7% a-1
e [Ilyo|I+II(P( ~0)|+N ||<p<s>s Ids]
2 7) + _ E
N pa—p+1
y s
IclEaliogn |
VLR tff
+e « =R,
a
NEOREAES t‘lx
+IK My lIMe™ = —
a
NECE ey
+M||K||be =
a
2ty +7)% +7 t?
N
+MM;[[K]|[[yllce™ = =
<

bM M bM
b1+ K+ R Kyl + M+ i =

for

b[l + B+ IIKIIIIylll]

r=
1 —Ml[l + _l;g ||K||]
g

Hence, we obtain ¥ (8,) C B, for such an r.

2665
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Now, we divide ¥ into two operators ¥ and 7, on B, as

FEB = C5Rip(-1)

0 a T(\
¥ f ST T D00(s) - Gop(s)]s* s
-7

t
(t—1=5)%+1% S
+ f ec%efj,ft B S)Kuy(s)s“‘lals,
0
t G(t—'r—s)"+'r“ Ry (t—T—s) 1
(Fay)t) = A g(s, y(s))s* ds,
0

for t € J, respectively.
Step 2. We show that ¥ is a contraction mapping.
Let y,z € B,. In viewing of [H;] and [H;], for each t € |, we have

Nz(t1+7)“‘+7“‘ t a1
iy -l < MNFT [ L o)y - 2l
0
(t1+I +7¢ 1 1
< MV lly — zllc[f (s)ds q f (s*~ 1)”ds ’
0
2(;‘+ Xy ! Y
< MV 1 “y z||c||L “L‘I(]IR )[p_—p_’_lﬂl” P+1]
< MMilly - zlc.

Using the above fact, we derive that

2(ty +1)% +7¢ t
IFY® = (FDOI < [IK]le" f”uy(s)—uz(S)HS“_ldS
t} N
< IIKle MM1||y—Z||c
<

b
= MMKlly - Zlc,
g

which gives that

b
IF1y = Fazlc < Vlly —zlle, V= o~ MMilK].
g

By virtue of (16), we conclude that V < 1, which implies #7 is a contraction.

Step 3. We show that ¥ is a compact and continuous operator.

Let y, € B, with y, — yin B,. Denote G,(-) = 9(-, y»(-)) and G(-) = g(-, y(-)). Using [H,], we have G, — G
in C(J, R") and thus

2(t +1)* +1% t
(Fayn)®) = (BB < N fo 1G () — GE)IIs*ds — 0as n — oo

uniformly for ¢ € ], which implies that %, is continuous on 8,.
To check the compactness of ¥,, we prove that #>(8B,) C C(J,R") is equicontinuous and bounded.
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In fact, forany y € B,,t1 2t + h > t > 0, it holds

t g (Y+.[a
(F)(t+h) — (Fay)() = f e R (s, y(s))s N ds

+h—1— s“+7
G Hh=r=s)aet Rl(t T— 5)9(5, y(s))s“ilds

f Cra
t+h T c)“+7 R h—1— _
f en T g (s, y(s))s s
(th—— c)“ @
f G ef}x(t (s, y(s))s*ds

_f EGM Rl(f T-5) (S y( )) a-14g
0

= L+DL+13

where

t+h
(t+h-1-5)* Ry (t+h—
L = f P e 117129 G (5)s71ds,
t
t (t+h )Y+ h—
# Ry (t R t—
L = feG i) _ Rl S]g(s)s“ 1ds,
0

t
(t+h—1—s)Y+7% (t=1=9%+1" T R, (t—
ngw P G R o)
0

From above, we derive that

I(F2y)(t + h) = (F2y)ONl < 1Ll + (1L + (1]

Next, we check ||I;|| = 0ash — 0, i =1, 2,3 uniformly for ¢.

For I, using [H>],
NZ(t1+I)“‘+IU‘ t+h a1
L < e a 1G()|Is*ds
t
2(t1+7 +7!
< IGWWDWWMWMW%

Nz(t] +1)%+1¢ t+h a1
AN Ly(s)lly(s)lls*ds
t

<
t+h
2(ty +1)% +1%
+eN T2 f Rgs“_lds
t
t+h
2(t1+'r)“‘+'r
N2 -1
< e ||y||cf Ly(s)s*'ds
. t+h
2ty +1)* +7¢ _
+eN ™= Rgf s*ds
t
1
< ML grs | - spaprpen]”
- pa—p+1
2t +1)* +1% S
+eN T Ry,
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Let F(x) =
%m(}[F(x +h)—F(x)] =0, }Tirr(}[H(x +h)—Hx)] =

X r*1 H(x) = ©. Note that F(x), H(x) are continuous on [t, t + 1], so

Therefore, ||[1]| » 0ash — 0.
One can apply [H>] to derive that

t
(t+1)F+7%
bl < N f
0
f
( )/J o
0

(t+0)%+1%
N 1 a

Ry (t+h—1—s) Ry (t—1-5)
T, - eT,a

Ly(s)s* dsllylic

e{[ﬁ/la(Hh—T—s) €R1 (t-1-5)

llg(s, 0)lIs*~"ds

t
Ri(t+h—1-s5) Ri(t—1-s)
eT,a - e’r,a

Ly(s)s* dsllylic
0

t

(g +1)*+7
+eNTTR, f
0

Note that for t > 0,

2
Ri(t+h-1-s) t+h—1t—9)" 1 ((t+h—-2T—5)"
a0 = IR R

pRi(tH=T=5) _ Ri(t=7-9)

a—1
iy Ta s ds.

ol ((t+h—37—s)“)3+W+Rkl((t+h—kr—s)“)k
13 Ukt ’

a a
and
2
t—T—s) 1((t-21—s)"
esz}X(mb) ]I+R1( Ta s) +R%E(( ; S))
k
1 ((t-31—5)" 1 ((t—kt—s)"
3 k
Rz ( a ) R ( a ’
then
eRth=T=s) _ RET9) s 0ash — 0.
So,

Ry (t+h—1—s) Ry (t—1-5)
eT,O( - e”(,a

Ly(s)s*dsllylic

t

(t1+'£)“+'£"(
Ll < &N f
0
t

(t+1)%+1%

e
0

by using Lebesgue’s dominated convergence theorem.
For I3, it is easy to get that

(fl +7)“+7 G (Bh=s)® (t+h—7—5)% G (t-1—s5)% 1
f e = (Lol + lgts, 0)ljs*ds

(t+0) %+ (t+h-1-5)% (t-1— a)
< N a HeG o —eC
0

(t+h—1=5)* (t-1=s5)%
O =t ||:0.So

Ri(t+h-1-s) _ eRl(t—T—s)

a—1
o iy s"*ds — 0ash — 0,

5|

IA

[(£oNlyllc + Ry)s~'ds.

Note that }lin& ”e

5|

(ty+1)%+1

t “ t—1—s
< N7 f Hecmhafs) —eG( ) ”( (S)||y||c+R ) a— 1ds—>0ash—>0,
0
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by using Lebesgue’s dominated convergence theorem.
From above, we immediately obtain that

I(F2y)(t + h) — (F2)(DIl = 0, h = 0,

uniformly for all t and y € B,. Therefore, #>(8B,) C C(J,R") is equicontinuous.
Next, repeating the above computations, we have

t
2(t +1) +7
N—— a—1 a—1
e a f(;(rLg(s)s +Rys )ds

t i t 1 o
2t +1)¥+74 9 4 t
< N [r (f Lg(s)ds) (f s’”""’ds) + —1Rg
a
0 0

2(t +7)* +7¢

< N rglgre

I(F2y)®l

IA

1 e
pa—p+1t1\r 1
pa—p+1s |O) +0zRg]'

Hence #>(8,) is bounded. By Arzela-Ascoli theorem, 72(5,) € C(J,IR") is relatively compact in C(J, R").

Thus, ¥, is a compact and continuous operator. Hence, using Krasnoselskii’s fixed point theorem, #
has a fixed point y on B,. Obviously, y is a solution of the system (2) satisfying y(t;) = y1, the boundary
condition y(t) = ¢(t), —7 <t <0 also holds. The proof is completed. [J

4. Examples
In this part, we give two examples to demonstrate the validity of our method and make some discussions.

Example 4.1. Sett; =1, © = 0.2. Consider the following nonlinear delay differential controlled systems

D y(t) = Gy(t) + Ry(t — 0.2) + g(t, y(t)) + Ku(t), y(t) € R?,
te[0,1]:=J1, u € L*(J1,R?), (18)
y(t) = () =250, _02<t<0.

For the sake of simplicity, we set

G:[o.s 0]/ R:[o.z 0]’ g(tly(t)):(@W(Ho.l)yl(t)ﬂ =1

0 03 0 02 s (t+01)a(t) + 1)/
Obviously,
0.06 0
GR‘RG‘[ 0 0.06]'

since G, R are diagonal matrices.
By elementary calculation, when 0 <t < 1, we have

020808 102 0
e 08

0 02
03 0 }(,02)0.3,0.8

0 03 = [0(-)2 002], N = |G|l + sup [[Ry ()] = 0.3 +0.2218 = 0.5218,
. te[0,1]

Rq(t)

e

and

||Lg||L2(]1,1R+) = (0.0006658,
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and
M; = 0.00466.

Now we use (14) to estimate M. For this purpose, we need to obtain W.[0, t;] and then derive W.[0,#]7!.
Obviously, G = G',R = R",R; = RlT and K = K" = I. Hence, the delay Grammian matrix (5) has the
following explicit form

51 e A 4
(ty —7=5)" +7 Ry(H—1— RT(h—’I—S) T (t—7=8)" +7 _
W.[0,t1] = f O eMITTIKK e O T 5% s
0
t
9 R (h—1—s) RI(h-T-s) gT 1= g)a” -
— f P eT}X(l T )w pe s*14g
0

Wi+ Wy + W3 + Wy + Ws.

where
aﬂa — a _ o
W, = f G U9t ) +Ry (O.Sa S) +R%%(O.6a S) )2
1,(0.4 3 1,(0.2-5)" o)t
+R33—(u) +Ri Q2 Py,
202 10208 0.8 — )08 1,0.6 —5)"82
_ f G (085840208 []I+R1( 085) R%Z'( 085) )
1,(04- ) 3 1,0.2- S)O'8 4 08-508+0208 ]
3 4 Gi
R13'( 0.8 ) +Rlﬂ( 0.8 )]e Y 02
Ay 8- a 6— o
W, = f Gl +R1(08as) +R%%(06as) i
4 - T=s)% +7¢%
+R33l((0_5) ] GU a1 g
_ f G(08 s>°8+0208[]1 Rl(OS—S)OS R21 06—5)08)
0.8 121 0.8
1 (0 4 — S) 392~ (08-508+0208 ]
3 G —-—
Ry 3|( 0.8 ) ] ¢ e S()Tds
W = f RefEs i c)“w“ I+R (0.8 — )~
3 1—0é
l 0 6 - 7—s)% +7%
e k et ea
G 08-020208 (0.8 —5)08
= I+R——
f [1+R =g
1,0.6 - S)O 81292 (0890840208 ]
2 GUoms) +he
Ry 21( 0.8 ) ] ¢ v Sojds’
Wy = fo G Ry (0‘_8 — S)“_]ZEG (o s 1ds
o
_ G(OB s>°8+0208 (0.8 —5)08 2 0890840208 ]
= []I Rq 08 ] e 08 Sozds

W5 _ f G(l T s)“+1 2 G(l T s)“+1 aflds

(08— s)(‘gar()zf’8 G os- c)"8+0208 1
= e —ds.
o 502

8

>—‘OO
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Therefore, we get that

W.[0,1] = [0.0027 0 370.3704 0 } '

1 _
0 0.0027] , W0 ] = [ 0 370.3704

Consequently, we obtain

M = +JIIWZ1[0,1]]| = 19.245.

Next,

b =17.8441.

Hence, W satisfies the assumption [H;]. Further, it is easy to see that for any y(t), z(t) € R?*and t € [y,

I, = 96,20 = 5556+ 01\ = 210F + (120 - 20
1
1000

IA

t+ 0Dy -zl

Hence, g satisfies the assumption [H,], where we set L,(-) = % € L1(J;, RY).

. g+1_ +1, 1
Obviously, Iyl v = o0 (M 1—)7 and Ry = supllgt,0)ll = 1. Next, [Kll = 1, [Lgllizg, v =
tefr

0.0006658 and M; = 0.00466, when we choose p = g = 2. Hence,

=
Il

bM
My(1+ oK)

0.00466 X (1 L 17841x19245 1)

1
0.00466 x 38.0891 = 0.1775 < 1,

which implies that the condition (17) holds.
Thus all the conditions of Theorem 3.3 are satisfied. Hence, system (1) is relatively controllable on [0, 1].

Example 4.2. Consider the relative controllability of system (18) (with g(-,y) = 0) on J1, where G,R, Ry, K are
defined in Example 4.1.

According to Theorem 3.1, we can know that system (18) is relative controllability when g(-, ) = 0.
Further, keeping in mind of (7), one can get

1947

GL1— Rit

o= yi-e T e 9(=1)
- fo ST RITTI D00 (s) — Gp(s)]s* s

_ ~0.7563 )
= n- [—0.4983]’ ek
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By using the selection form of the control in (6), we arrive at

RT (1 —1—t T (-1t 41 _
Kegh " e W0, 1]

u(t)

Ri(0.8-1) GO&050208 4
e 1( )g 08 WT [0,1]17

0.2,0.8
08-58 1
s TRy
((02 - 5)0'8
038
08-50%  1,06-5082 .1 ,(04-5)P83
08 il 038 ) +R1§( 0.8 )]

G (0.8-1)0-8.+0208

xeS~ o WI'0,1]n, 02 <t <04,
(08-95)"% . 1,0.6-5)082
05— *Ra("os )]

G (0.8-H08+0.208

xeC s W0,1]n, 0.4 <t < 0.6,

_ o\0.8 08,0208
(0.80 88) )] % eG(o.s 102402

0.8 0.8
G 0.8

FROL

0.6 —s)08
() R
3!

(0.4 — 5)°8
08 (o)

I+R
[ ! 0.8

R

4 -0-8.4020.8
i ) ]eGi‘” - WI0,1]n, 0 <t <02,

I+Rq

I+Ry

I+R; W;'[0,1]n, 0.6 <t < 0.8,

Ixe W;0,1]n, 0.8 <t < 1.

where Ry and W-![0, 1] are given in the above.

5. Conclusions

The purpose of this paper is to develop a controllability method for linear and nonlinear conformable
delay controlled systems with linear parts defined by permutable matrices. In order to achieve this purpose,
a representation of solutions is used with the help of a delayed matrix exponential. Such an approach leads
to new criteria for the relative controllability of our issues by constructing delay Grammian matrix and
applying fixed point method, respectively.

Acknowledgments

The authors are grateful to the referees for their careful reading of the manuscript and valuable com-
ments. The authors thank the help from the editor too.

References

[1] D. Ya. Khusainov, G. V. Shuklin, Linear autonomous time-delay system with permutation matrices solving, Study in University
Zilina 17 (2003) 101-108.

[2] J. Diblik, D. Ya. Khusainov, Representation of solutions of discrete delayed system x(k + 1) = Ax(k) + Bx(k — m) + f(k) with
commutative matrices, Journal of Mathematical Analysis and Applications 318 (2006) 63-76.

[3] D.Y. Khusainov, G.V. Shuklin, Relative controllability in systems with pure delay, International Applied Mechanics 2 (2005)
210-221.

[4] M. Medved’, M. Pospisil, L. Skripkovd, Stability and the nonexistence of blowing-up solutions of nonlinear delay systems with
linear parts defined by permutable matrices, Nonlinear Analysis: Theory, Methods & Applications 74 (2011) 3903-3911.

[5] M. Medved’, M. Pospisil, Sufficient conditions for the asymptotic stability of nonlinear multidelay differential equations with
linear parts defined by pairwise permutable matrices, Nonlinear Analysis: Theory, Methods & Applications 75 (2012) 3348-3363.

[6] J. Diblik, M. Fe¢kan, M. Pospisil, Representation of a solution of the Cauchy problem for an oscillating system with two delays
and permutable matrices, Ukrainian Mathematical Journal 65 (2013) 58-69.

[7] J. Diblik, D. Ya. Khusainov, M. Rtizickova, Controllability of linear discrete systems with constant coefficients and pure delay,
SIAM Journal on Control and Optimization 47 (2008) 1140-1149.



(8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]

[27]

A. Zhou, |. Wang / Filomat 37:9 (2023), 2659-2673 2673

J. Diblik, M. Fe¢kan, M. Pospisil, On the new control functions for linear discrete delay systems, SIAM Journal on Control and
Optimization 52 (2014) 1745-1760.

J. Diblik, B. Moravkova, Discrete matrix delayed exponential for two delays and its property, Advances in Difference Equations
2013 (2013) 1-18.

J. Diblik, B. Moravkovd, Representation of the solutions of linear discrete systems with constant coefficients and two delays,
Abstract and Applied Analysis 2014 (2014) 1-19.

J. Diblik, D. Ya. Khusainov, J. Bastinec, A. S. Sirenko, Exponential stability of linear discrete systems with constant coefficients
and single delay, Applied Mathematics Letters 51 (2016) 68-73.

A. Boichuk, J. Diblik, D. Khusainov, M. Rtzi¢kovd, Fredholm’s boundary-value problems for differential systems with a single
delay, Nonlinear Analysis: Theory, Methods & Applications 72 (2010) 2251-2258.

M. Pospisil, Representation and stability of solutions of systems of functional differential equations with multiple delays,
Electronic Journal of Qualitative Theory of Differential Equations 54 (2012) 1-30.

M. Pospisil, Representation of solutions of delayed difference equations with linear parts given by pairwise permutable matrices
via Z-transform, Applied mathematics and computation 294 (2017) 180-194.

J. Wang, Z. Luo, M. Fe¢kan, Relative controllability of semilinear delay differential systems with linear parts defined by permutable
matrices, European Journal of Control 38 (2017) 39-46.

Z. Luo, W. Wei, ]J. Wang, On the finite time stability of nonlinear delay differential equations, Nonlinear dynamics 89 (2017)
713-722.

C. Liang, ]. Wang, D. O’Regan, Controllability of nonlinear delay oscillating systems, Electronic Journal of Qualitative Theory of
Differential Equations 2017 (2017) 1-18.

M. Li, J. Wang, Exploring delayed Mittag-Leffler type matrix functions to study finite time stability of fractional delay differential
equations, Applied mathematics and computation 324 (2018) 254-265.

X. Cao, J. Wang, Finite-time stability of a class of oscillating systems with two delays, Mathematical methods in the applied
sciences 41 (2018) 4943-4954.

J. Wang, T. Sathiyaraj, D. O’'Regan, Relative controllability of a stochastic system using fractional delayed sine and cosine matrices,
Nonlinear Analysis: Modeling and Control 26 (2021) 1031-1051.

T. Sathiyaraj, J]. Wang, D. O’Regan, Controllability of stochastic nonlinear oscillating delay systems driven by the Rosenblatt
distribution, Proceedings of the Royal Society of Edinburgh Section A: Mathematics 151 (2021) 217-239.

X.Jin, J. Wang, D. Shen, Convergence analysis for iterative learning control of impulsive linear discrete delay systems, Journal of
Difference Equations and Applications 27 (2021) 739-762.

R.Khalil, M. Al Horani, A. Yousef, M. Sababheh, A new definition of fractional derivative, Journal of Computational and Applied
Mathematics 264 (2014) 65-70.

W. Chung, Fractional Newton mechanics with conformable fractional derivative, Journal of Computational and Applied Math-
ematics 290 (2015) 150-158.

A. Ortega, J. ]J. Rosales, Newton’s law of cooling with fractional conformable derivative, Revista Mexicana de Fisica 64 (2018)
172-175.

X. Wang, J. Wang, M. Feckan, Controllability of conformable differential systems, Nonlinear Analysis: Modelling and Control 25
(2020) 658-674.

G. Xiao, ]. Wang, Representation of solutions of linear conformable delay differential equations, Applied Mathematics Letters
117 (2021) 107088.



