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Abstract.In this paper, we present new bounds for the zeros of polynomials with numerical and matrix
coefficients and show that these bounds are effective and more accurate for polynomials that have small
differences between their coefficients. To get our main results, we apply the similarity of matrices and

matrix inequalities including the numerical radius and matrix norms. Finally, some illustrated examples
are given and discussed.

1. Introduction

Let M,,(C) denote the space of all n X n complex matrices, the eigenvalues of A € IM,,(C) are denoted by
A1 (A), A2 (A),...,Ay (A), and are arranged so that |41 (A)] > [A2 (A)] > ... > |4, (A)|. The singular values of

A € M, (C) are the eigenvalues of (A*A)%denoted by s1(A),s2(A),...,5:(A), arranged in decreasing order

and repeated according to multiplicity as s1 (4) > s, (A) > ... > s, (A). For A € M,(C), let r(A), w(A), and

lAll, be the spectral radius, the numerical radius and the spectral norm of A, respectively. It is well known
that

1) (A)] < HA) < wA) < JIAll = 51 (A) for j=1,2,...,n.

The Frobenius companion matrix plays an important role between matrix analysis and the geometry
of polynomials. It has been used for locating the zeros of polynomials by matrix methods. Some classical
bounds for the zeros of polynomials are Cauchy’s bound [15], Carmichael and Mason’s bound [5], Montel’s
bound [5] and Fujii and Kubo’s bound [6]. Others have provided bounds for the zeros of polynomials that
relied on matrix inequalities using the Frobenius companion matrix such as [1], [2], [3], [4], [11], and [13].

On the other hand, locating the zeros of polynomials with matrix coefficients is a very important topic,

which has attracted the attention of many researchers. Many bounds for the zeros of matrix polynomials
can be found in [5], [9], [10], [12], and [14].
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In this paper, we employ the similarity of matrices and matrix inequalities including the numerical radius
and matrix norms to derive new bounds for the zeros of polynomials.These new bounds are effective and
more accurate for polynomials that have small differences between their coefficients.

2. Bounds for the zeros of scalar polynomials

Throughout this section, let p(z) = z" + a,2" Y + a,.12""% + ... + ayz + a1 be a monic polynomial of degree
n > 2 with complex coefficients a3, ay, . .. ,a,, where a; # 0.
The Frobenius companion matrix of p is the n X n matrix given by

—dp  —0p-1 —a; -0
1 0 0 0
F(p) = 0 1 0 0
0 0 1 0

It is well known that the zeros of p are exactly the eigenvalues of F(p)[15]. Consequently, if z is a zero of p,
then |z| < r(F(p)).
Consider the invertible matrix

T FE

01 1 1 1

0 01 1 1 . 0 0 1 -1 0
B = ,where B! =

0 0 0 1 1 0 0 0 1 0

Do : Do : : q

00 0 0 1] 00 o o :

Define the matrix A as A = BF(p)B~!, which will be called the A-companion matrix of p. Thus, the matrix

[ 1-a, ay—ay1 dp-1—ay2 a3—ay ax—a;—11]
1 0 0 0 -1
0 1 0 0 -1
A= 0 0 1 0 -1
0 0 0 1 -1

is similar to F(p) and so they have the same eigenvalues.

To obtain new bounds for zeros of polynomials, we employ the similarity of matrices and matrix

inequalities. This will be accomplished by applying the

following lemmas which can be found in [7] and

[8]. Here, M,;x(C) denotes the space of all n X m complex matrices.

Lemma?2.1. Let T = [Tij] be an n X n block matrix with T;; € Mipxm; (C) and Zle m; = n. Then

. P
w(T) < %; w(Ty) + | (@X(Ti) + ; ||Tif”2 :

j#i
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Lemma 2.2. Let L, be the n X n matrix given by

00 ... 00
10 00
L,=]10 1 00
Do 0 :
00 10
Then w(Ly) = cos ;75.

Theorem 2.3. Let z be a zero of p(z) = 2" + a,z" ' + a,12" 2 + ... + 4z + ay. Then

1
1 T 5 - 2 v
|z|s§ 1+ ‘/§+|1—ﬂn|+COSn_1+J|ﬂ2—111—1| +;|aj—aj_1( + n—1+coszn_1 ,

where a,.1 = 1.

Proof. Partition the A-companion matrix of p as

Tin T T3
A=|Ta Tn T |,
T3 Tz T
where
T11—[1—ﬂn],T12=[ﬂn—ﬂn—1 Op1 = Ap2 .o ... 03—02],T13=[ﬂ2—611—1],
. 00 ..00 .
0 10 ...00 1
Tu=|0|Tn={0 1 00|, Tu=| 1],
: : 0 :
0 00 10 -1
and
Tn=[0],T=[0 0 ... 0 1] Tss=[-1].

Now, the definitions of the numerical radius and spectral norm with Lemma 2.2 imply

Tt
w(T11) = |1 = aul, w(T22) = cos ——, w(Ts) = 1,

n
2
T2l = Z |11j —aj-

=3
ITosl* = =2, Tall* = 0, | T2l = 1.

Using Lemma 2.1, then we have

2 2 2 2
ATl =laz —ar =117, IT2all” = 1,

1 (T + 0(T) + @) + \Jwd(Tn) + ITealP + Tl
2|+ \/wz(Tzz) + T2l + T3l + \/w2(T33) + 1Tl + | T3l

Tt

w(A) <

2
1=y +cos——+1+ \/|1—an|2+2';=3 laj —aja| +la2—ay - 1P

Tt

N

+ [ cos? 1+n—1+\/§

n—
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Using the fact that |z| < ¥(F(p)) = r(A) < w(A), we get

2
1+ \/§+|1—a,1|+cosn—’f1 + \/laz—al —1|2+Z?;r31 |aj—a]-_1|

1
2 +4/n—1+cos? I3 '

wherea,.1 =1. O

lz| <

Using the spectral norm of the A-companion matrix of p, the following theorem produces another bound
for the zeros of polynomials.

Theorem 2.4. Let z be a zero of p(z) = 2" + a,2" ' + a,_12" 2 + ... + 4z + a1. Then

lz| < \/1+ Vn—1+|a —m —1|2+27;r31 |aj—a]-_1

2
,where a,.1 = 1.

Proof. The A-companion matrix of p can be written as A = R+ S + T, where

[ 1_al’l ap —Ap-1 Ap-1 — Ap-2 L. a4z —ap ﬂz—al—l ]

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
0 0 0 0 0] 0 0 0 0 0
100 0 0 00 0 0 -1
010 00 000 0 -1
5=10 01 0 o|"™T=l0 00 0 -1
000 .. 1 0] 000 ... 0 -1]

Since RS = R'T = S'R = §'T = T'R = T*S = 0, the triangle inequality, together with the fact that A|? =
|A*All, yield

JAIP = [RR + S°S + T*T|| < |IR*R| + IS*SI| + IT*T] .
However, with a few basic calculations, we have
- 2
IR'RI=11= a5 + Y [aj - aja| +1as — a1 = 17, 18" = 1and | T'T)| = V=1,
=3

So,
n
AR <11 -+ ) [aj—aia[ +l—ar — 1P +1+ V= 1.
j=3

Since |z| < r(E(p)) = r(A) < ||All ,we have
|Z| < \/1 + Vn—-1+ |a2 —-a) — 1|2 + 27:—31 |Ll]' —aj-1

2
,where a,.1 = 1.

O
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Remark 2.5. Despite the fact that the numerical radius of a matrix A is smaller than or equal to its spectral norm
and the bound in Theorem 2.3 was derived based on the numerical radius while the bound in Theorem 2.4 was derived
based on the spectral norm, the last bound is sometimes better than the first one for specific polynomials. For example,
if z is a zero of the polynomial p(z) = z° + 6z* + 52° + z + 2, Theorem 2.3 gives |z| < 8.8 and Theorem 2.4 gives
|z| < 7.6 while if z is a zero of the polynomial p(z) = z'° + 2% + 328 + 627 + 22° + 42° + 42° + 222 + 6z + 1, Theorem
2.3 gives |z| < 8.3 and Theorem 2.4 gives |z| < 10.2.

In the following two theorems new bounds for the zeros of polynomials are obtained directly by
calculating the maximum column sum matrix norm||.|l; and the maximum row sum matrix norml|.|,, for
the A-companion matrix and using the fact |/\ j (A)) < N(A) for any matrix norm N(.).

Theorem 2.6. Let z be a zero of p(z) = 2" + a,2" ' + 4,122 + ... + axz + a1. Then
|zl <max{l+|1—a,l,1+|a,—ayl,...,1+az—az|,(n—1) + |ay —a; — 1]}.

Theorem 2.7. Let z be a zero of p(z) = 2" + a,2" ' + a,-12" 2 + ... + 4z + a1. Then
1
|z| < max {2, lap —aq — 1| + Z;?; (aj —-aj

}, where a,.1 = 1.

It should be mentioned here that these new bounds are effective and more accurate for polynomials that
have small differences between their coefficients.

Example 2.8. Consider the polynomial p(z) = z° + 6z* + 72> + 822 + 9z + 10. Then the upper bounds for the zeros of
this polynomial estimated by different mathematicians such as Cauchy [15], Carmichael and Mason [5], Montel [5],
Fujii and Kubo [6], Kittaneh and et al. ([11], Theorem 2.9), Bhunia and Paul [4] are as shown in the following table

Bound Value
Cauchy 10
Carmichael and Mason | 18.1934
Montel 20
Fujii and Kubo 12.9489
Kittaneh 10.2647
Bhunia and Paul 13.09

but if z is a zero of the polynomial p(z), then Theorem 2.3 gives |z| < 7.9497, Theorem 2.4 gives |z| < 5.9161,Theorem
2.6 and Theorem 2.7 give |z| < 6 which are better than all estimates mentioned above.

3. Bounds for the zeros of polynomials with matrix coefficients

In the preceding section, we have established bounds for zeros of scalar polynomials. In this section,
we shall give bounds for zeros of polynomials with matrix coefficients using numerical radius inequalities.

Consider the monic polynomial P(z) = Iz" + Az Y+ A" 2+ .+ Agz+Aq, where A1, Ay, ..., Ay €
M,,(C). The Frobenius companion matrix of P is the nm X nm matrix given by

Ay —Ap ... Ay A
I 0 ... 0 0
FP)=| 0 I . 0 0
0 0 I 0

A complex number z is called a zero of P(z) if there is a non-zero vector x € C" such that P(z)x = 0. As
in the case of numerical coefficients, the zeros of P(z) coincide with the eigenvalues of F(P)[5]. Thus, if z is
a zero of P(z), then |z| < r(F(P)).
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To obtain our estimate for the zeros of P, consider the invertible matrix

R | (1)_11_018 8
o1 1 1 ...1
— 00 I I .. 1 = 0 0 I -I 0
B= , where B~ =
00011 .. 1 00 0 I 0
0000 .1 oo
) : L0 0 0 0 ... I |
Define the A-companion matrix of P as A = BF(P)B~!. Thus,
[ [— Ay An—An1 Ap1—Anon ... As—Ay Ay—A1—1]
I 0 0 0 -1
— 0 I 0 0 -1
A= 0 0 I . 0 -1
0 0 0 I -1

It is well known that A and F (P) have the same eigenvalues. So,

2] < HA) < w(A).

2966

To achieve our goal of finding new bounds for the zeros of P, we obtain an estimate of the numerical

radius of A by using the following lemmas that can be found in [10].

Lemma3.1. Let T = [Tij] be an n X n block matrix with T;j € My,xuj(C) and Y, m; = n. Then

w(T) < w({t;)),
where

_ 0 Tj
t1] = ZU(|: T]z 0 ])

In particular, t;; = w(Ty) fori=1,2,...,n.

Lemma 3.2. Let L, be the n X n block matrix given by

[0 31 0 ... 0]
ir o 41 ...0
L,=| 0 i 0
Do ’1'. i
[ 0 0 i1 o |

Then the eigenvalues of L, are A; = cos ;leforj =12,...,n

Theorem 3.3. Let z be a zero of P(z) = Iz" + Apz™ ' + Ap12™ 2 + ...+ Az + A;. Then

1+ cos 5 +w(l—Ap) + \/wz(l —An) + 2?1:_11 ‘”7|2

1
| | = 2 1 2 1 m-1 2
m+ m+ fud -
+ \/]_ + = + |ﬂ1| + \/T + cos2 R |ﬂ]‘

2 I 0

whereaj= Al J=23,....,m=2,ay 1 :w([ 0 Aw=Ana ])ﬂndﬂl = w'



Proof. For any two matrices X,Y € M,,(C), let Txy) = [

w(A) < w(S),
where S is the matrix given by

w(l = Ap)
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0
Y 0

W(Ta,-Ana ) W(T(Ay1-An20)

w(0)
w(T,-1)

]) and ay = M.Toﬁnd w(S) we need to

1/2

1/2

1/2
1

W(TaA,-A,1)) w(0) w(To,n)
6 W(T0,4, 1-An)) w(T1,0) w(0)
w(T(0,4,-4,-1) w(To,-1) w(T(o,-n)
. 0 A|)_ 0 01)_ 1Al
Using the fact that w([ 0 0 ]) = w([ A 0 ]) =
[ w( —Ap) Gm-1 Ap-2  Am-3 ay
P 0 12 0 172
ano 12 0 12 1/2
5= Am-3 0 1/2 : !
: : : 0 1
@ 12 1)2 1 1
_ A=Al _ 0 Ap—-Aua
whereaj = 5 i =2,3,. . m =2, =W I " 0 "
partition the matrix S as
Tin T Tis
S=|Tun Tn Txn |,
T3 Tz T3
where
T =wl —Ap), T2 = [ -1 Am—2  Om-3 a ], Tz =[m],
-t 102 162 102 8
Ao / /
Ty =| 43 |, Tp=| 0 1/2 0 ,Toz =
: : : : 1/2
a2 0 0 1/2 0

T3 =[m], T = [ 1/2

1/2

1/2 1 ],T33 =[1].

X ] . Applying Lemma 3.1 on A, we get

W(T(Ar-4,-10)) ]
w(T(-1,0))
w(T(-1,0))

w(T;—I,I))
w(-=I)

2” for every A € M,,(C), then we have

Now, the definitions of the numerical radius and spectral norm with Lemma 3.2 imply

T
w(T11) = w(l — Ap), w(T22) = cos mrw(Tss) =1,

m—=1

2
1Tl = ) |a;
=2

) m—1
2 2 2
Tl = lar P Tl = ) oy
=2

2

7
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m+1

m+1
4 7 '

2 2 2
IT31]° = la1]°, I T32ll” = 1

2
IT2s]|° =

Applying Lemma 2.1 on the partition of S, we have

) < 1[ ) + () + 0(T) + AT + [TalP + [ TrslP+
2 \/wz(Tzz) + || Tl + [ Tosl* + \/wZ(T33) + T3l + || Tzl
Tt 5 m—1 2
1 w(l = Ap) + 1+ cos — 7 + \/w (I—-Ap)+ ijl |a]~|
- 2 i 12 m+1l s m+1
\/COSZn—l + X5 )aj| et \/1+|a1| 7

Since |z| < r(F(P)) = r(g) < w(g) < w(S), the proof is completed. [J

4. Conclusion

We have established new effective more accurate bounds for the zeros of polynomials that have small

differences between their coefficients by employing the similarity of matrices and matrix inequalities in-
cluding the numerical radius and matrix norms. It is worth noting that our results can be used in many
applications in geometry and matrix analysis.
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