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Exponential stability of second-order fractional stochastic
integro-differential equations
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Abstract. In this paper studies the exponential stability result is derived for the second-order fractional
stochastic integro-differential equations (FSIDEs) driven by sub-fractional Brownian motion (sub-fBm). By
constructing a successive approximation method, we present pth moment exponential stability result of
second-order FSIDEs using stochastic analysis techniques and fractional calculus (FC). At last, an example
is demonstrated to illustrate the obtained theoretical result.

1. Introduction

FC was introduced around the nineteenth century by great mathematicians Riemann and Liouville. The
theory of FC is a generalization of the integer order calculus specified by Leibnitz and L'Hospital in 1695.
It has become expeditiously burgeoning area in optics and signal processing [16], electrical networks [31]
and fluid flow [48]. In recent years, there has been a significant development in FC. Hence, there is a grow-
ing need to find the qualitative behaviors of the fractional differential equations (FDEs), for more details
interested readers may refer the monographs [18, 20, 25, 28, 34, 40], articles [1-4, 6,7, 9, 13, 30, 36, 38, 39, 41—
43, 45, 51] and references cited therein. The concept of semigroups of bounded linear operators is taken
as an important concept for dealing differential and integro-differential equations in infinite dimensional
spaces (see, [1-3, 6]). On the other hand, in numerous mathematical models of real world or man made
phenomena, we are led to dynamical systems which involve some inherent randomness. These systems are
called stochastic systems. Stochastic differential equations (SDEs) have attracted much attention and have
played an important role in many ways such as option pricing, forecast of the growth of population, etc.
The modeling of most problems in real situations is described by stochastic differential equations rather
than deterministic equations. Thus, it is of great importance to design stochastic effects in the study of
fractional-order dynamical systems.

The focus on second-order equations is to study them directly rather than make them become first-order
system, see [15, 44]. In many cases, it is advantageous to treat the second-order stochastic differential
equations directly rather than converting them to first-order systems. A variety of problems arising in
mechanics, elasticity theory, molecular dynamics and quantum mechanics can be described in general by
second-order nonlinear differential equations. The second-order differential equations involving random-
ness are seem to be more accurate model in continuous time to account for integrated processes that can
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be made stationary. Due to this reason, focus on second-order differential equations are emerged in recent
years.

In general, the fBm is a generalization of standard Bm that exhibits self-similarity, long-range depen-
dence, and stationary increments. Many researchers studied stochastic differential equations with fBm, see
[11,17,26, 29, 38] and devoted to study the mild solution of the second-order neutral stochastic differential
equation with infinite delay driven by f{Bm of the following form

“DS.Ly (B = £(t, y)l = [AW®Y(E) + g(t, yo)ldt + h(t, yo)dw(t) + G(t)ng(t), te]=1[0,T] (1)
y(0)=¢e8B,
y(0)=¢,

where CDg‘+ refers the Caputo derivative of order 0 < @ < 1 and Bg (t) is a fBm with Hurst index H € (0, 1).
The above fBm model (1) as a self-similar Gaussian process and random field has exciting applications in
many areas, including science, turbulence, and the financial market, see [5, 26]. Also, the Rosenblatt process
appears as a stationary series of long-range dependent and self-similar processes, but it is not a Gaussian
process see [13]. However, when the Gaussianity is plausible for the model in concrete situations, one can
use the fBm. However, a huge number of literature for fBm and Rosenblatt processes exist. However,
in 2004, Bojdecki et al. [8] proposed another improvement of the Brownian motion, which has all the
properties of the fBm except stationary increments, and is called sub-fractional Brownian motion (sub-fBm
in shortly). Compared with the fBm, increments of sub-fBm are correlated weakly in non-overlapping
intervals, and their covariance decays rapidly as the distance between intervals tends to infinity. Because of
this feature, it is obvious that the sub-fBm is more appropriate than the fBm to model the financial markets
problems. The sub-fBm (C!)scr+ satisfies the following properties:

1. Self-similarity: for any a > 0,
(C%)&eR* = aH(C?)éeRh

Long-rang dependence: for any H € (3, 1), if we let p(n) = cov(CH, CH | — CH), then Y, p(n) = oo.
n=1

n+1
Varience: Y6 € R*,VH € (0,1), Var(C}!) = E[(C})*] = (2 - 22#-1)6%H.
IfH # %, the process (C? )ser+, is neither a markov process nor a semi-martingale.

AN

The second-order moment increments of the process (C? )ser+ are not stationary, in the sense that,
supposed 0 > s, the second-order moment increments are

E[(C} - CI')’] = =221 (0 + s7) + (6 + 5)°7 + (6 — ).
Then, there is
1
(6 =) <E[C - )1 < @-2"71)06 -9 He (0, 3)
1
(@- 270 — P < BT - )] < 0= H e (5,1,
One can write the real-time model of stock price process {Ss, 6 > 0} involving sub-fBm as

dSs = uSs do + oS dc!

under the following assumptions:

1. The dynamic of the underlying stock prices follow the sub-fBm (C!)scr-
2. Before the maturity time of the options, the risk-free interest rate r, the expected return of the stock p,
and the volatility of the stock price ¢ are all constants.

3. There are no transaction costs or taxes in buying or selling the stocks or options (i.e., the market is
frictionless).
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4. The dividends paid by the stocks before the maturity time of the options are zero (i.e., the stocks are
dividend-free).
5. The option can be exercised only at the maturity time.

Therefore, some other generalizations of fBm and Rosenblatt process to be introduced. There has been
a thorough investigation of self-similar Gaussian processes. The major reason for the complexity of self-
similar Gaussian processes is that they donot have a stationary increment process. Henceforth, amechanism
of sub-fBm has been introduced, which is an intermediate between Brownian motion and fBm. This
process arises from occupation on the branching particle time fluctuations with Poisson initial condition;
for convenience, the reader may refer [8, 33, 47]. We provide comparisons with fBm and sub-fBm in the
following table.

S.No | fBm sub-fBm
1. Long-memory if H < 1 Short memory
2. The mixed processes The mixed processes
= sums of independent Bm and fBm = independent Bm and sub-fBm
3. Is Dirichletif H < 1 Quasi-Dirichletif H < 1
4. mean zero and covariance function min(s, t) | Similar.

Due to the exciting property of sub-fBm, few results have been analyzed SDEs with sub-fBm, for more
details readers may refer [8, 10, 14, 24, 33, 35, 47] and references therein. In the last few years, some significant
works have been done on the stability analysis of FSDEs driven by fBm; for details, see [7, 9, 12, 13, 19, 21—
23, 38, 39, 49, 50]. Inspired by the above works, we study the p moment exponential stability of FSIDEs
driven by sub-fBm. Best of authors knowledge, so far only a very few works exist in the literature related
to the exponential stability of FSIDEs driven by sub-fBm.

The major contributions of this manuscript are listed as below:

e The well-posedness of FSIDEs is proved in stochastic settings.

e A contemporary integral inequality technique is used together with the successive approximation
method.

e The exponential stability result is obtained in the p moment norm for the second-order FSIDEs
driven by sub-fBm.

e An example is provided to validate the obtained results.

This article is summarized as follows: Section 2 deals with problem formation and fundamental theories
which will be used in the sequel. The exponential stability of FSIDEs driven by sub-fBm is studied in
section 3. An example is provided in section 4 to validate the efficiency of the obtained theoretical result.
Finally, the conclusion is drawn in section 5.

2. Model Description

In this section, we focus on the following FSIDEs driven by sub-fBm,

5
Cpgﬁx(é) = Ax(0) + f(6,x5) + fg(’c, x)dw(t) + a(é)dsg(é), 0e€]:=[0,T], T>0 2

0
x(0) = o, X'(0) =1, -r<6<0,

where x(6) denotes the state variable takes values in a Hilbert space H with the inner product < -, >¢; and
the norm || - |4, CDS‘+ denotes the Caputo derivative of order 1 < a < 2; A : D(A) ¢ ‘H — ‘H generates
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the infinitesimal generator of an cosine families {5,(0)}ss¢ and related sine families {T,(8)};-, of operators
on the Hilbert space H. Let K be the separable Hilbert space with inner product < -,- >k and the norm
I - llx. Let C := C([-r,0], H) be the space of all continuous functions x : [-r,0] = H with norm defined by
[|x(s)|IP = SUPye(_r0] [lx(s)|IP. Also, for x € C([-r, T], H), we have x5 € C for 6 € ], xs(s) = x(6 + s) for s € [-7,0].
Here, Sg(é) denotes an Q-sub-fBm with Hurst index H € (%,1) and {w(0) : 6 € |} is a standard Wiener
process. ¢o and ¢, are §y-measurable H-valued random processes. The nonlinear maps f : ] X C — H,
g:JxC - L?g(]K, H)yand o : | — L%(IK, ‘H) are the appropriate continuous functions. Here, L%(]K, H)

denote the Q-Hilbert Schmidt operators from K — H. Let B = Cy, LP(Q, H)) be the space of all continuous
maps from | into Lp(f), H) which is also a Banach space with norm ||x()|| = [sup ||x(6)||”]’7.
o€]

3. Preliminaries

In this section, we summarily recollect some elementary definitions of Riemann-Liouville (R-L) fractional
derivative & integral and Caputo derivative. Also, the basiclemmas, and semi-group theory are highlighted,
which are used in the sequel. Let (Q, &, P) be a complete filtered probability space equipped with complete
family of right continuous increasing sub c-algebras {§s, 6 € ]} satisfying &; C &, a H-valued random
variable of ¥-measurable function x(5) : Q — H. Let S = {x(6,w) : Q — H : 6 € ]} be a collection of random
variables known as stochastic process and usually represented by x(5) by suppressing w € Q. Let {y,(8)},

be areal valued one-dimensional standard Bm independent of (Q,F,P). Letw(d) = Yo \/A_,,)/n(é)cn(é), o>
0, where, A, > 0 are non-negative real numbers and {C,}(n = 1,2,...) is complete orthonormal basis in K.

Let Q € L(K, H) be defined by QC, = A, with finite Tr(Q) = Y.;-; A, < co. From the above, the K-valued
stochastic process w(0) is the Q-Wiener process. Let WV € L%(]K, H),

VIR, = THWQW") = ) VAW,
n=1

If [[W|lo < oo, then V¥ is known as Q-Hilbert Schmidt operator. For more details on concepts and theories
on SDEs, one can refer the articles [27, 29, 33, 36, 37, 41] and references therein.

Definition 3.1. [18] The R-L fractional integral of order q for a continuous function f : | — R is given by,

5
Ig+f(6):%q)f(6—s)"_1f(s)ds, 0>0,n-1<g<mn,
0

provided that the RHS is pointwise defined on J.
Definition 3.2. [20] The R-L fractional derivative of order q, of a function f : | — R is defined by,

1
[(n—q)

o
D}, £(6) = (d%)" f =91 f(s)ds, 6>0,n—1<qg<n,
0

provided that the RHS is pointwise defined on |, where n = [q] + 1, [q] denotes the integral part of number q, and T
is the usual Gamma function.

Definition 3.3. [22] The Caputo fractional derivative of order q for a function f : ] — R is defined as,

o
D, f(6) = r(%—q) f 6 —s)" T fW(s)ds, n—1<g<mn,
0

where (n) denotes the n'" derivative, furnished that the RHS is pointwise defined on J.
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Definition 3.4. [23, 32, 46] The solution operator {5,(0)}s=0 and A is the infinitesimal generator, if

1. 5,(0) = I, 5,(0) is strongly continuous for 6 > 0;
2. AS.(0)T = 54(0)AT and 5,(6)D(A) € D(A) and ¥ 7€ D(A),6 > 0;
3. The solution of system (2) is $,(6)t , V 7 € D(A).

Definition 3.5. The sub-fBm is a continuous centered Gaussian process (C)ser+, starting from zero, and with the
covariance given by

1
Coo(CH, ) = 6* + 621 — E(((5 +5)2H 4|6 —s*H),V6 € R, s € R*.

where Hurst index H € (0,1).

Definition 3.6. A {Js}s=0-adapted X-valued stochastic process x(0) (6 € J) with cadlag path is known as mild
solution of (2) provided the following integral equation holds

(;b(é)/ o€ [—1’, 0]

o o
S$a(0)po + Ta(®)Pp1 + [Ta(d = 5)f(s,x5)ds + [ Ta(d —s)
x(6) = 0 0

T o
x( Of 9(0, xo)dw(6) )ds + Of To(6 - 5)o(s)dSH(s), 6 € J.

Definition 3.7. [13] The mild solution x(5) of the given Cauchy problem (2) is called p™ moment exponentially stable
(p = 2), if A +ve constants u >0, & > 1

Elx©)If <&, 620, p=2.

Lemma 3.8. [27] (Burkholder-Davis-Gundy inequality) If p > 2, then the L%(IK, ‘H)-valued predictable process
g(s) satisfies

o 1) 2
sup E| Of g(s)dw<s>||”scp[ Of (Eng(s)u’;g)ﬁds] Joe)

sef

|4
where C, = (@)2, and E denotes the mathematical expectation.

5
Lemma 3.9. [24]Ifo:] — LOQ(]K, H) and satisfies of IIG(S)II’L’OQ ds < oo for any 6 € [0, T], then

o

o
IE“ f o(s)dsg(s)“; < CH&M-! f Ello(s)f, ds
0

0

Lemma 3.10. [9] Suppose that for h > 0,11, 12 € (0, h], there exist constants &; > 0 (i = 1,2,3,4) and a function
Y : [-1,00) = [0, 00) 5.t

&m0+ &0, 5 € [-1,0]
5

E1e7M + o0 4 &5 [e7mO7) gup (s + O)ds
Y(d) < of 0e[-r,0] 3)
5
+&4 f e 2079 sup (s +0O)ds, 6>0,
0 0€[-r,0]
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and if
1o e~

4 3
-y M=

& <1 (4)

then, we have

P(t) < Nee ™ for & > -, ()

where u € (0,111 12) is a positive root of the equation &4 f;j L - & i;f‘: =1and
(M2 — wéz

N = max{él + &, 0l

}>O.

In order to prove our main result, we enforce the following hypotheses.

(A1) A generates cosine families of bounded linear operators 5,(6) and related sine families of operators
T,(5), 6 = 0 on H, and thus there exist non-negative constants a1, 4, s.t

sup [IS.(O)ll < a1
620

sup [[To(0)ll < a2
6>0

(A2) The nonlinear continuous functions f : JXC - Handg: JxC — Lg(]K, H) satisfy the Lipschitz
condition, forall d € |, x1,x, € H, s.t

E[| (5, x1(8)) = f(6, x2(0)I” \/ Ellg(s, x1(s)) — g(s, x2(s)I” < p(6)(Ellx1 — x2][7)

where, p(-) is a concave non-decreasing function from R, to R, s.t p(0) = 0, p(v) > 0 for v > 0 and
d
P07 =

0+

(A3) Y 6 €],Ja+ve constant Ny s.t

) T
() [Elf(s 0)lPds \V [Ellg(s, 0)Pds < No,
0 0

(A4) The mappingo: ] — L%(IK, H) satisfies
5
f]EIla(s)ll’”ds < 00,
0

(As) For strongly continuous cosine families 5,(0) and sine families T,(5), 6 > 0, 3 +ve constants p1; and p»
with M;, M, > 1 such that

sup S (0)ll < Mye#°
020

sup || To(O)I| < Mae 2.
520
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4. Main result

In order to prove the existence of mild solution for a given system (2), we construct the sequence of
successive approximation as follows

20(8) = $a(8)Po + Ta(O)p1, S €]
2'(8) = Pp(5), & € [~r,0]

o
x"(0) = S0 (0)Ppo + Ta(®)p1 + | To(d=8)f(s,x! ds+ | To(6-9) | 9(6, xg—l)dw(e))ds
/ [ro-a

o
+ f Ta(6 - 9)0(s)dSH(s), o € J n>1. (6)
0

Theorem 4.1. Assume that the hypotheses (A1) — (A4) hold, then the given Cauchy problem (2) has a unique mild
solution.

Proof: For better readability, the proof is given by splitting into the following three steps

Step 1:

Forall 6 € ], {x"(6)}",, n > 1is bounded. It is apparently x°(5) € B. Let x° be a initial approximation and
from (6), we have

o

Sa(0)po + Ta(0)p1 + f To(5 —3)f(s, x")ds
0
o T o

" f Ta(6 - 5)( f 9(6, x5 )dw(6))ds + f Ta(6 - 9)0(s)astys)||

0 0 0
5
<51 Z I. 7)
i=1

Now, we estimate each term on the RHS of the above inequality (7). By using assumption (A1), we have

Elk" @) =5 {E

L < a] Ellgoll”,
L < a) Elldq .

By assumptions (A1) — (A3) and the Holder’s inequality, we get the following estimate for I3

o
L= K| f 45 - 9)f(s, 2 s

)

a flEHf(s XY = £(s,0) + £(s, O)H ds

0

IA

IA

2l f Pl IP)ds + No -
0



K. Dhanalakshmi, P. Balasubramaniam / Filomat 37:9 (2023), 2699-2715

We estimate I4 by using Lemma 3.8 and assumptions (A1) — (A3) as follows

I4

o T
E|l [ T -s)( | 96,25 ")dw(o))ds|
| [rao-ot oo

A

< i, 78] [ Elgo,xg ]
0

IA

o
271G, T3 f p(Ellx2 ! IP)ds + No -
0

Lemma 3.9 is used to derive the following estimate

o
Is= K f ’ll“a(é—s)a(s)dsg(s)”p
0

o
ayCHPH! f Ello(s)|I’ds
0
ayCH&"M 'L,

IA

IA

These estimates together with (7) yields

o
Ell" )P < 5 {a) Eligoll” + a5 EllgnlP + 2 aho" | f p(Elx: ! IP)ds + N
0

o
+ 271G, T | f Pl 1P)ds + No| + ahCHS" 1L,
0
< 5" Ellgoll” + a) Ellp |’ + a,CHS L]
o
+107 b o f p(Ellx2~1P)ds + 107 'ah 6P ' Ny

0
0

+10"'a)C, T? f (Bl P)ds + 107~'a5C, T* Ny
0

5 o
< Ry +1071d55! f p(Ellx!)ds + 107~ 1alC, T* f p(Ellx " |IP)ds,
0 0

where

Ry = 5 [d]EllpollP + a} Ellpa|lP + ahCHOP' L] + 10P'ahoP " + 10P—1a§c,,T%NO.

2706

Here, p(-) is concave and p(0) = 0, and one can find a pair of +ve constants 51 and 3, s.t p(6) < 1 + 820 for
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6 > 0, now

Ellx" @) < Ry + 107" B1ab(0" 1 + C,T%) + 107 Bodl(8~" + C, T?) f p(E[lx"|P)ds

< Ry + 107" Bab ("' + C, T%) f p(E|Ix|P)ds,

where Ry = Ry + 10711a} (591 + C, T?).
Forany k>1

max I sup [x" "' (s)|I’ < Elx°(s)|IP + max sup Ellx"(s)|/P
Isnsk  0<s<s Isn<k g<s<s

max sup Ellx" ()| < Ry +20" "B (V" +C :rz)p 5 E|lx°(s)|IP

1<n< 0<s<5

+207! a(© ' +C, Ts ) max sup E|lx"(s)|IF )ds
2P p

ko<s<s

< Rs+20M7 By p a8+ C Tz) max X sup Ellx"(s)II)ds,

O<s<b
where R3 = Ry + 207", @} (5"~1 + C,T%)p 6 E[x(s)|IP.
Hence,
max sup E|x"(s)I’ < Rs +20°" B, pab (6" +C, TZ) maX X sup E|lx" ()| )ds. 8)
1<n<k p<s<s ko<s<s

Using the Gronwall inequality, the above inequality (8) becomes

-1 P (sp-1 4
max sup ]E”.X (S)“p < Rs eZOP B2 p a, (&9 +C,,T2)5.

1<n<ko<s<s

Hence,
. P
lEIIx"(é)Il” < alli]E”q)”p + bR3 620%’*1}32 pug (DP*1+CPT2)D < K,

forn > 1, 6 € ] which shows that {x"(5)} " ; is bounded in 8.

Step 2:

Now we prove {x"(6)}",, n > 1 is a Cauchy sequence.

Consider the {x"(6)}, defined in (6) and define the sequence {x’“’l(é)};":1 as
B 6

X1(6) = 8a(®)po + Tal®)p1 + | Ta(® = 9)f(s,x1)ds + | Ta(6—s)( | 9(6,x5)dw(6))ds
f fro-a( ]

0 0

o
+ f To(5 = $)o(s)dSp(s), d € ], n =1,
0
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then, we have

o
Ellx"(6) - X"@)IF < 27 {E| f Ta(d = 5)[f(5,x2) — f(s,x27")]ds||"
0

o T

+ | f Ta(6 - s)( f [9(6, x5) = 9(0, 5" dw(0) )ds|'}

By using assumptions (A1) — (A;) we estimate J; as,

o
= K| f Ta(6 - 9)Lf(s, ) — fs, 3]s
0

)
o & f Ellf(s, ") — f(s, 2" )Pds

0

IA

IA

a’; o1 fp(]Elle - x?_lllp)ds.
0

From Lemma 3.8 and assumptions (A;) — (A;) we estimate

E=E f T, -9 f [906,2) — 916, 5 (&)

IA

T: C ,,[f]Ellg(Q x8) = 9(0, x5 )P do)]

o

) T: G, f p(E[l" — x1|P)ds.
0

IA

Using the estimates J; and /5, (9) can be written as,

o
Ell™(6) - 2" O)IF < 27" (6 + TE C,) f p(EII? — 271P)ds.
0

2708
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Let ©,,(6) = sup E||x"*1(5) — x"(0)|P. Thus the above inequality becomes
o€]

o
D, (5) =20 a1 + T: C,) f p(Ellx"(s) — x""1(s)|P)ds
0
o

< 27 a7 +TEC) f P(Py-1(s))ds
0

o
= Ry | p(®@uo1(9)ds,
/

where Ry = 2°71 ag(ép‘l +T5 Cp).
Moreover, for n = 1 in (10),

S
®,(5) < Ry f p(El(5) — 2P )ds
0

IN

o
Ry f p(EIE)P)ds  where, ki = p EIR@)P
0

IN

Ryki o,

where ky := p E[|x°(s)|IP. Also, for n = 2 in (10), we have

o
©:(6) < Ry f P(EIR(E) — 2 @) )ds
0

IA

Ry | p(Ellx'(s)IP")ds

IN

Ry p (D1(s))ds

I
I

62
< (Ry)* ky >

By applying mathematical induction from (10), we have
D,(0) < (Ra)" Ky %, nx>1,06€]

Ifm>n>0,

sup E|"(6) = " O)IF < ) Blx™1(0) - O

o€ r=n

(o] 6r
< Z(R4)rk1ﬁ—>0 asn — oo.
r=n

2709

(10)
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Hence, we conclude that {x"(6)};7,, 7 > 1, is a Cauchy sequence.

Step 3:

We have to show that the existence and uniqueness of system (2).

Now, we prove the existence of solution.

By using Step 2, (i.e) {x"(6)},7,, n > 1, is a Cauchy sequence, which is convergence. Then by using Lemma
(Borel-Cantelli) taking the limits on both sides of the equation (6), we get

o

o T
X(0) = Sa(®)o + Ta(®)pr + | Tald = 9)f(s,x)ds + | Ta(6—5)( | (6, x0)duw(0))ds
/ [re-at]
0

+ fTa(é - s)o(s)dsg(s).
0
Hence, we obtain that x(0) is a solution to the given Cauchy problem (2).

Now, we prove the Uniqueness of solution.
Now, we prove the uniqueness of solution. Let x(0), y(0) € B be two solutions on 6 € |, we have

o
Ellx(8) - yO)IP <2V~ ah(or™! +T2C fp (Ellx(s) = y(s)II")ds. (11)
0

By Bihari inequality, the above (11)
Ellx(6) — y(O)I" = 0.
Therefore, x(6) = y(0), Vo€
Hence, the existence and uniqueness of solution of (2) on | is obtained. Accordingly, all the conditions are
satisfied by the iteration technique which implies that the system (2) has a unique mild solution.

5. Exponential Stable

In this section, the sufficient criteria of the mild solution of p'

driven by sub-fBm are established.

moment exponential stability for FSIDEs

Theorem 5.1. Suppose that assumptions (Az) —(As) hold, then the mild solution x(0) described in (2) is exponentially
stable in the p™ moment sense on | provided that

—1)\1-2
%)1 (1+No)) < 1. (12)

Proof: Let x(6) be the solution of the given Cauchy problem (2) described by

5PN + 2P VB NG + 27 VGG

0 0

x(0) = 5,(0)po + To(0)Pp1 + | Ta(d—5)f(s,x5)ds + | Tu(d—5) 9(0, xg)dw(0) )ds
/ Jrao-atf ozono
5
f?l" (6—s)o(s)dS (s).
0
Then

o

Bl = 5 {E|JS0(0)o + Ta(0)n + f T (6 - 5)f(s, x.)ds

0
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o T o

+ f Ta(6 - s)( f 9(0, xo)dw(0))ds + f Ta(6 - 5)o(s)ASH )|}

0 0 0

5
Ellk©)|[ < 5P—1ZB,-.
i=1

Here, it is easy to estimate each term of the RHS of the above inequality (13) as below.

By < Me O]\l
By < Mbe PHOE||gy|IP.

By using assumptions (A;) — (A4), we estimate Bj as

B3

5
]EH f"ﬂ"a(é —s)f(s,xs)ds”p
0

IN

0
MB( f e PR f(s,x5) = £(5,0) + £(5,0)IIPds)
0

IA

i W | f e PH2079) (| |x|P)ds + No].

By using assumptions (A;) — (A4) and Lemma 3.8, we estimate By as

o T
B, = E f Ta(6 - s)( f 9(0, xo)dw(6) )ds|
0

o T

3 1)\1-2
< e, ( (2(p 2)) 1 f el f Ellg(6, xo) — 9(6, 0)IPd6
p 0
+ f Ellg(0, 0)|Pd0)ds)
0
( 1) , O T
p-1 e (F2P — Dy f —ppa(6-5) f p
< NG, Y ) {O e (0 p(Ellxe)|Pd0)ds + No}.

Using assumption (A4) and Lemma 3.10 the estimate Bs is given by

0
Bs = | f Ta(5 - $)o(s)dSH(s)||”
0

IA

)
1, f e P09l (s)|Pds
0

5
MYLPCHP! fe‘p’“(‘s‘s)ds.
0

IA

2711

(13)
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From the above estimates B; (i = 1,2, ..., 5), the inequality (13) becomes

Ellx(®IF < 5 ‘1{1\71’176"’ O] ghollP + Miye PO lpy |

[
+ 2P VL f e P29 (1| |x(s)|IP)ds + No]
0

0 T
—1 4~ 1) 1- p >—s
gy 1Mgc( p_ 2) f e a9 f p(EIX(O))IPd6)ds + No
0 0
+ MyLPCHOPH! f e 0= s). (14)
0

By using the inequality (12) in the above inequality, it is equivalently estimated as

Ellx®)IP < 577 [M]e PHOE|\dollP + MbeP2OE]||pq|F + MLPCHS ]

< @1e7MO 4 20y up >0,

where

&1 = 51N PO ol

& = 5P Mbe POE|\ s P + MOLPCHOPH .
By Lemma 3.10 and equation (14) we have, E[|x(0)|IF < & e §> -, 1 € (0,71An), where

& = max {@1 + &, & =201 MPHP! 4+ 2P IMPBPIN

ta(p —1)
(r-2)

. . A _ A _ A p—H20
nis a +ve root of the equation, we have & ¢ #1%1 + &ye 201 + 693% =1.

&y := 277G, ) M)

Here, &1 = &1, & = &,, &3, &4 as defined above. We conclude that the mild solution of the Cauchy problem
(2) is p" moment exponentially stable.

Remark 5.2. In the article [44], the asymptotic stability and mean square stability have been analysed for the second-
order stochastic differential equations of fractional order with variable delay in the state by using the Banach fixed
point theorem by imposing the Lipschitz condition on nonlinearity and estimated parameters of the solution is less
than 1. Authors in [15] studied stability analysis of fractional stochastic Clarke’s subdifferential type with Poisson
jumps by using the multi-valued fixed point theorem in mean square estimation. Different from the above two papers
by using the successive approximation the exponential stability is established for the fast convergence of the stochastic
integro-differential sub-fBm instead of Bm with relaxed restrictive conditions in p™ moment norm through the new
integral inequality.

6. Illustration
In this section, an example is provided to verify the obtained theoretical result. Consider the following
fractional stochastic partial integro-differential equation driven by sub-fBm of the form

0

2 -30 5 ) )
J ey + f e~ sin 7ty(6, x)dw(s) + e_S‘)y(x)dsg(s),
0

C 4
Dg-y(6,%) = 5 y(6,%) + 1+ e®) + (1 + y(5,))

Y(0,8) = y(m,8) =0, 1(0,6)=y (,6)= 1, 520 (15)
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5
Here, “D{, denotes Caputo fractional partial derivative of order a = 3. Let w() refers the standard Wiener
process and dsg(s) is the sub-fBm.

Consider the operator A : D(A) ¢ H — H defined by AZ = Z” with the domain D(A) = {Z €
H, Z,Z absolutely continuous, Z” € H, Z(0) = Z(n) = 0}. Then

AZ =) -n"(Z,Z)),
n=1

_ 2 . . .
here, Z,(x) = \/; sin(nx) be an orthonormal set of eigenvalue of A. A generates a compact semigroup
(Ta(6))s20 in H is

Tu®)Z =) e"Z,Z), 620, ZeH.

n=1
Now, define the non-linear continuous functions f : [ X H - H, g: [ x H — Lg(]K, H)yando: X H —
LOQ(]K, H) as described by

flo) = o 20D
E A e+ 1+ y6,0)

5
g6, y) = f e sin mty(0, x)dw(s),
0

o6)= e, ode]
Put M) =05,6=13,p=1,u2=02,C, =1,b=0.1,Ng = 0.25.

IPRURP I . pa(p — 1)\1-5 - _
5P 2P MDY (1 + Np) + 27 1M5CP(W) (1+ No) + MLLPCH&" 1) < 1

35 _r
B R | e A~ (H2(p =115

5 I (1 + No)(—1 " 626) +2r Mch(—(p — )

X (1 + No)e ®sinm + Mhe™} < 1

0.87525 < 1.

It can be effortlessly proved, all conditions (A;) — (As) of Theorem 5.1 are satisfied. Hence, we can conclude
that the system (15) is p moment exponentially stable.

Remark 6.1. The exponentially stability does not hold for p = 2 based on the Theorem 5.1.

Remark 6.2. Stability is a critical property of the dynamical systems for investigation in various domains. In
fractional order systems, there are many challenging and unsolved problems related to stability theory. The stability
analysis has been performed by the convergence of solutions for fractional order differential and trajectories of dynamical
systems under small perturbations of the initial condition. Recently, different types of stability such as Mittag-Leffler
stability, generalized Mittag-Leffler stability, Ulam stability, and Ulam-Hyers stability have been discussed. The
exponential stability cannot be used to characterize the asymptotic stability of fractional order systems.

7. Conclusion

This manuscript addressed the wellposedness of mild solution and stability analysis for FSIDEs driven
by sub-fBm. Sufficient conditions have been derived for the existence and uniqueness of the mild solution for
FSIDEs with sub-fBm by using the successive approximation technique. Also, the p” moment exponential
stability result has been attained. Finally, a numerical example has been validated to prove the efficiency
of the obtained theoretical results.
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