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Large diffusivity and rate of convergence of attractors in parabolic
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Abstract. In this paper, we are concerned with the rate of convergence of parabolic systems with large
diffusion. We exhibit the exact moment that spatial homogenization occurs and estimate the continuity of
attractors by a rate of convergence. We present an example where our estimate is optimal.

1. Introduction

Many reaction-diffusion equations originated by models of heat diffusion do not display the creation
of stable patterns, that is, stable solutions that are not spatially dependent in an adequate limit process
involving parameters. Diffusive processes where solutions have this spatial homogenization have been
studied in the works [6] and [7].

Here, we consider a system of a parabolic equation with large diffusion in all domain in which the
limiting problem is an ordinary differential equation in R". More precisely, we will impose conditions in
the limiting ODE system to ensure that the PDE has global attractor converging to the limiting attractor
with a precise rate of convergence. Hence in this paper, we generalize some results obtained in the above
works presenting an estimate of how fast can be spatial homogeneity and exhibiting the exact moment that
this phenomenon occurs.

To state our results let ) be a bounded open set in RN, N < 3, with boundary I' = dQ smooth, and
consider the system of reaction-diffusion equations of the form

Jut

& _ € £ _ €
uy —EAu® +u® =F(uf), t>0, xe(, 1)
57 =0, t>0, xeT,

where u¢ = (ui, wouy) € R, n > 1, E = diag(ey, ..., €n), withg; 2mg > 0,i=1,..,1, 1l is the outward normal

vector to the I’ and % = (<Vui, ﬁ) , ..., {Vui,il)). We assume that the nonlinearity F : R" — R" is bounded
and continuously differentiable and satisfies other hypotheses stated later.
We will see when d, := ‘nlﬁn g; — oo the solutions of (1) converge to a solution of the following ordinary
i=1,..., n
differential equation

() + u™(t) = F(u™(t)), 2)
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where u®(t) € R" and we have assumed with loss of generality |Q] = 1, where [Q)] indicates the Lebesgue
measure. In fact, if we integrate (1) on Q2 and if we use d; — co means that the diffusion is large in € then,
the spatial variable tends to disappear in the limit process. Thus, we can assume u*(t, x) — u>(t) in order
to obtain 1 (t) + u®(t) = |QI"'F(u*®(t)) := Fu™(t)).

We will see in next section that under standard conditions that we affirm later the equations (1) and

(2) are globally well-posed in a Hilbert space Xé%. and R" respectively. Moreover, the nonlinear semigroup

1 1
generated by its solutions have a global attractor A, C X; and A, C R". We consider R" embedding in X;
as the constant functions, the main result of this paper states

du(A,, As) < %, 3)

for d. in a appropriate bounded interval, where dy denotes the Hausdorff distance between sets in Xé and
C denotes a constant independent of d..

Surprisingly, the spatial homogenization due to large diffusion makes the dynamics of (1) and (2) equal
to a finite parameter. In fact, it was showed in [7], for d, sufficiently large we have A, = A.. This equality
means that all equilibrium points and connections between them are preserved for d, sufficiently large but
finite. Our second result will be to calculate the upper limit value u to bound d,. Therefore, (3) ensure the
continuity of the family {A.}. as ¢ — u~. The w—limit set of every solution of (1) lies in a bounded set of IR"
and it must be a union of invariant sets of (2) which belongs to this bounded set. But, such invariant sets
must belong to A and it is clear that for d. sufficiently large this bounded set will be A, = Ao.

But we go further, we will show the existence of an invariant manifold M, for (1) containing the global
attractor A,. Notice that trivially IR” is a invariant manifold for (2) containing A.. We will show that, in
some sense, M. approaches IR" with the same rate 1/ Vd,.

The values of A such that

& 4
. — xeT, @

ot~

{EAu" +ut=Auf, x€Q,

has non-zero solutions are called eigenvalues. We will see that they are real numbers and can be ordered in
the following way {1 < A < A3,...}. Moreover we have A — co asd, — oo for j > 2. Thus we can consider

the spectral projection Q. whose image can be identified with IR". We will prove that

C

S_

_P 1 ,
1 =Pl by <

where C is a constant independent of d. and P denotes the average projection on Q).
An interesting question arises when we ask if the exponent —1/2 in the above estimate is optimal. We

will exhibit an example where the convergence of resolvent operators in exact Cd;%. Our third result is
to show that this convergence of resolvent operators will imply the convergence of global attractors and
invariant manifolds.

This paper is divided as follows: in Section 2, we present the functional phase space to deal with (1)
and (2) and we state conditions to ensure the existence of global attractors. In Section 3, we make precise
in what sense the spatial homogenization occurs. In Section 4, we deal with the spectral convergence and
we obtain a rate of convergence for the resolvent operators. In Section 5, we prove the main result of this
work concerning to rate of convergence of attractors.

2. Functional Setting

The phase space to deal with the system of reaction-diffusion equation as (1) is generally the Sobolev
space H 1 (€, R"), but since we have the diffusion coefficient as the parameter ¢; is natural to consider a metric
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with some weight. We use the fractional power spaces associated with sectorial operators. They play a key
role in the theory of the existence of solutions to nonlinear partial differential equations of parabolic type
and in the analysis of the asymptotic behavior of its solutions.
Consider the operator A, = diag(Aj, ..., An), where A; : D(A;) C L2(Q) - LX(Q),i=1,..,n,is given by
{D(A,-) =lp e H'(Q): 22 =0, onT),

, e ®)
Aip = —¢iAp + .

Let A be the fractional power of operator A; and denote X its fractional power space endowed with the

graph norm. If N < 3 and ?I < a <1, according to [8], we have X{ — HY(Q,R) N L*(Q, R) with continuous
inclusion and

D(AZ) = X2 x---x X2 = HY(Q,R"). ©6)

Thus we take as phase space for (1) the space X:E. := H(Q, R") with the inner product given by

{p, 1P>X% = LEV@ledx + L(pyl}ds, P, eXz, 7)
and we rewrite (1) in the abstract form

uy + Acut = f(:f), t>0,
ut(0) = ufy € X7,

where f : Xé — L%(Q,R") is given by f(u)(x) = F(u(x)), for u € Xé%

To obtain the well posedness and existence of the global attractor for equation (8), we need to impose
some growth and dissipativeness conditions, these conditions are statement in [1, 2] and [9]. Let F =
(fi, -+ fu), and recall that Q ¢ RN, N < 3.

(i) Growth condition. If N = 2, for all 7 > 0, there is a constant C;, > 0 such that
fi(w) = fi@) < Cyle™F + e"FYu o), i=1,..,n,
and if N = 3, there is a constant C > 0 such that

|fl(u) - fl(v)l < C'”i - vi'(luilp_l + |vi|p_1 + 1)r i= 11 w1,

wherep <1+ ﬁ, u=(u,..,u,)and v = (v, ..., 0,).
(ii) Dissipativeness condition

fi(u)

lim sup — < 0,i=1,..n.

|u|—00 Ui

The theory of well-posedness of abstract parabolic problems that enable us to study (8) is developed

in [2] and [9]. Results in local well-posedness in the energy space X é are obtained due to the fact that A,
generates a strongly continuous semigroup and in addition, f; is continuously differentiable satisfying the
above growth condition (i). To show that all solutions of (8) are globally defined, we need to impose the

1
above dissipativeness condition (ii). Thus, for each initial date u{ in X?, the equation (8) has global solution
through u§. This solution is continuously differentiable with respect to the initial data and it is a classical
solution for t > 0 satisfying the variation of constants formula. Moreover, (8) has global attractor uniformly

boundedine¢;,i=1,...,n.
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1
Thus, the solution u*(t, u;) of (8) through uj € X? is well defined for positive time f > 0 and the nonlinear
semigroup defined by T.(t)uj = u‘(t, ug) satisfies the variation of constants formula

t
Te(tyus = e~ 'uf + f e M) f(To(s)us) ds, t> 0. 9)
0

1
Moreover, there is the global attractor A, € X? such that

sup |[ullr~qry < K,
UeA,

for some constant K independent of ¢ (see [2] and [9]). Here ¢~

infinitesimal generator is —A,.

The equation (2) is well-posed in IR” since F is continuous with Lipschitz continuous first derivative.
Moreover if we assume that F satisfy the above dissipativeness conditions (ii) then (2) has solutions defined
for all time and a global attractor A, C R".

<! is the strongly linear semigroup whose

3. Asymptotic Behavior

Once the problem is well posed in the energy space X:E., we will prove that the ordinary differential
equation (2) will describe the asymptotic behavior of (1). For this, we take 6 > 0 sufficiently small and
define the spectral projection Q. : L*(QQ, R") — L%(QQ, R"), given by

Q.- = f (€ + A de. (10)
[E+1]=0

- 27

Thus, the eigenspace QSXE% is isomorphic to R". In fact, the operator A, has compact resolventand 1 € o(A;)

1
is its first eigenvalue, thus Q. is well defined projection with finit rank since Q.X? = span[p]], where
@] = (P}, -, Py,) is the first eigenfunction of A, associated with the eigenvalue A = 1.

With the aid of the projection Q., we can decompose the phase space X g% in a finite-dimensional subspace
and its complement. This decomposition will allow us to decompose the operator A, in order to obtain
estimates for the linear semigroup e~ restricted to these spaces in the decomposition. Let us show how
to obtain the explained above.

In what follows we denote L? = L2(Q, R").

Lemma 3.1. Let Q, be the spectral projection defined in (10). If we denote Y, = QKXE and Z. = (I - QE)XS% and
define the projected operators
A: = Ag|y£_ and A; = Ang{,

then the following estimates are valid,

(i) lle=d'zl| ; < Me @M+ Diig)| 0 t>0, zeZ,
X2 X2

(ii) le™A7tz|| ; < Me @Mt D3| 1z]2, t>0, z€Z,
X

1
2
¢

where —A4 is the first nonzero eigenvalue of the Laplacian with homogeneous Neumann boundary conditions on Q
and M is a constant independent of d..

Proof. The operator A, is positive and self-adjoint. If we denote its ordered spectrum o(A.) = {1 < A; <...}
and {p], @5, ...} the associated eigenfunctions, for z € Z. we have

(o]

el = e A1 - Q.)z = Z e ! <z, (Pf>Lz ¢, >0,

i=2
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but A5 < A¢ implies e™%! < ™% for t > 0. Thus
_ e 2 % :
At —2A5t A2 e\ ~Agt
ety < (e Y (z0) . A) < Me: lell 4, t>0.
€ i:z (3

The function f(n) = e~2"n attains its maximum at = 1/2¢, ¢ > 0. Then,

etz , <
X2

B e-Aif(Aé)%|!z||Lz, 1/2t < A5,
e M2 27|zl 1/2 > AS.

The result follows by noticing that A =d.A1 +1. O

1 1
Now, we consider the decomposition X7 = Y. ® Z. we have Y, ~ R" and Z, = {p € X7 : (¢, @);» =
0, ¥ € Y.}, with

(P, ). = Lgo(x)gb(x) dx, @€Y, YeZ,

where ¢ is a constant map. Thus, ¢ € L*(Q,IR") and the above integral is well defined for all ¢ € XS% .

1
Hence, if u(t,-) € X2 is a solution of (1), it can be written as u(t, x) = v(f) + w(t, x), where v € Y, and w € Z,
satisfy

o(t) = f u(t,x)dx and fw(t,x) dx=0, t>0.
Q Q

Moreover,
v(t):fut(t,x)dx:fEAu(t,x)—u(t,x)derfF(u(t,x))dx
Q Q Q
= - F ,X))d
v(if)+fQ (v(t) + w(t, x)) dx

and

wi(t, x) = u(t, x) — 0(t)

= EAu(t, x) — u(t, x) + F(u(t, x)) — f F(o(t) + w(t, x)) dx + v(t)
Q
= EAw(t, x) — w(t, x) + F(v(t) + w(t, x)) — f F(u(t) + w(t, x)) dx.
Q

Therefore, we can write every solution of (1) as a solution to the problem

v+v=S@w), t>0,
wy— EAw+w=Q(v,w), t>0, xeQ,

11
E% =0,t>0, x€T, D
w(0) = wy € Z,
where
S(w,w) = [,Fo+w)dx, veY, weZ, a2
Q(v,w) = F(v +w) — fQ Fo+w)dx, veY, weZ.

It is expected that for d, sufficiently large the part w(t, x) in (11) will not play an important role in the
asymptotic behavior and, in that case, the limiting equation should be

() + u®(t) = Fu™(t)), (13)
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where we have used the notation u* = v and we have taken w = 0 in (12). In fact, the next Theorem
inspired by the Theorem 1.1 in [7] shows that w(t, x) and g(t,v + w) = F(v + w) — S(v, w) = Q(v, w) goes to

zero exponentially as f goes to infinity in the energy space Xg% when d, is sufficiently large.

Theorem 3.2. Let Q be as in the definition (12). Then there is a positive constant C independent of d. such that
IQ@(#), w(t)ll> < Ce @M= and  [lwo(b)ll, < Ce™@MH=HY,
where u = (ZMF(%))2 and M is given by the Lemma 3.1.

Proof. Note that S(v,0) = F(v), Q(v,0) = 0and S, Q are continuously differentiable with Q,(0,0) = 0 = 5,(0,0),
thus there is p > 0 such that for v,7 € Y, and w, @ € Z,,

1Q@, w)ll> < p,

1Q(, w) = Q@ @)lli2 < p(llv = Dlly, + llw = Dllz,).

Thus
1Q@, w2 < pllwllz,, v€Ye, weZ,.

Hence, we need to estimate |[w]|z, .
We use the variation of constants formula to write

uw=e<m+f A9 Q(o(s), w(s)) ds.
0

Using the estimates from the Lemma 3.1, we have
g 1
e(d*/hﬂ)t“w(t)uzz < MHwO”Z, + Mf (t— S)—Qe(ﬂl&/\1+1)5”w(s)||Zl ds,
0

and by Gronwall’s inequality (see [4] pag 168), we obtain for u = (2MI( % 2,
lw(B)llz. < 2Mlfwp|lz, e~ @M+t

O

Now, we rewrite the ordinary differential equation in (11) as o + v = F(v) + [S(v, w) — F(v)]. It follows
from Theorem 3.2 that for d, sufficiently large, the asymptotic behavior of (1) is determined by the ordinary

differential equation (13). Thatis, if d;.A; > y—1 then the solution u(t, 1) of the problem (1) through 1 € Xé
at t = 0 satisfies

It o) = o)l y < Ke e Aot 25 0, (14)

where v(t) is the average of u(t, up) in Q. Since the equatlon (13) has global attractor A, C IR" and we are
understanding R" as the subspace of constant functions in X ,wehave Ay a compact subset in X ? invariant

under T,(-) and it follows from (14) that A attracts under T.(-) bounded set in X j , hence A = Ay, when
d.Ay > p—1, where uy = 2MI'(3))? and o = (u — 1A
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4. Spectral Convergence

In what follows we prove the convergence of the resolvent operators and we obtain estimates in the

_1
convergence of the spectral projections Q.. We establish that the rate for these convergencesisd, *.
We saw that the operators A, and A, work in different spaces. The operator A is the identity in R"

1
that can be understood as the space of constant functions in X?. Thus, we need to find a way to compare
functions between these spaces. The abstract theory that can be used to compare linear problems in different
spaces is developed in [3] and named E-convergence. In this context, we consider the inclusion operator

1 1
i:R" — X? and the projection P : X? — R" given by the average in Q,

1 1
Pu=— | udx, ueX:2.
1Ql Ja ‘

Notice that P can also be considered as an orthogonal projection acting on L? onto IR".
We have seen in the previous section that A, is an invertible operator with compact resolvent. The next
result shows that the resolvent operator approaches the projection P uniformly in the operator norm.

Lemma 4.1. For g € L*(Q,R") such that ||gll2rry) < 1, let u be the weak solution of the elliptic problem A.u = g.
Then there is a positive constant C independent of d. such that

I~y <G, (15)

where u™ = Pyg.

Proof. We denote u* (”1' uy,), u® =y, ..., uy) and g = (g1, ..., gn), fori = 1,...,n. Since (6) holds we can
only consider one component uf. Then

feNusgodx+fuf<pdx=fngpdx, ¢ € H(Q); (16)
0 Q Q

fuf"lpdx:fpgilpdx, Y eR.
Q Q

f eiIVuflz dx + f u; (u —u*)dx = f gi(u; — u®) dx;
Q Q Q
f u(Puj — u®)dx = f Pgi(Pu; — uj”)dx,
Q Q

fgi(uf—uf")dx—ngi(Puf—uf")dx:fgi(I—P)ufdx
0 Q Q
fei|Vuf|2dx+fuf(uf—uf")dx—fu (Pui = u®)dx = ||u; — u; ®|2 .

Q Q 0 X2

i

Thus

which implies

and

Therefore

I a7l < [ = pria

By Poincaré’s inequality for average, we have

f |gi(I — Pyus|dx < ||gi||L2(f Vi ? dx)i’
0 0
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but
fquglz dx < [ju; — u; ||21.
2

Put these estimates together we obtain (15). [

1
Remark 4.2. When we work with large diffusion the norm in X2, in general, is equivalent to the norm of H but this
equivalence is not uniform, indeed it follows from (7) the following inequalities

2 2 2
ol < WP y < ma el
Z

......

Hence estimates in the Sobolev spaces H' does not give suitable estimates in the half fractional power space Xé , since
de < maxi=1, afei} = c0asd, — oo.

Notice that by Poincare’s inequality we can obtain a better estimate if we work in H', that is, ||u® — u® ||y < Cd1,
for some constant C independent of d..

1
Hence, it is clear that due to the non-uniformity in the norms we have some loss when we consider XZ-norm than
H'-norm. This can be seen in the following example.
Consider the one-dimensional elliptic problem

—elyy = cos(2mx), x € (0,1),
uy(0) = 0 = uy(1).

We have ut(x) = %% and u® = 0. Thus
1
1 sin(27mtx
A R e e
x2 o '€
where C is a constant independent of .

The Lemma 4.1 determines the natural quantity that will be used to study the convergence of the

dynamic of the problem (1) when ¢ is approaches i = (u — 1)A;!. The rate of convergence is given by dj
that goes to zero as d, goes to infinity. In fact, if we denote u¢ = A;'g then uf is the weak solution of the
elliptic problem A.u¢ = g and since g is an arbitrary map in L?, we obtain by Lemma 4.1,

—

Al - P <Cd,?. 17
IAZ =PI L g < Cd, (17)
This estimate imply with the compact convergence in [3] and [5], that is the operator A;! converges
compactly to AP = P.

Notice that, if we take ¢ = 1 as a test function in (16), we have u® = Pu¢, hence (15) shows that u*

1 -1
converge for its average in X? and this rate of convergence is d. *.

Now we will see how the convergence of the resolvent operators implies the convergence of the eigen-
values and spectral projections defined in (10). We have by Lemma 4.1,

1 -
Qe =PIl 1 <-— IE+A)™ = (& +D7'P| y dE<Cd,”. (18)

La2x2) 21 Jyery=s L2, X2)

—

Since A = I in R" we can denote Qw = I, in other words, Q. converges to Q;!P = P. Note that since the
operator A, has compact resolvent, the spectral projection Q, is a compact operator. Thus, for d, sufficiently

1
large, the eigenspace W, = Q.X? has dimension dim(W,) = dim(IR") = n. Moreover, the eigenvalues /\f,
i > 2 goes to infinity as d, goes to infinity. The last property was used implicitly in the last section when we
guessed the limiting ordinary differential equation.
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Lemma 4.3. Let A, the operator defined in (5) and let 0(A;) = {1 < A5 < A,...} its ordered spectrum. Then
AS —ooasd, = coand j = 2.

Proof. Assume that there is R > 0 and there are sequences ¢x — o0 as k — oo and {/\;"}k, j = 2, such that,
/\;k € o(A,,) and Mj?k | < R. We can assume /\Jg.k — A. Let u;?k be the corresponding eigenfunction to /\j." with

IIujfk ll_y =1 Then u;k = A;kA;klu;k . Since A,, converges compactly to AZlP, we can assume u;k — u as
X
ek
& — oo for some u € R". Thus
& _ & A-1, &k -1
ut = /\j A, ut = MG,
as ¢ — oo. Since u;fk —u,wegetu= AAZlu, which implies A € 6(Aw), thus A =1 and )\]‘g." — las e — oo,

j =2, whichisanabsurd. [J

5. Converge of Attractors

In what follows we will consider d, € [my, i], where fi = (u — 1)A;*. We have seen that A, = A = Ay
for d. > fi. Thus, we are concerned about what happens when ¢ approaches fi to the left. We will see that
the family of attractors {A.} with ¢ € [my, fi] is continuous as ¢ — [ and this continuity can be estimated by

a rate of convergence given by d;% that goes to zero when d, goes to infinity. Since Y, is isomorphic to R”
and their norms are uniformly equivalent (by (7)) we will consider Y, = R".

In order to obtain estimate for the convergence of the attractor A, of the equation (8) to the attractor A,
of the (13) as d. — [1 following the results of the [5], we assume the nonlinear semigroup T« () generated
by solutions of the (13) is a Morse-Smale semigroup in IR”. More precisely,

t
To(huy = et + f e AT (s)uy) ds, t>0, uy €R”, (19)
0

where A, = I denotes the identity in R” and if we denote & the set of its equilibrium points, then it is
composed of p hyperbolic points, that is,

o ={p €R" 1 Ap — F(p) = 0} = {u", ..., u,"}, (20)

where the spectrum set 0(Ac —F'(u;"))N{p € R" : [lpllr = 1} = 0,i = 1,...,p. Moreover, Te(") is dynamically
gradient (see [4]),

p
A = U WH (1), (21)
i=1

where W"(u>") is the unstable manifold associated to the equilibrium point in E. and for i # j the local
unstable manifold W} (1;°") and the stable manifold Ws(u;.’o’*) has transversal intersection. We notice that
the Kupka-Smale theorem for ODEs ensures that this situation is generic, in the sense that this must occurs in
the most interesting cases. Thus our assumptions about hyperbolicity and transversality are not restrictive.

We will study the problem (1) as a small perturbation of (13) and the continuity of attractors will be
considered the assumptions above enable us to obtain the geometric equivalence of phase diagrams when
¢ approaches fi. This property is known as geometric structural stability and it is the main feature of
Morse-Smale problems. In this way, we are under the conditions described in [5], where results about the
rate of convergence of attractor for Morse-Smale problems were obtained. More precisely, it is valid the
following result.

Theorem 5.1. Let K., € > 0 be a family of separable Hilbert spaces such that Ky < K, and dim(Ko) = n. Suppose
B, is a self-adjoint positive and invertible operator and consider the following evolution equation

ué + B.u® = h(u®), t >0,
{t ) 22)

1
ut(0) = ug € K¢,
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1 1
where K is the fractional power space associated with B. (Y = R") and h is a bounded Lipschitz function. Assume
that there is a increasing function t(e) such that ©(0) = 0 and

B!~ EBg'M.ll |y < Cre), (23)

erde

1 1
where E, : Ky — KZ and M, : K2 — K are bounded linear operators and C is a constant independent of €. Then there
is an invariant manifold for (22) given by a graph of a Lipschitz function k such that sup, ..y llk: (ué)ll y} < Cr(e).

Moreover if (22) with € = 0 generates a Morse-Smale semigroup and if there is the global attractor B,, for (22) with
e >0, then
dH(BSI BO) < CT(E)'

Now, we can state the main result of this paper.

Theorem 5.2. For d. € [my, fi] there is an invariant manifold M. for (8), which is given by graph of a certain
Lipschitz continuous map s : R* — Z, as

1
M. =t € XZ 5 ut = Qeu’ +5.(Qeu)}-
The map s : R" — Z; satisfies the condition

_1

Is:l = Suﬂg,llsg(vf)ll y <Cd.?, (24)

for some positive constant C independent of d.. The invariant manifold M, is exponentially attracting and the global
attractor A, of the problem (8) lying in M.. Moreover, the continuity of the attractors can be estimated by

C
dy(A:, As) < —.
H( ) T

Proof. 1f we define 7(¢) = 1/ Vd,, then 7(¢) is a increasing function such that

7(0) = hm 1/ \/_ 0.

E—)OO

1
We take Ay as identity in IR", E, as the inclusion R" < X? and M, = P: L2 > R" the average in Q, then by
(17) we have

-1 _
1A =PI, g < Cre),

Thus all conditions of the Theorem (5.2) are satisfied. [

References

[1] J. M. Arrieta, A. N. Carvalho, A. Rodriguez-Bernal, Parabolic problems with nonlinear boundary conditions and critical nonlin-
earities, Journal of Differential Equations 156 (1999) 376-406.

[2] J. M. Arrieta, A. N. Carvalho, A. Rodriguez-Bernal, Attractors for parabolic problems with nonlinear boundary bondition.
Uniform bounds, Communications in partial differential equations 25 (2000) 1-37.

[3] A.N.Carvalho, S. Piskarev, A general approximation scheme for attractors of abstract parabolic problems, Numerical Functional
Analysis and Optimization 27 (2006) 785-829.

[4] A.N. Carvalho, J.A. Langa, J.C. Robinson, Attractors for Infinite-Dimensional Non-Autonomous Dynamical Systems, Springer,
2010.

[5] A.N.Carvalho, L. Pires, Rate of convergence of attractors for singularly perturbed semilinear problems, Journal of Mathematical
Analysis and Applications 452 (2017) 258-296.

[6] E.Conley, D. Hoff, ]. Smoller, Time Behaviour of solutions of systems of nonlinear reaction-diffusion equations, SIAM Journal on
Applied Mathematics 35 (1978) 1-16.

[7] J. K. Hale, Large diffusivity and asymptotic behavior in parabolic systems, Journal of Mathematical Analysis and Applications
118 (1986) 455-466.

[8] Dan Henry, Geometric Theory of Semilinear Parabolic Equations, Springer-Verlag, Lecture Notes in Mathematics, 1980.

[9] R.Willie, A semilinear reaction-diffusion system of equations and large diffusion, Journal of Dynamics and Differential Equations
16 (2004) 35-64.



